


BIRKHAUSER



Operator Theory: Advances and Applications

Vol. 193

Editor:
l.Gohberg

Editorial Office:

School of Mathematical Sciences
Tel Aviv University

Ramat Aviv

Israel

Editorial Board:

D. Alpay (Beer Sheva, Israel)

J. Arazy (Haifa, Israel)

A. Atzmon (Tel Aviv, Israel)

J.A. Ball (Blacksburg, VA, USA)

H. Bart (Rotterdam, The Netherlands)

A. Ben-Artzi (Tel Aviv, Israel)

H. Bercovici (Bloomington, IN, USA)

A. Béttcher (Chemnitz, Germany)

K. Clancey (Athens, GA, USA)

R. Curto (lowa, IA, USA)

K. R. Davidson (Waterloo, ON, Canada)
M. Demuth (Clausthal-Zellerfeld, Germany)
A. Dijksma (Groningen, The Netherlands)
R. G. Douglas (College Station, TX, USA)
R. Duduchava (Tbilisi, Georgia)

A. Ferreira dos Santos (Lisboa, Portugal)
A.E. Frazho (West Lafayette, IN, USA)
P.A. Fuhrmann (Beer Sheva, Israel)

B. Gramsch (Mainz, Germany)

H.G. Kaper (Argonne, IL, USA)

S.T. Kuroda (Tokyo, Japan)

L.E. Lerer (Haifa, Israel)

B. Mityagin (Columbus, OH, USA)

V. Olshevski (Storrs, CT, USA)

M. Putinar (Santa Barbara, CA, USA)
A.C.M. Ran (Amsterdam, The Netherlands)
L. Rodman (Williamsburg, VA, USA)

J. Rovnyak (Charlottesville, VA, USA)

B.-W. Schulze (Potsdam, Germany)

F. Speck (Lisboa, Portugal)

I.M. Spitkovsky (Williamsburg, VA, USA)
S.Treil (Providence, RI, USA)

C.Tretter (Bern, Switzerland)

H. Upmeier (Marburg, Germany)

N. Vasilevski (Mexico, D.F., Mexico)
S.Verduyn Lunel (Leiden, The Netherlands)
D. Voiculescu (Berkeley, CA, USA)

D. Xia (Nashville, TN, USA)

D.Yafaev (Rennes, France)

Honorary and Advisory Editorial Board:
L.A. Coburn (Buffalo, NY, USA)

H. Dym (Rehovot, Israel)

C. Foias (College Station, TX, USA)

J.W. Helton (San Diego, CA, USA)

T. Kailath (Stanford, CA, USA)

M.A. Kaashoek (Amsterdam, The Netherlands)

P. Lancaster (Calgary, AB, Canada)
H. Langer (Vienna, Austria)

P.D. Lax (New York, NY, USA)

D. Sarason (Berkeley, CA, USA)

B. Silbermann (Chemnitz, Germany)
H. Widom (Santa Cruz, CA, USA)



Analysis,

Partial Differential
Equations

and Applications

The Vladimir Maz’ya Anniversary Volume

Alberto Cialdea
Flavia Lanzara
Paolo Emilio Ricci
Editors

Birkhauser
Basel - Boston - Berlin



Authors:

Alberto Cialdea Flavia Lanzara

Dipartimento di Matematica e Dipartimento di Matematico “Guido Castelnuovo”
Informatica Sapienza Universita di Roma

Universita della Basilicata Piazzale Aldo Moro 2

Viale dell’Ateneo Lucano 10 00185 Rome, Italy

85100 Potenza, Italy e-mail: lanzara@mat.uniroma.it

e-mail: cialdea@email.it

Paolo Emilio Ricci

Dipartimento di Matematico “Guido Castelnuovo”
Sapienza Universita di Roma

Piazzale Aldo Moro 2

00185 Rome, Italy

e-mail: paoloemilio.ricci@uniromal.it

2000 Mathematical Subject Classification: 31-06, 35-06, 46-06

Library of Congress Control Number: 2009931267

Bibliographic information published by Die Deutsche Bibliothek.
Die Deutsche Bibliothek lists this publication in the Deutsche Nationalbibliografie;
detailed bibliographic data is available in the Internet at http:/dnb.ddb.de

ISBN 978-3-7643-9897-2 Birkhauser Verlag AG, Basel - Boston - Berlin

This work is subject to copyright. All rights are reserved, whether the whole or part of

the material is concerned, specifically the rights of translation, reprinting, re-use of
illustrations, recitation, broadcasting, reproduction on microfilms or in other ways, and storage
in data banks. For any kind of use permission of the copyright owner must be obtained.

© 2009 Birkhauser Verlag AG

Basel - Boston - Berlin

P.0. Box 133, CH-4010 Basel, Switzerland

Part of Springer Science+Business Media

Printed on acid-free paper produced from chlorine-free pulp. TCFoo
Printed in Germany

ISBN 768389897-2 e-ISBN 768389898-9

987654321 www.birkhauser.ch



Contents

A. Cialdea, F. Lanzara and P.E. Ricci
On the Occasion of the 70th Birthday of Vladimir Maz’ya ........... ix

Yu. Burago and N.N. Kosovsky
Boundary Trace for BV Functions in Regions
with Irregular Boundary ......... ... . i 1

J. Burnett, O. Chervova and D. Vassiliev
Dirac Equation as a Special Case of Cosserat Elasticity .............. 15

1. Capuzzo Dolcetta
Holder and Lipschitz Estimates for Viscosity Solutions

of Some Degenerate Elliptic PDE’s ............... ... .o ... 31
A. Cialdea

Criteria for the LP-dissipativity of Partial Differential Operators ..... 41
A. Cianchi

Sharp Estimates for Nonlinear Potentials and Applications ........... 57

M. Frazier and I. Verbitsky
Solvability Conditions for a Discrete Model
of Schrodinger’s Equation ........ .. oo i 65

Yu.l. Karlovich
An Algebra of Shift-invariant Singular Integral Operators
with Slowly Oscillating Data and Its Application to Operators
with a Carleman Shift ........ ... .. .. . 81

C.0. Kiselman
Frozen History: Reconstructing the Climate of the Past .............. 97

G. Kresin
Multidimensional Harmonic Functions Analogues of Sharp
Real-part Theorems in Complex Function Theory .................... 115



vi Contents

F. Lanzara and G. Schmidt
Cubature of Integral Operators by Approximate
Quasi-interpolation ........ ... .. 129

S. Mayboroda and V. Maz’ya
Pointwise Estimates for the Polyharmonic Green Function

in General Domains ........ ... . i i 143
R. McOwen

On Elliptic Operators in Nondivergence and in Double

Divergence Form ............ 159

D. Mitrea and M. Mitrea
On the Well-posedness of the Dirichlet Problem in
Certain Classes of Nontangentially Accessible Domains ............... 171

S. Molchanov and B. Vainberg
On Negative Spectrum of Schrodinger Type Operators ............... 197

G. Moscariello, A. Passarelli di Napoli and C. Sbordone
ACL-homeomorphisms in the Plane .............. ... .. .. ... ...... 215

D. Natroshvili and Z. Tediashvili
Crack Problems for Composite Structures ............................ 227

Y. Pinchover and K. Tintarev
On Positive Solutions of p-Laplacian-type Equations ................. 245

J. Rossmann
Mixed Boundary Value Problems for Stokes and

Navier-Stokes Systems in Polyhedral Domains ....................... 269
S. Samko

On Some Classical Operators of Variable Order

in Variable Exponent Spaces ...t 281
M.A. Vivaldi

Irregular Conductive Layers ......... ..., 303

W.L. Wendland
On the Double Layer Potential ............ ... it 319



Vladimir Mazya



Operator Theory:
Advances and Applications, Vol. 193, ix—xvii
© 2009 Birkh&user Verlag Basel/Switzerland

On the Occasion of the 70th Birthday
of Vladimir Maz’ya

Alberto Cialdea, Flavia Lanzara and Paolo E. Ricci

This volume includes a selection of lectures given at the International Workshop
“Analysis, Partial Differential Equations and Applications”, held at the Mathe-
matical Department of Sapienza University (Rome, June 30th—July 3rd, 2008), on
the occasion of the 70th birthday of Vladimir Maz’ya.

Besides Italy, twenty seven countries were represented there: Belarus, Canada,
China, Colombia, Croatia, Czech Republic, Finland, France, Georgia, Germany,
Greece, Israel, Mexico, New Zealand, Poland, Portugal, Rumania, Russia, Saudi
Arabia, South Korea, Spain, Sweden, Taiwan, The Netherlands, Turkey, United
Kingdom, and United States of America.

It is not surprising that the decision of the Italian National Institute for
Advanced Mathematics “F. Severi” (INDAM) to dedicate a Workshop to Vladimir
Maz'’ya was crowned by such great success. The scientific and human endowments
of Maz’ya are well known.

He has inspired numerous researchers in Analysis and its applications, among
them many in Italy. Maz’ya gladly acknowledges that this inspiration has been mu-
tual. The Italian school of Analysis and PDEs has played an important role in his
development, starting with his undergraduate years 1955-1960 and continuing to
this day. As a third year student, through S. Mikhlin’s lectures, he became ac-
quainted with Tricomi’s pioneering work on multi-dimensional singular integrals
[37], [38], a topic of Maz’ya’s keen interest in the future ([14], [21] and others). A
year later, Vladimir discovered the equivalence of various Sobolev type inequal-
ities with isoperimetric and isocapacitary inequalities, which strongly influenced
functional analysis and partial differential equations in subsequent years. In par-
ticular, he found the sharp constant in the E. Gagliardo inequality between the
Ly, /(n—1y norm of a function and the L; norm of its gradient [10]. Later Gagliardo’s
results on boundary traces of Sobolev functions were developed by Maz’ya and his
colleagues in various directions (see, for example, [24], [33], [34]).

Following Mikhlin’s recommendation, Maz’ya read the Russian translation of
Carlo Miranda’s “Equazioni alle Derivate Parziali di Tipo Ellittico” [36], which had
appeared in 1957 in Moscow. This comprehensive survey of the Italian contribution
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to the field, which at that time was undergoing a major expansion, became the
first book on PDEs to be read by the young Maz’ya. Miranda’s book strongly
influenced the shaping of Vladimir’s professional interests. An evidence to this is
his first publication which appeared in [9] exactly 50 years ago.

The year 1957 saw the appearance of the seminal article by E. De Giorgi on
the Holder regularity of solutions to elliptic second-order equations with measur-
able bounded coefficients, which had a tremendous impact on the theory of PDEs,
not least the work of Maz’ya. In the article [11] of 1961, he solved a problem posed
by G. Stampacchia on an estimate of weak solutions to the equations just men-
tioned. One of the original traits of this short paper was a characterization of the
boundary in terms of an isoperimetric function introduced by the author, which
enabled him to study the sharp dependence of the regularity properties of solutions
to the Neumann problem on the behaviour of the boundary. A detailed exposition
of this work, containing a wealth of new ideas, was published in [18], 1969.

In [12], 1963, Maz’ya obtained his famous estimate of the continuity modulus
of a solution to the Dirichlet problem near a boundary point, formulated in terms
of the Wiener integral (see also [15], [16]). Later, a result of the same nature
was obtained by him for nonlinear equations including the p-Laplacian [19]. It
is noteworthy that the classical paper by Littman, Stampacchia and Weinberger
[8] on the Wiener regularity of a boundary point was translated into Russian by
Maz’ya for the Moscow collection of translations “Matematika” from a preprint,
even before its publication in a journal.

Of exceptional importance were Maz’ya’s counterexamples relating to the
19th and 20th Hilbert problems for higher-order elliptic equations which appeared
in [17], 1968, independently of and simultaneously with analogous counterexamples
of E. De Giorgi and E. Giusti-M. Miranda.

The results of L. Cesari, R. Caccioppoli and especially E. De Giorgi on gen-
eralization of the notion of the surface area on nonsmooth surfaces played an
important role in the pioneering research of Maz’ya and his coauthors in the the-
ory of harmonic potentials on nonsmooth domains as well as in the theory of spaces
of functions with bounded variation [1], [13], [2], [3].

The influence of G. Cimmino’s results of 1937 [4] on the Dirichlet problem
with boundary data in L,, as well as G. Fichera’s unified theory of elliptic-parabolic
equations [5] can be traced in Maz’ya’s breakthrough work on the generic degen-
erating oblique derivative problem [20].

One of the fundamental results in the theory of partial differential equations,
the C. Miranda—Sh. Agmon maximum principle for higher-order elliptic equations,
was crucially developed by Maz’ya and his collaborators in several directions:
polyhedral domains [23], sharp constants [22], parabolic systems [7].

The above, by necessity a rather incomplete survey, clearly shows that the
Italian school stimulated the early work of Maz’ya in spite of the iron curtain. With
time the contacts became bilateral and even personal. At the moment, Maz’ya is
collaborating with a number of Italian mathematicians which can be seen, for
instance, in some papers included into the present volume.
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It is impossible in this short article to recall all Maz’ya’s important achieve-

ments. In order to give an impression of the phenomenal variety of his results
and without aiming at completeness we would like only to list certain fields he
contributed to:

—
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Equivalence of isoperimetric and integral inequalities

Theory of capacities and nonlinear potentials

Counterexamples related to the 19th and 20th Hilbert problems
Boundary behaviour of solutions to elliptic equations in general domains
Non-elliptic singular integral and pseudodifferential operators
Degenerating oblique derivative problem

Estimates for general differential operators

The method of boundary integral equations

Linear theory of surface waves

The Cauchy problem for the Laplace equation

. Theory of multipliers in spaces of differentiable functions

. Characteristic Cauchy problem for hyperbolic equations

. Boundary value problems in domains with piecewise smooth boundaries

. Asymptotic theory of differential and difference equations with operator co-

efficients

Accademia Nazionale dei Lincei, Rome. From left to right: Ennio De
Giorgi, Gaetano Fichera, Vladimir Maz’ya and Giorgio Salvini (Presi-
dent of the Accademia).
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15. Maximum modulus principle for elliptic and parabolic systems, contractivity
of semigroups

16. Iterative procedures for solving ill-posed boundary value problems

17. Asymptotic theory of singularly perturbed boundary value problems

18. “Approximate approximations” and their applications

19. Wiener test for higher-order elliptic equations

20. Spectral theory of the Schrédinger operator

21. Navier-Stokes equations

22. History of Mathematics

On the occasion of Maz’ya’s 60th birthday, two international conferences were
held, at the University of Rostock in 1998 and at the Ecole Polytechnique in
Paris in 1998. We mention also the Nordic-Russian Symposium which was held in
Stockholm in honor of his 70th birthday in 2008.

The initiative to dedicate an INDAM Workshop to Vladimir Maz’ya came
from the authors of this paper, former students of Gaetano Fichera. Maz’ya and
Fichera first met in the USSR in the early seventies. A story of their friendship
and mathematical interaction was recounted in Maz’ya’s article [25]. Together
they wrote an article in honor of S. Mikhlin on the occasion of his birthday in
1978 [6]. Because of Maz’ya’s ability to give complete solutions to problems which
are generally considered as unsolvable, Fichera once compared Maz’ya with Santa
Rita, the 14th century Italian nun who is the Patron Saint of Impossible Causes.

We are sure that Vladimir Maz’ya has kept the energy of his younger age,
and after nearly thirty published volumes and more than four hundred scien-
tific articles, he is able to deal with his “impossible” problems. During the last
decade he published five new books (see [B2], [B4], [B5], [B8], [B9] in the list
of Maz’ya’s books), and more than 130 papers. In particular, recently Maz’ya
obtained a breakthrough necessary and sufficient condition of Wiener type for reg-
ularity of a boundary point for higher-order elliptic equations [26], he had found
several deep analytic criteria in the spectral theory of second-order differential
operators [27], [30], [31], and solved a long-standing Gelfand’s problem concerning
the discreteness criterion for the Schrodinger operator [28]. He has also found sharp
two-sided estimates for the first eigenvalue of the Laplacian formulated in terms
of the capacitary interior diameter [29], obtained a new class of uniform asymp-
totic approximations of Green’s kernels for singularly perturbed domains [32] and
proposed an ingenious method for the asymptotic treatment of boundary value
problems in perforated domains [35]. A joint book with A. Soloviev on boundary
integral equations in domains with peaks will be published soon by Birkhauser
[B1] and an extended version of Maz’ya’s classical monograph on Sobolev spaces
will appear in Springer.

We congratulate Vladimir Maz’ya on his birthday and wish him every joy,
happiness and great fulfillment in the years to come.

Before concluding this paper we would like to thank all the public and private
bodies who made this event possible with their generous support.
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In addition to the already mentioned Italian National Institute for Advanced
Mathematics “F. Severi”, who gave the main support to this initiative, they are:

— The Department of Mathematics “Guido Castelnuovo”, Sapienza University
of Rome,

— The Department of Mathematics and Computer Science, Basilicata Univer-
sity, Potenza,

— The National Italian Bank,

— The International Society for Analysis, its Applications and Computation
(ISAAQ),

— The Department of Pure and Applied Mathematics, University of Padua,

— The Research Project “Studio di problemi degeneri e con complicate geome-
trie”, Coordinator M.A. Vivaldi, Sapienza University of Rome,

— The Research Project “Funzioni speciali multidimensionali e applicazioni
a problemi della Fisica Matematica classica”, Coordinator Paolo E. Ricci,
Sapienza University of Rome.
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Abstract. The aim of this work is to generalize some results of [2] by Yu. Bu-
rago and V. Maz’ya for a wider class of regions with irregular boundaries.
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1. Introduction

The aim of this paper is to generalize some results of [2] (also see [5] for a more
detailed exposition). Namely, we generalize results on boundary trace for functions
of the class BV for a wider class of regions {2 in R™ with irregular boundaries. In [2],
[5] boundary traces were defined and studied for regions with finite perimeters and
under the additional assumption that Federer’s normals exist almost everywhere
on the boundary 9. Here we assume that 02 is an (n — 1)-rectifiable set, which
is a more general condition.

We summarize some basic properties of rectifiable sets in the next subsection.

To explain why our results generalize those in [2], let us consider an open disk
in R? with a sequence of intervals I; removed. The results of [2] on boundary traces
of BV functions are not applicable to such a region {2 whereas our assumptions are
satisfied for this region provided that the sum of lengths of the intervals is finite.
Note that even for a smooth function on €2 its limits at a point of I; from right
and left can be different. So it is reasonable to introduce traces with two different
values in some points.

The analytical tools we use here are basically the same as in [2]. They go back
to the pioneering work by V. Maz’ya [6] where, among other results, connection

This work was partially supported by RFBR grant 08-01-00079a.
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between isoperimetric inequalities and integral inequalities (of Sobolev embedding
theorems type) was established.
In this paper we give generalized versions of only the key theorems from [2],
[5]. We believe that there are other results on boundary traces of BV functions that
can be generalized to a more general set-up. We plan to address them elsewhere.’
By Corollary 2.11 the main definitions and results of this paper can be gen-
eralized from R" to an arbitrary C'-smooth manifold.

Rectifiable sets. We begin with recalling the definition and basic properties of
k-rectifiable sets. For more detailed exposition and proofs see [3], Chapter 3, and
more specifically 3.2.19, 3.2.25, 3.2.29.

Let H;, denote the k-dimensional Hausdorff measure. A measurable set in R™
is said to be countable (k, Hy)-rectifiable if, up to a set of Hi-measure zero, if it
is a union of a finite or countable set of images of bounded sets under Lipschitz
maps in R¥. For brevity we call countable (k, Hy,)-rectifiable sets k-rectifiable. We
always assume that k-rectifiable sets are Hi-measurable and that the intersection
of such a set with any compact set has finite Hy-measure.

We call a point = of a k-rectifiable set A reqular if Hy-approximative tangent
cone T, = Tan®(A) is a k-dimensional plane.

For a k-rectifiable set A the following properties hold:

(1) Almost all (with respect to the measure Hy) points of A are regular.

(2) The map ¢: A — G, i, where ¢(x) = T, is measurable. Here G,, ;; is the
Grassman manifold of nonoriented k-planes.

(3) The density ©F(A) = 1 almost everywhere (by Hausdorff measure Hy); here

@];(A) = }1_1{(1) vpr M HL (AN B,(r)),

where vy, is the volume of the unit ball in R,

(4) Denote by AAB the symmetric difference (A \ B) U (B \ A). There exists
a countable family of C'-smooth k-submanifolds M; C R™ such that UM;
contains Hg-almost all points of A and for almost every point p of A there
exists a submanifold M; such that T, coincides with the tangent plane to M
at x, and k-density OF(AAM) = 0.

Notations. From now on we suppose that 02 is a (n — 1)-rectifiable set. Vol A
denotes the n-dimensional Hausdorff measure of A or, equivalently, its Lebesgue
measure in R™. The dimension k£ = n — 1 plays a special role for us and to be short
we denote H,,_1 = u. From here on we use terms “almost all”, “measurable”, etc,
with respect to a Hausdorff measure which is clear from the context.

BV () is the class of locally summable functions in 2 whose first generalized
derivatives are measures.

LAn expanded exposition with some generalizations will appear in the “St. Petersburg Mathe-
matical Journal” (added in proofs).
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Denote by x(F) the characteristic function of E; by Po(F) we mean the
perimeter of the set £ C Q; ie., P(E) = |gradxel gy (q). The reader can find
detailed explanations in [2], Chapter 6.

We will use the Fleming-Rishel formula [4]

I fllBv o) =/ Po(Ey) dt, (1.1)
where f € BV (Q), Ex = {z | f(x) > t}, and also a related formula
+oo
Vfi(E) = Vxe, dt, (1.2)

where FE is any measurable subset of €, see, for instance, Theorem 14 in [2] or
Lemma 6.6.5(1) in [5].

2. One-sided densities

Recall that almost all points of 02 are regular. Denote by v(z) the unit normal
vector to T at a regular point z and let BY(r) = B,(r) N{y | yv > 0}. Denote by
O%(x) the limit

lim 2u, ™" H,(B%(r) N E).
We call it the one-sided density of the set E at x € 0). Upper and lower one-sided

densities O (z), O%(z) are defined similarly. At any regular point there are two
unit normals and, correspondingly, two one-sided densities.

Remark 2.1. It is easy to see that if ©%(z) = 1, then

S Hu(B.(’'nGNE)
Op(@) = I = B ) n G

(2.1)
The following statement is a simple consequence of the isoperimetric inequal-
ity for a ball.

Proposition 2.2 (Isoperimetric inequality). Let E be a set with P(E) < oo and
Q a sector, Q = {z € R" | Y 2? < 1, a < z, < 1}, where a < 1/2. Then the
isoperimetric inequality

min{H,(ENQ), H,(R"\E)NQ)} < cnPQ(E)ﬁ7 (2.2)
holds, and the constant ¢, > 0 depends only on dimension.

Lemma 2.3. For any regular point x € 02 and any normal v(x) either ©%(x) =1
or 9111/2"\9(35) =1.

Note that for normals v, —v all pairwise combinations are possible even for
a set of points of positive Hausdorff measure p.
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Proof. For a regular point € 9Q and a normal v at x, consider sets BY = BY(r;),
where r; — +0 as i — oo. The definition of T, = Tan”~'(9Q) implies that for
any ¢ > 0 and sufficiently large 4 the inequality ;(A4; N 9Q) < er! ! holds. Here
A; = BY \ Cg; and C; is the er-neighborhood of T,. Lemma follows immediately
from this fact and the isoperimetric inequality (2.2). |

Ezample 2.4. Consider a sequence of small bubbles (disjoint round balls) B, (r;)
located in a unit closed ball By(1). We choose these bubbles in such a way, that
every point p € Sp(1) is the limit of some subsequence of the bubbles and, besides,
there is no other limit points. In addition, suppose that the radii of these balls
vanish very fast. Consider the set Q = UB,,(r;). This set is disconnected, but in
dimensions greater than 2 we can connect the bubbles by thin tubules. Then 2
becomes a region. It is easy to see that Sp(1) N 9*Q is empty. Moreover, at almost
every point x of Sp(1) the approximative tangent plane exists (so x is a regular
point) but O (z) = 0 for both normals at x.

Denote by T' the set of all regular points € 9 such that 0% (z) = 1 for
at least one normal v. It is not difficult to see that this set contains the reduced
boundary 9*Q. Indeed, ©""(x) = 1, where vg is the normal in the sense of
Federer.

Remark 2.5. Tt is well known that perimeter P(Q) = p(9*Q2). Recall that if
P(Q) < o0, then varVyq (92 \ 9*Q?) = 0 and

Vxa(E) = — /E v (z) udz) (2.3)

for any measurable set E C 0*(), see, for instance, Theorem 6.2.2(1) in [2].

Lemma 2.6. Any p-rectifiable set A can be equipped with a measurable field v of
(unit) normals.

Proof. Up to a set of measure zero, A consists of regular points. Almost all these
points are contained in the union of a countable set of (n — 1)-dimensional C*-
smooth manifolds M;. Note that up to a set of measure zero each point x € A
belongs to only one M;. For x € AN M; the approximative tangent plane to A at
x coincides with the tangent plane T, M;. The sets AN M; are measurable. We can
orient each manifold M; by a continuous field of normals. Now for x € AN M;, let
us take the normal to M; at x in the capacity of v(z). This defines a measurable
field of normals. O

Remark 2.7. Tt is obvious that a measurable vector field of normals obtained in
Lemma 2.6 is not unique, there are infinity many of them. In particular, it is
possible to choose vector field v in such a way that at each point x € 9*Q the
normal —v(x) is the normal to € in the sense of Federer. Let us fix such a vector
field and call it standard field. Thus, the standard field is not only measurable
but is located on a fixed countable set of C'-smooth surfaces M;, besides it is
continuous along every such surface, and is opposite to the normal in the sense of
Federer at points z € 0*().
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Lemma 2.8. Let v be a measurable field of normals along T' C 09, and E be a
measurable subset of Q0. Then the set of x € 0Q such that ©%,(z) = 1 is measurable.

Proof. Recall that 02 is supposed to be u-rectifiable. First assume that the field v
is standard. Let {M;} be a set of surfaces chosen as above, in Remark 2.7 . The sets
M;NOSQ) are measurable. As before, let BY(r) = B, (r)N{y | yv > 0}. The functions
¢ (x) = 2v,'r~"H,(BY%(r) N E) defined on M; N 9N are continuous, therefore
they are measurable. Let us extend these functions by zero to the whole 0€2. The
function ¢" = ), ¢! (defined on 9N) is measurable too, therefore the function
¢(x) = liminf__  ¢" () is measurable. Hence, the set {x € 0Q | ©%(x) = 1}
= {z € 09 | ¢(x) = 1} is measurable. The same is correct for the field —v.
Now let 7 be any measurable unit vector field on 0€2. Then the sets {v = 7} and
{—v = ¥} are measurable. Thus, the set {©%(x) = 1} C 99 is measurable as
well. O

For a H,-measurable set E and a normal v to I' at x, denote

OrE = {z € 00 | ©%(z) =1},

OrE = (0rE)U(0r"E),  ORE = (9¢E)N (0p"E). (2:4)
It is easy to see that for standard normal field v (see Remark 2.7)
OLE = O{E,  ORE =07"E. (2.5)

Roughly speaking, L F is the set where E “approaches” to I' with density 1
at least from one side, and 92 E is the part of I', where E “approaches” to I' with
density 1 from both sides.

Lemma 2.9. Let E C Q and P(E) < oo. Then at almost all points x € T the
one-sided density ©%,(x) is either zero or one.

Proof. 1t suffices to prove the lemma only for the case of a standard normal field
and for almost all points € I" only (see Lemma 2.6 and Remark 2.7). Let {M;}
be a family of C'-smooth manifolds used for the definition of standard fields of
normals. Let M be one of these manifolds M;, x € M. Choose a region ' such
that some neighborhood of 2 on M is a part of the boundary €’ and —v(z) is
the normal in the sense of Federer to Q' at . (For instance, one can pick a point
p € M and take adjusting to p component of By(p) \ M for a small p > 0 in the
capacity of '.) Consider the region Q' N Q = Q. It is easy to see that —v(z) is
Federer’s normal to € at points z € I' N M. Besides @6(:1:) = 1. Furthermore, at
points z € I'N M
lim 20 7" Vol((B,(r) N Q) ABY(r)) = 0.

r—0

Lemma, 13 from [2] implies that the trace of the function y g on the reduced
boundary 0*Q) is equal to X(0* B)n(0-8) (z) for almost all x € 9*Q). By definition,
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the trace of x ;g on the reduced boundary 9*Q is equal to

 JemXenadr  Vol(B.(r)NQNE)
lim ——— = lim —.
r=0Vol(B,(r)NQ) 0 Vol(B,(r)NQ)
If this limit is zero, then, since 66(95) =1, we obtain ©%(z) = 0. Similarly, if the

limit is one, then ©%(x) = 1. O
Now it is clear that for any set F with finite perimeter the reduced boundary

O*E = (OLF) \ (02E). (2.6)

Remark 2.10. Note that two last lemmas hold true for any rectifiable set I' C R™

Corollary 2.11. Suppose that G, G are such that ©¢ (v) = ©¢, () = 1. Let
family of sets BY(r) be such that

Ba(p1(r)) NGy C By (r) C Ba(p2(r)) N G2, (2.7)

where pa(r) — 0 as r — 0. Then for any H,-measurable set E C R™ with finite
perimeter it follows
H,(BY E
0% (z) = lim —(Bz(r) N )

M, (By(r)) 28)

3. Boundary trace

Denote Ey = {x € Q| f(x) > t}. For a function f € BV (), we define boundary
trace? f¥(z) : O%Q — R with respect to a normal vector field v by the equation
fY(x) =sup{t |z € OLE,}.

In the case z € 92Q, we define also upper and lower traces by the equalities

fH(@) = max{f"(x), 7" (2)}, fo(z) = min{f"(z), 7" (2)}.

In the case z € 9*Q, we put f*(z) = f“(x), where —v is the normal in the
sense of Federer. In this case we do not define f.(x) at all.3
It is clear that f*(z) = sup{t |z € OLE:}, f.(z) =sup{t|z € O2E;}.

Lemma 3.1. Let 0 be a rectifiable set and f € BV (Q). Then f¥ is measurable
and

ul{z € 040 | () = 1)) = nlOKEy) (3.1)
for almost all t € R.

2Here our terminology is different from one in [2], [5]. Namely, we use terms trace and average
trace instead of rough trace and trace, correspondingly.

3However, if one expends f to all R™, it is reasonable to consider all 9 like 8%9 and so to have
upper and lower traces everywhere on T.
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Remark 3.2. 1) Similarly to Lemma 3.1, one can prove that f* and f. are mea-
surable and

Wl € 0| f*(x) > t}) = plObEy), (3.2)
p({z € RQ| fu(x) > t}) = (AR E).
2) In fact, instead of (3.1) we will prove that

,u({m € Q| fr(z) > t}A&FEt) =0
for all t € R except countable subset and so on.

Proof. Denote By = {x € 0kQ | f¥(z) > t}, Y, = OKE;, and X; = B\ Y;. One can
see that Y; C B;. Thus, it remains to prove that u(X;) = 0.

The sets Y; are measurable and the sets X; are disjoint. It is clear that the
inclusions Y;, D Y, and Y;, U Xy, D Vi, U Xy, hold for ¢g < t;. The latter implies

Y;, D Xy,. Thus
(N Y)\Ye 2 X

t<ty
From the other hand, the sets ([, _,, Y:) \ Yy, are measurable and disjoint. Thus
M(( Nict, ;) \Ytl> = 0 for almost all £; € R. This implies that the sets X; (being
subsets of measure zero sets) are measurable and of measure zero for almost all
t € R. Thereby the sets B; are measurable. O
Lemma 3.3. For any f € BV () and almost all x € T
—f(@) = (=) (2). (3.4)
Proof. Lemma 3.3 is equivalent to the fact that for almost all x € T’
sup{t | z € OfE} = inf{t | x € OL(Q\ Ey)}.
This equality means that
sup{t | ©%, (2) = 1} = inf{t | Oy ) () = 1}.
In its turn, this equivalent to the equality
sup{t | ©%,(z) = 1} = inf{t | O, (z) = 0}.

Denote by L, R the left and the right terms of the last equality. It is easy to see
that ©%, (z) is a nonincreasing function on ¢. So L < R. Consider the set of points
x such that L(z) < R(x). It suffices to prove that p-measure of this set is zero.
Let {¢;}52, be a countable dense in R set such that P(Ey,) < co. If L(z) < R(z),
then there exists ¢; such that L(x) < t; < R(z). Now our statement follows from
the equality u{z [0 < ©% (z) < 1} =0.

Corollary 3.4. For any f € BV () and for almost all x € T

v

=N =)



8 Yu. Burago and N.N. Kosovsky

Proof. The first equality easy follows from definitions. The second one follows from

Lemma 3.3. Indeed, (f7)" = ((=f)")" = ((=f)")" = (=f")" = (f")". O
Lemma 3.5. For every f,g € BV (Q) and for almost all x € T
(f +9)"(x) = f(z) + g"(2). (3.6)

Proof. First we show that (f + ¢)"(z) > f“(x) + ¢”(x) for all z € I'. Indeed, let

numbers F' < f”(z) and G < g¥(z) be such that the sets EI{: ={z| f(z) > F} and
E¢, = {z | g(z) > G} have finite perimeters. Then ©" , (z) = 1 and ©7, (z) = L.
- G

Now let A= EL"9.. Then
A={z| f(x)+g(x) > F+G} > ELNEY
Therefore ©%(x) = 1 and so
(f +9)"(x) = sup{t | 62{” =1} >F+G.
Taking the limit as F' tends to f*(x) and G tends to ¢g”(x), we get
(f+9)"(2) = [*(x) + ¢"(x).

Now one can obtain the opposite inequality for almost all z € T' by applying
Lemma 3.3. Indeed, for almost all x € T"

—(f+9)"(@) = (=) + (=9)"(x) = (=))"(2) + (=9)"(2)
= —f"(x) — g"(2). 0

Lemma 3.6. Let ¢ : R — R be a strictly increasing continuous function. If
fyo(f) € BV(Q), then for almost all x € T

(6(f)" (z) = o(f" (). (3.7)
Proof. The lemma easily follows from the equality
{z e o(f(z) > o)} = {z € Q| f(x) > t}. O
Lemma 3.7. If f,g, fg € BV(Q), then for almost all z € T we have
(f9)"(z) = f*(z)g" (x). (3.8)

Proof. 1t suffices to prove (3.8) only for the case f,g > 1. It easily follows from
Lemma 3.3, its corollary, and the equality f = (f* + 1) — (f~ + 1). By Lemma
3.5, we have now:

(fg)V — (eln(fg))’/ — 6(1nf+1ng)" _ e(hlf)VJr(lng)V
= eln(f”)-l,-ln(g”) — ngV. 0
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4. An integral formula for norm of trace

Definition 4.1. Let us define
1flle= [ 1fldns [ g de (4.1)
0+ 20

For ||f]|r < oo we say that f is trace-summable.

Lemma 4.2.

AN = 1 e+ 117 e (4.2)
Proof. We have
Fr=fe= 1= =1 = (O =) +(H)
=D = U I T
= () = UH)+ () =) O

Lemma 4.3. Suppose a function f € BV () to be nonnegative and trace-summable.
Let a function n: I' — R*, k > 1, be measurable and bounded. Then

400
/ / ndupdt = frndp+ / (f* = fondp. (4.3)
0 I'no*E; 0*Q 92Q

T

Obviously, we can assume k = 1. We omit the proof which is based on the
equation (2.6) and Lemma 3.1.
Substituting 1 for n, we obtain the following corollary.

Corollary 4.4. If a nonnegative function f € BV (Q) is trace-summable, then

“+o0
| wwne g de= £l (1.4)

In addition, f has the summable trace if and only if the left part of (4.4) is finite.

5. Summability of traces

Theorem 4 in [2] (or, that is the same, Theorem 6.5.2(1) in [5]) can be generalized
to our case in somewhat different forms. Here we give one of such generalizations.

Theorem 5.1. Let 002 be a rectifiable set. Then the inequality
inf {[|f —clle} <Kl fllBve), (5.1)

where k does not depend on f, holds for every f € BV (Q) if and only if for every
set E C § with finite perimeter

min {p(I' NO*E), (L' N9*(Q\ E)} < kPo(E). (5.2)
The proof basically follows the same way as Theorem 6.5.2/1 in [5].

Theorem 5.1 gives a global criterion for summability of traces. One can obtain
local criteria by using partition of unity, compare [2], [5].
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6. Extension of a function in BV ({2) to R™ by a constant

In this section we assume that P(2) < co and 9€2 is a rectifiable set.
For a function f: 2 — R, denote by f. the function f: R™ — R defined by
equalities f.(x) = f(z) for z € Q and f.(x) = ¢ for x ¢ €2, where ¢ is a constant.

Lemma 6.1. The following equality holds

I fellBv@ny = I fllBviQ) +IIf —cllr (6.1)

Proof. Without loss of generality we can assume that ¢ = 0; indeed, we can con-
sider f — ¢ instead of f. Formula (4.2) allows to assume that f > 0. As usual,
E;={x € Q] fo>1t}. By (1.1) and (4.4) we have

+oo
Il foll Bv®ny = P({z € R" | fo > t})dt
0

“+oo
= [ (Patm) + w0 0" B ) dt = vy + I 0

One can ask if it is possible to enlarge Q by removing 922 and thus to reduce
our considerations to the case when normals in the sense of Federer exist almost
everywhere on 9. Sometimes it is possible. For instance, let Q = D? \ U, I;
be the disk with a sequence of intervals removed in such a way, that the sum of
lengths of I; is finite. Then for every f € BV () such that

Axgﬁ—m<w

one can extend f to a function f € BV (D?). Unfortunately a slightly more com-
plicate example shows that this is not always possible.

Ezample 6.2. Let K C [0,1] be a Kantor set of positive length. Define a region Q
by the equality

Q= B,0)(2) \ {(z.y) | = € [0, 1], |yl < (dist(x, K))*}. (6.2)

One can easily verify that for all points of K x {0} the both one-sided densities
are equal to one and so these points form 92(2. However it is impossible to enlarge
Q by removing K x {0}.

7. Embedding theorems

In this and the next section we assume functions of BV (2) to be extended by zero
outside © and so we consider the open set QU (R™ \ C1(2) instead of 2. This set
is not connected but this does not play any role for our considerations.
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Theorem 7.1. Let Q2 be a p-rectifiable set. Then the inequality

n—1

[ [ dx} " <o {1 vy + 111} (7.1)

1
holds for every function f € BV (Q), and the constant ncy, ™ is exact.

The theorem can be proved in the same way as Theorem 6.5.7 in [5].

8. The Gauss-Green formula

Theorem 8.1 (The Gauss-Green formula). Let T be a p-rectifiable set. Assume
that O is equipped with a standard field of unit normals v. Let f € BV(Q) be
trace-summable. Then

Vi@ = [ pap@due) + [ () - @) die). (5)

o Q
Proof. Tt suffices to prove (8.1) for nonnegative functions f. Indeed, to prove the
theorem in the general case, it suffices to apply (8.1) to f™ and f~ and then to
use Corollary 3.4.

It is clear that the right side of (8.1) does not depend on choice of the normal
vector field v. Note that if f*(z) # f«(x), then the normal in the sense of Federer
to E; at x does exist for all t € (f«(z), f*(x)) and does not depend on t. Therefore
we can suppose that at each such point x the normal —v(z) coincides with the
normal in the sense of Federer to Ey, f.(x) <t < f*(x). For such a normal field v
formula (8.1) can be written in the following way:

Vi@ = [ pem@de)+ [ (5@ - F@)pe de. (62

0*Q

If P(E) < oo, then obviously Vxg(R™) = 0. Applying (1.2) to the left term
of 8.2, we get

Q) = / Vxg, (Q)dt = f/ Vxe, (R"\ Q)dt = f/ Vxg, (T NO*E)dt
0 0 0
On the other hand, by (2.3) we have
VN E) == [ vn@di) =~ [ v@)duto)
I'no*E, 'no* Ey
where vp, is the normal in the sense of Federer to E;. The latter equality holds

since vg, (z) = v(z) for almost all x € TNO*E; and p(E: \Urs¢E;) = 0 for almost
all t € R.
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Therefore, by (4.3) for 7 = v we obtain

+oo
Vf(Q)f—/ Vxe, (T NO*Ey)dt

B 0

:/f*(:v)V(x) dp(z) +/ (f* () = fu(@))v(z) dp(z).
r 920

The theorem is proved. (I

9. Average trace of BV ({2) functions

Let © be a region with the rectifiable boundary 9f). Suppose that a function
f € BV() is summable in a neighborhood of some point € T'. Define upper and
lower average traces of f at x with respect to a normal v by the equalities

Ff(x,v) = limsup 2v;, 'r" / “ f(y) dy,

r—0 v
T

f(z,v) = liminf 21);11"_"/ f(x)dy.
B 0 B ()

If f(x,v) = f(z,v), then their common value is called average trace. Denote

it by f(x,v). First let us prove some properties of average trace of nonnegative
functions.

Lemma 9.1. Suppose that f € BV (Q) is a nonnegative and local summable func-
tion. Then f(x,v) > f¥(x).

The proof of this lemma basically is similar to Lemma 6.6.2 in [5].

Theorem 9.2. Let a function f € BV (Q) be bounded. Then the average trace f(x,v)
of the function f exists almost everywhere on T and coincides with the trace f*(x).

Proof. Let |f| < C. From Lemma 3.6 and Lemma 9.1 it follows that
fP@)=(f+C)(2)+(=C)(z) < (f + O)(@,v) - C = f(,v).
Applying this to —f we have
(=H)"(2) < (=H)(,v).
Therefore by Lemma 3.3 we obtain that at almost all x € T’
Y (x) > f(z,v).
The theorem is proved. O

The theorem is valid for unbounded functions too, but the proof becomes
more complicated and we omit it here.



Boundary Trace for BV Functions 13

Acknowledgment
Many thanks to Vladimir Maz’ya who inspired us to this job.

References

[1] F.J. Almgren, The theory of varifolds, Princeton, 1965 (preprint).

[2] Yu. Burago, V. Maz’ya, Potential Theory and Function Theory for Irregular Regions,
Consultants Bureau, New York, 1969.

[3] H. Federer, Geometric measure theory, Springer, Berlin, 1969.

[4] W.H. Fleming, R.W. Rishel, An integral formula for total gradient variation, Arch.
Math. 11 (1960), 218-222.

[5] V. Maz’ya, Sobolev spaces, Springer Series in Soviet Mathematics. Springer-Verlag,
Berlin, 1985.

[6] V. Maz’ya, Classes of regions and embedding theorems for functional spaces, Dokl.
Akad. Nauk SSSR 133 (1960), 527-530.

[7] F. Morgan, Geometric Measure Theory: A Beginners Guide, third ed., Academic
Press Inc., San Diego, CA, 2000.

Yuri Burago

Saint-Petersburg branch of
Steklov Math Institute
Fontanka 27

St. Petersburg 191023, Russia
e-mail: yuburago@pdmi.ras.ru

Nikolay N. Kosovsky

St. Petersburg State University
Faculty of Mathematics and Mechanics
Universitetsky prospekt, 28

Peterhof

St. Petersburg 198504, Russia

e-mail: kosovnn@pdmi.ras.ru



Operator Theory:
Advances and Applications, Vol. 193, 15-29
© 2009 Birkh&user Verlag Basel/Switzerland

Dirac Equation as a Special Case
of Cosserat Elasticity

James Burnett, Olga Chervova and Dmitri Vassiliev

We dedicate our paper to Viadimir Maz’ya whose works set the standard for applicable
rigorous mathematical analysis

Abstract. We suggest an alternative mathematical model for the electron in
which the dynamical variables are a coframe (field of orthonormal bases) and a
density. The electron mass and external electromagnetic field are incorporated
into our model by means of a Kaluza—Klein extension. Our Lagrangian den-
sity is proportional to axial torsion squared. The advantage of our approach is
that it does not require the use of spinors, Pauli matrices or covariant differen-
tiation. The only geometric concepts we use are those of a metric, differential
form, wedge product and exterior derivative. We prove that in the special case
with no dependence on the third spatial coordinate our model is equivalent to
the Dirac equation. The crucial element of the proof is the observation that
our Lagrangian admits a factorisation.

Mathematics Subject Classification (2000). Primary 83E15; Secondary 53Z05.

Keywords. Dirac equation, Kaluza—Klein, spin, torsion.

1. Introduction

The Dirac equation is a system of four homogeneous linear complex partial dif-
ferential equations for four complex unknowns. The unknowns (components of a
bispinor) are functions of time and the three spatial coordinates. The Dirac equa-
tion is the accepted mathematical model for an electron and its antiparticle, the
positron, in a given external electromagnetic field. One of the main applications
of the Dirac equation is spectral-theoretic: it determines with high accuracy the
energy levels of the hydrogen atom.
The geometric interpretation of the Dirac equation is rather complicated. It

relies on the use of notions such as

e spinor,

e Pauli matrices,
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e covariant derivative (note that formula (2.1) for the covariant derivative of a
spinor field is quite tricky).

There is also a logical problem with the Dirac equation in that distinguishing the
electron from the positron forces one to resort to the concept of negative energy.
Finally, the electromagnetic field is incorporated into the Dirac equation by means
of a formal substitution which does not admit a simple geometric interpretation.

The purpose of this paper is to formulate an alternative mathematical model
for the electron and positron, a model which is geometrically much simpler. The
advantage of our approach is that it does not require the use of spinors, Pauli
matrices or covariant differentiation. The only geometric concepts we use are those
of a

metric,

differential form,
wedge product,
exterior derivative.

Our model overcomes the logical problem of distinguishing the electron from the
positron: these correspond to clockwise and anticlockwise rotations of the coframe.
And the electromagnetic field is incorporated into our model by means of a Kaluza—
Klein extension which has a simple geometric interpretation.

The paper has the following structure. In Section 2 we introduce our notation
and in Section 3 we formulate the Dirac equation. In Section 4 we formulate our
mathematical model and in Section 5 we translate our model into the language
of bispinors. In Section 6 we prove Theorem 6.2 which is the main result of the
paper: this theorem establishes that in the special case with no dependence on 23
our mathematical model is equivalent to the Dirac equation. The crucial element of
the proof of Theorem 6.2 is the observation that our Lagrangian admits a factori-
sation; this factorisation is the subject of Lemma 6.1. The concluding discussion
is contained in Section 7.

2. Notation and conventions

Throughout this paper we work on a 4-manifold M equipped with prescribed
Lorentzian metric g. All constructions presented in the paper are local so we do
not make a priori assumptions on the geometric structure of spacetime {M, g}.
The metric g is not necessarily the Minkowski metric.

Our notation follows [1, 2]. In particular, in line with the traditions of particle
physics, we use Greek letters to denote tensor (holonomic) indices.

By V we denote the covariant derivative with respect to the Levi-Civita
connection. It acts on a vector field and a spinor field as V,0v? := 9,07 + FBMW
and

1.
Vaﬁa = 8a§“ =+ Eag“c(ﬁaoﬁbé =+ Fﬁa,YO"Ybé)fb (21)
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respectively, where Fﬁm = {fv} = %gﬁ5(3a975+379a5*3<;gm) are the Christoffel
symbols and o are Pauli matrices.
We identify differential forms with covariant antisymmetric tensors. Given a

pair of real covariant antisymmetric tensors P and @ of rank r we define their dot
product as P-Q := %Pal___a,Qﬁl___grgalﬁl ...g%Pr_We also define | P||? := P- P.

3. The Dirac equation

The following system of linear partial differential equations on M is known as the
Dirac equation:

a“ai’(iv + A)an;, = m&?, 0% i (iV 4+ A) o &% = mn; . (3.1)

Here &%, ; is a bispinor field which plays the role of dynamical variable (unknown
quantity), m is the electron mass and A is the prescribed electromagnetic covector
potential. The corresponding Lagrangian density is

U i e a a__o &t = aal aal =
Lpi:(&,n) = [E(ﬁbo’ Wi Val® = €0 Vol + 0,0V o1y — 1,0V o 74)

+ Aa(€%0° & + Tl Py) — m(E 0 + Emy)| v/ detgl. (3.2)

4. Our model

A coframe ¥ is a quartet of real covector fields 97, j = 0,1,2,3, satisfying the
constraint

g=9"29° -9 @9 —9? @9 -9 @9 (4.1)
For the sake of clarity we repeat formula (4.1) giving the tensor indices explicitly:
Gop = 9008, — ILO% — 9203 — 0595,

Formula (4.1) means that the coframe is a field of orthonormal bases with
orthonormality understood in the Lorentzian sense. Of course, at every point of
the manifold M the choice of coframe is not unique: there are 6 real degrees of
freedom in choosing the coframe and any pair of coframes is related by a Lorentz
transformation.

As dynamical variables in our model we choose a coframe ¥ and a positive
density p. These live in the original (1 + 3)-dimensional spacetime {M, g} and are
functions of local coordinates (z°, 2!, 22, z3).

In order to incorporate into our model mass and electromagnetic field we
perform a Kaluza—Klein extension: we add an extra coordinate z* and work on
the resulting 5-manifold which we denote by M. We suppose that

o the coordinate z* is fixed,
e we allow only changes of coordinates (x°,z!, 2% 23) which do not depend

on I’4.

We will use bold type for extended quantities.
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We extend our coframe as

99 3
0 _ a 3 _ [e%
ﬁa<0)7 ﬁa<0)7 (42)

(O +i02)0 = ((ﬂl + “92)&> ¢~2imat (4.3)

94 = (010‘> (4.4)

where the bold tensor index a runs through the values 0, 1, 2, 3, 4, whereas its
non-bold counterpart o runs through the values 0, 1, 2, 3. In particular, the 0, in
formula (4.4) stands for a column of four zeros.

The coordinate z* parametrises a circle of radius ﬁ . Condition (4.3) means
that the extended coframe 9 experiences a full turn in the (9!,9%)-plane as we
move along this circle, coming back to the starting point.

We extend our metric as

JaB — #AaAﬁ %Aa (45)
gap - %Aﬁ 1 . .
Formula (4.5) means that we view electromagnetism as a perturbation (shear) of
the extended metric. Recall that in classical elasticity “shear” stands for “pertur-
bation of the metric which does not change the volume”. It is easy to see that
formula (4.5) implies detg = —det g, so detg does not depend on A and, hence,
the electromagnetic field does not change the volume form.

Note that when A # 0 the extended coframe and the extended metric no
longer agree:

g# 09 -9 w9 -9 e P9 -9 o9 (4.6)

(compare with (4.1)). The full physical implications of this discord are not dis-

cussed in the current paper. We need the extended metric only for raising tensor

indices (see formula (4.9) below) and for this purpose the discord (4.6) is irrelevant.
We define the 3-form

T .= l(190 A d9° — 9 A d9t — 9% A dI? — 9P A dDP — 9 A d9?) (4.7)
3 =0
where d denotes the exterior derivative. This 3-form is called azial torsion of
the teleparallel connection. An explanation of the geometric meaning of the latter
phrase as well as a detailed exposition of the application of torsion in field theory
and the history of the subject can be found in [3]. For our purposes the 3-form (4.7)
is simply a measure of deformations generated by rotations of spacetime points.
We choose our Lagrangian density to be

L9, p) = | T2 (4.8)
where

X 1 ax ax
IT|* := 31 Tapy Thxu 8" g g, (4.9)
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Formula (4.3) implies
9P A9t + 9% A d9? =9 A dOt + 9% A d9? — AmIt A 9* A 9? (4.10)

so our Lagrangian density L(4, p) does not depend on x* and can be viewed as
a Lagrangian density in the original spacetime of dimension 1 + 3. This means,
essentially, that we have performed a separation of variables in a nonlinear setting.

Our action (variational functional) is [ L(¥, p) dz®dz'dz?dz?. Our field equa-
tions (Euler-Lagrange equations) are obtained by varying this action with respect
to the coframe ¥ and density p. Varying with respect to the density p is easy: this
gives the field equation |T®||? = 0 which is equivalent to L(¢J,p) = 0. Varying
with respect to the coframe ¢ is more difficult because we have to maintain the
metric constraint (4.1); recall that the metric is assumed to be prescribed (fixed).

We do not write down the field equations for the Lagrangian density L(¢, p)
explicitly. We note only that they are highly nonlinear and do not appear to bear
any resemblance to the linear Dirac equation (3.1).

5. Choosing a common language

In order to compare the two models described in Sections 3 and 4 we need to choose
a common mathematical language. We choose the language of bispinors. Namely,
we express the coframe and density via a bispinor field according to formulae

s = &, (5.1)

p = |s| v/Tdet]g], (5.2)
(00 + %) = |s|71€%0 58", (5.3)
(W0 = 9%)a = |s| 70, 01" (5.4)
(0! + %) = —[s| € 005" (5.5)

where
a_ _ab a ab 0 1
N’ =c€ bniﬂ €ab = edi) = € b = € b = <_1 O) . (56)

Note that throughout this paper we assume that the density p does not vanish.

Observe now that the right-hand sides of formulae (5.2)—(5.5) are invariant
under the change of bispinor field £ — &%, n; — nje” Y where ¢ : M — R
is an arbitrary scalar function. In other words, formulae (5.2)—(5.5) do not feel
the argument of the complex scalar s. Hence, when translating our model into the
language of bispinors it is natural to impose the constraint

Ims =0, s> 0. (5.7)

This constraint reflects the fact that our model has one real dynamical degree of
freedom less than the Dirac model (seven real degrees of freedom instead of eight).
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6. Special case with no dependence on z°

In addition to our usual assumptions (see beginning of Section 4) we suppose that
o the coordinate 22 is fixed,
e we allow only changes of coordinates (2%, 2!, 22) which do not depend on x
e the metric does not depend on z® and has block structure

3

7

goo gor goz O
g0 911 gi2 O
- , 6.1
Job 920 921 g22 O (6.1)
0 0 0 -1

e the electromagnetic covector potential does not depend on z* and has Az = 0.
We work with coframes such that

o O O

9 =

e

(6.2)

We use Pauli matrices which do not depend on 2 and take
1 0
O3ab = (0 _1) : (6.3)

My = €% 0345 - (6.4)
Then the scalar defined by formula (5.1) takes the form s = [¢!]? — |€2]2. This
scalar is automatically real and condition (5.7) becomes

€17 — €% > 0. (6.5)

It is easy to see that formulae (6.1), (6.3)—(6.5) imply (6.2).

Formula (6.4) means that our bispinor £%, 7; is determined by the spinor £°.
Thus, the spinor £* becomes the (only) dynamical variable. We assume that this
spinor does not depend on z3.

Observe that in the special case considered in this section both the Dirac
model and our model have the same number of real dynamical degrees of freedom,
namely, four. This is because under the assumption (6.2) the coframe ¢ and density
p are equivalent to a spinor field £* modulo sign (—£® gives the same ¥ and p).

Throughout this section summation is carried out either over indices 0, 1, 2
or over indices 0, 1, 2, 4. In the latter case we use bold type.

Put

We take

LE,(6) = [5(E70% 4 Vab" = £°0% ;,Vad)
+ Aag%—aabg”" F m§“03a5§’} V| detgl. (6.6)

The Lagrangian densities L%ir(f) are formally related to the original Lagrangian
density (3.2) as follows: if we set 1, = ££%0,,; we get Lpi:(§,1) = 2L$ir(§). We say
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“formally related” because in this section we assume that formula 7, = +££%05 ;
holds with upper sign, see (6.4). The L. (&) and Lg; (€) are, of course, the usual
Dirac Lagrangian densities for an electron with spin up and spin down.

Lemma 6.1. In the special case with no dependence on x>

sity (4.8) factorises as

our Lagrangian den-

_32m L]-Sir(é-)L]Sir(é-)
9 L]-Slr(g) - L]Slr(g) '

Let us emphasize once again that throughout this paper we assume that
the density p does not vanish. In the special case with no dependence on x? this
assumption can be equivalently rewritten as

L (&) # Ly (6) (6.8)

so the denominator in (6.7) is nonzero.

L(d,p) = (6.7)

Proof. Step 1. Let us show that it is sufficient to prove formula (6.7) under the
assumption dA = 0, i.e., under the assumption that the electromagnetic covector
potential A is pure gauge. Recall that dA stands for the exterior derivative of A.

Suppose that we have already proved formula (6.7) under the assumption
dA = 0 and are now looking at the case of general A. Let us fix an arbitrary
point P on our 4-manifold M and prove formula (6.7) at this point. To do this,
we perturb the electromagnetic covector potential A in such a way that

e A retains its value at the point P and
e A satisfies the condition dA = 0 in a neighbourhood of P.

This can be achieved by, say, choosing some local coordinates on M and setting the
components of A to be constant in this coordinate system. Now, this perturbation
of the covector potential A does not change the LHS or the RHS of (6.7) at the
point P because neither of them depends on derivatives of A. Hence, the case of
general A has been reduced to the case dA = 0.

Step 2. Let us show that it is sufficient to prove formula (6.7) under the
assumption A = 0.

Suppose that we have already proved formula (6.7) under the assumption
A = 0 and are now looking at the case dA = 0. Let us modify the definition of the
extended coframe by replacing (4.4) with

94 = (‘%Aa> . (6.9)

In view of the condition dA = 0 this modification of the extended coframe does not
change axial torsion (4.7) but the extended coframe (4.2), (4.3), (6.9) now agrees
with the extended metric (4.5): we have

g=9"29" -9 9 -9 29 -9 29> -9 29! (6.10)
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as opposed to (4.6). Let us now perform a change of coordinates

2 =2% a=0,1,2,3, 3?4::1:4—% A - da. (6.11)

Note that the integral [ A - dz is (locally) well defined because of the assumption

dA = 0. The change of coordinates (6.11) is against the rules we stated in the be-

ginning of Section 4 when describing our model (we changed the original Kaluza

coordinate z* to a new coordinate #*) but we are doing this only for the pur-

pose of proving the lemma. In the new coordinate system = the extended coframe

(4.2), (4.3), (6.9) takes its original form (4.2)—(4.4), the extended metric takes the
9ap 0

form gag = (compare with (4.5)) and the electromagnetic covector
0 -1

potential A is not affected (i.e., it has the same components in both coordinate

systems). Observe now that in (4.3) we have retained the scalar factor ¢~ 2ima*

written in terms of the original Kaluza coordinate z*. Expressing z* in terms of

#* in accordance with formula (6.11) we get
1, 92 s
(,191 +’L"l92)a _ <(19 +0“9 )oz> 672zmx472zj A-dz. (612)

Let us now introduce a new coframe ¥ in (14-3)-dimensional spacetime {M, g}
related to the original coframe 9 as

90 =090 P =03 O i) = (9 +ig?)e 2 Ade, (6.13)

Then formulae (6.12), (6.13) imply
L(D, p;0) = L(9, p; A). (6.14)
Here L(-, -; -) is our Lagrangian density L(-, -) defined by formulae (4.2)—(4.5),

(4.7)-(4.9) but with an extra entry after the semicolon for the electromagnetic
covector potential. Formula (6.14) means that in our model the introduction of an
electromagnetic covector potential A satisfying the condition dA = 0 is equivalent
to a change of coframe (6.13).

Formulae (5.1)—(5.6), (6.4) imply that the change of coframe (6.13) leads to
a change of spinor field £* = g%~/ A4* Qubstituting the latter into (6.6) we get

L5, (6:0) = L5, (& A). (6.15)

Here L, (-5 -) is the Dirac Lagrangian density L, (-) defined by formula (6.6)
but with an extra entry after the semicolon for the electromagnetic covector po-
tential.

In the beginning of this part of the proof we assumed that we have already
proved formula (6.7) under the assumption A = 0 so we have

(6.16)
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It remains to note that formulae (6.14)—(6.16) imply (6.7). Hence, the case dA =0
has been reduced to the case A = 0.

Step 3. In the remainder of the proof we assume that A = 0.

The proof of formula (6.7) is performed by direct substitution: it is just a
matter of expressing the coframe and density via the spinor using formulae (5.1)—
(5.6), (6.4) and substituting these expressions into the LHS of (6.7). However,
even with A = 0 this is a massive calculation. In order to overcome these technical
difficulties we perform below a trick which makes the calculations much easier.
This trick is a known one and was, for example, extensively used by A. Dimakis
and F. Miiller-Hoissen [4, 5, 6].

Observe that when working with spinors we have the freedom in our choice of
Pauli matrices: at every point of our (1 + 3)-dimensional spacetime {M, g} we can
apply a proper Lorentz transformation to a given set of Pauli matrices to get a new
set of Pauli matrices, with spinor fields transforming accordingly. It is sufficient to
prove formula (6.7) for one particular choice of Pauli matrices, hence it is natural
to choose Pauli matrices in a way that makes calculations as simple as possible.
We choose Pauli matrices

Uaai) = 19‘24 Sjai) = 193 SOai) + 19(11 Slai) + ﬁi S2ai) + ﬂi S3ai) (617)
where
10
0 1
Soab 0 1
J— Slai) — 1o
Siab = e 0 i . (6.18)
S50 -1 0
1 0
0 -1

Here 9 is the coframe that appears in the LHS of formula (6.7). Let us stress that
in the statement of the lemma Pauli matrices are not assumed to be related in any
way to the coframe 9. We are just choosing the particular Pauli matrices (6.17),
(6.18) to simplify calculations in our proof.

Examination of formulae (5.1)—(5.6), (6.4), (6.5), (6.17), (6.18) shows that
with our special choice of Pauli matrices we have £ = 0 whereas ¢! is nonzero
and real. We are about to write down the Dirac Lagrangian density (6.6) which is
quadratic in £ so the sign of £ does not matter. So let £* = <eo ) where h : M — R
is a scalar function. We get

5 « a

Egdg advozg
T =i T =i :

= 5810 0uhE" + GBI 00" (0u0 st + TP 0 )
ie2h ie2h

= Taaaiaﬁ“é(aaoﬁlé + FBOWO"YM) +-.--= ?Oaaiggaévaoﬁlé + -
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- 2h
e 11 12
=5 [0%1105" ' Vao? i +0%1105"°Vao’ 5

+ 0“210[521vao[511 + 0“210[522va0[512] 4
ie2h ; ;
- T[ﬁoa%“vaﬂ’gu +9%%05"Vao" 5
+ (191 — i192)a0g21va0ﬂ11 + (191 — iﬂQ)O‘JﬁQQVQU’Hlﬂ + -
,L'e2h . .
? [ﬁOQUﬂllvaﬂOﬁ + ﬂan_ﬁlea (191 + ,“92),3

+ (9! = 9?)°052 Va0 + (91 — i0?) 052V (9 + 0] + -
i€2h
8

— (0 — i) (0 +i0?) sV + (91 — i0?)*IGV (9 +i9?)P] + - -
- 2h
= S [ Va0 4 iRV — 9195V,

+ 929V o0 + i Y9GV o0 — 129GV 0] + -

€2h

== (09095 V09?7 — 99V 00 + 9193V 97

— 9?9V 0 — 910GV 0% + PGV 0] -
- g[(ﬁo/\ﬁl)-dﬁer(ﬁl AD2) - d9 + (92 A ) - d9'] + - --

[00°9%V (9% — 90 (9" — i9%) gV o (0" + i9%)7

where the dots denote purely imaginary terms. Hence,
%(ébaaabvaga — 0% Vo) = Z[(ﬁo ADYY - d? + (91 A9?) - did° + (0% A9°) - dit).
Formula (6.6) with A = 0 can now be rewritten as
LE (&) = i[(ﬁo AOT) - dd? + (9T A9?) - dd° + (92 AY°) - dd'] Fm|p. (6.19)
Put

1
T = Z(9° A d9® — 91 A d9* — 9% A dY® — 95 A d9®) (6.20)
3 =0

(compare with (4.7)). The last term in (6.20) vanishes in view of (6.2). The coor-

dinate 2® is redundant so T can be viewed as a 3-form in (1 + 2)-dimensional

Lorentzian space with local coordinates (z°, z*, 22). Hence, we can define the scalar

X 1 X\ &
T = V] det g (T™)*Pe 5., (6.21)
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which is the Hodge dual of T%*. But /| det g|eagy = (99 A9 A9?)43, so formula
(6.21) can be rewritten as

1
* T2 = T2 (90 A9t AN 9?) = g(ﬂo Add® — 9 A dot — 9% A d9?) - (90 A9 A9P)
1
=3 [(9° A9Y) - d9? + (9" A9?) - d9° + (97 A9°) - d9'].
Substituting the latter into (6.19) we arrive at the compact formula
3

L5, (6) = [Z « T m} p- (6.22)

Substituting (6.22) into the RHS of (6.7) we get

_32m Lglr(g)Lglr(g) — |:*Tax 2 _ E 2:|
9 L&) — Lpi(6) &T™) e

9

As our Lagrangian L(¥, p) is defined by formula (4.8), the proof of the lemma has
been reduced to proving

. . 16
[T2)? = (+7)% — §m2 (6.23)

with A = 0 (recall that A initially appeared in the extended metric (4.5)).
In view of (4.2), (6.2) formula (4.7) becomes

1
T = (90 A9’ — 9" A9 — 9* ndd?). (6.24)

The difference between formulae (6.20) and (6.24) is that the RHS of (6.20) is
expressed via the coframe ¢ in the original spacetime whereas the RHS of (6.24)
is expressed via the coframe ¢ in the extended spacetime, see (4.2)—(4.4). In view
of (4.10), (6.20) formula (6.24) can be rewritten as

. o 4
T = 7% ¢ 7m191 A2 A9, (6.25)

The coordinate z°® is redundant so T? can be viewed as a 3-form in (1 + 3)-

dimensional Lorentzian space with local coordinates (z°,z!, 2% 2%). Hence, we

can define the covector

ax 1 ax\«,
(+T™)s = 5 V]det g] (T*)*Venpys, 6 =0,1,2,4, (6.26)
which is the Hodge dual of T®*. It is easy to see that we have
1T = —[| T2, (6.27)

Note that in the LHS of (6.27) we square a 3-form in (1+4)-dimensional Lorentzian
space whereas in the RHS of (6.27) we square a 1-form in (1 + 3)-dimensional
Lorentzian space, so we took great care in getting the sign right. Substituting
(6.25) into (6.26) we get

4m 90
(*T™)s = (*ﬁra)‘f> (6.28)
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where *T°* is the scalar defined by formula (6.21). It remains to observe that
formulae (6.27), (6.28) imply (6.23). O

The following theorem is the main result of our paper.

Theorem 6.2. In the special case with no dependence on 3 a coframe ¥ and a

density p are a solution of the field equations for the Lagrangian density L(9, p) if
and only if the corresponding spinor field is a solution of the field equation for the
Lagrangian density L, (£) or the field equation for the Lagrangian density Ly, (€).

Proof. Denote by L(§) the Lagrangian density (4.8) but with ¢ and p expressed
via £. Accordingly, we rewrite the factorisation formula (6.7) as

32m LJﬁlr(g)LBlr(g) .
9 Lglr(é-) - LBlr(g)

Observe also that the Dirac Lagrangian densities L%ir defined by formula (6.6)
possess the property of scaling covariance:

L5 (™€) = " LT, (€) (6.30)

where h : M — R is an arbitrary scalar function.

We claim that the statement of the theorem follows from (6.29) and (6.30).
The proof presented below is an abstract one and does not depend on the physical
nature of the dynamical variable £, the only requirement being that it is an element
of a vector space so that scaling makes sense.

Note that formulae (6.29) and (6.30) imply that the Lagrangian density L
possesses the property of scaling covariance, so all three of our Lagrangian den-
sities, L, L;, and L, have this property. Note also that if £ is a solution of
the field equation for some Lagrangian density £ possessing the property of scal-
ing covariance then £(£) = 0. Indeed, let us perform a scaling variation of our
dynamical variable

L) = - (6.29)

E— &+ hE (6.31)
where h : M — R is an arbitrary “small” scalar function with compact support.
Then 0 =4 [ £(§) =2 [ hL(€) which holds for arbitrary h only if £(£) =0

In the remainder of the proof the variations of £ are arbitrary and not nec-
essarily of the scaling type (6.31).

Suppose that £ is a solution of the field equation for the Lagrangian density
Lar [The case when £ is a solution of the field equation for the Lagrangian density
Ly, is handled similarly.] Then Lf; (€) = 0 and, in view of (6.8), Lp;.(§) # 0.
Varying &, we get

_ 32m L]Sir(é-) + + L]Sir(f)
s [ra=-5(/ Lon(©) - Lpp@) vl / L 2 )

32m 32m
= T/(SLBH( =—9 LJﬂir(f)
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5 / L(€) 32m5 / L (&), (6.32)

We assumed that { is a solution of the ﬁeld equation for the Lagrangian density
L, so§ [ L (€) =0 and formula (6.32) implies that 6 [ L(§) = 0. As the latter
is true for an arbltrary variation of ¢ this means that £ is a solution of the field
equation for the Lagrangian density L.

Suppose that £ is a solution of the field equation for the Lagrangian density
L. Then L(£) = 0 and formula(6.29) implies that either L} (¢) = 0 or Ly, (€) =
0; note that in view of (6.8) we cannot have simultaneously L, (£) = 0 and
Ly, (€) = 0. Assume for definiteness that L, (€) = 0. [The case when Ly, (£) =0
is handled similarly.] Varying ¢ and repeating the argument from the previous
paragraph we arrive at (6.32). We assumed that £ is a solution of the field equation
for the Lagrangian density L so 6 [ L(§) = 0 and formula (6.32) implies that
§ [ L, (€) = 0. As the latter is true for an arbitrary variation of ¢ this means that
¢ is a solution of the field equation for the Lagrangian density LDHr O

SO

The proof of Theorem 6.2 presented above may appear to be non-rigorous
but it can be easily recast in terms of explicitly written field equations.

7. Discussion

The mathematical model formulated in Section 4 is based on the idea that every
point of spacetime can rotate and that rotations of different points are totally inde-
pendent. The idea of studying such continua belongs to the Cosserat brothers [7].
Recall that in classical elasticity the deformation of a continuum is described by a
(co)vector function u, the field of displacements, which is the dynamical variable
(unknown quantity) in the system of equations. Displacements, of course, gener-
ate rotations: the infinitesimal rotation caused by a displacement field v is du,
the exterior derivative of u. The Cosserat brothers’ idea was to make rotations to-
tally independent of displacements, so that the coframe (field of orthonormal bases
attached to points of the continuum) becomes an additional dynamical variable.

Our model is a special case of Cosserat elasticity in that we model spacetime
as a continuum which cannot experience displacements, only rotations. The idea
of studying such continua is also not new: it lies at the heart of the theory of
teleparallelism (= absolute parallelism), a subject promoted in the end of the
1920s by A. Einstein and E. Cartan [8, 9, 10]. It is interesting that Einstein pursued
this activity precisely with the aim of modelling the electron, but, unfortunately,
without success.

The differences between our mathematical model formulated in Section 4 and
mathematical models commonly used in teleparallelism are as follows.

o We assume the metric to be prescribed (fixed) whereas in teleparallelism it
is traditional to view the metric as a dynamical variable. In other words, in
works on teleparallelism it is customary to view (4.1) not as a constraint but
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as a definition of the metric and, consequently, to vary the coframe without
any constraints at all. This is not surprising as most, if not all, authors who
contributed to teleparallelism came to the subject from General Relativity.

e We choose a very particular Lagrangian density (4.8) containing only one
irreducible piece of torsion (axial) whereas in teleparallelism it is traditional
to choose a more general Lagrangian containing all three pieces (tensor, trace
and axial), see formula (26) in [3].

We now explain the motivation behind our choice of the Lagrangian den-
sity (4.8). Suppose for simplicity that we don’t have electromagnetism, i.e., that
A = 0, in which case the extended coframe and extended metric agree (6.10). Let us
perform a conformal rescaling of the extended coframe: 97 +— 97, j =0,1,2,3, 4,
where h : M — R is an arbitrary scalar function. Then the metric and axial torsion
scale as g — e?"g and

Tax — thTaX (71)

respectively. Here the remarkable fact is that the derivatives of h do not appear
in formula (7.1) which means that axial torsion is the irreducible piece of torsion
which is conformally covariant. It remains to note that if we scale the density p as
p +— e*'p then the Lagrangian density (4.8) will not change.

Thus, the guiding principle in our choice of the Lagrangian density (4.8) is
conformal invariance. This does not, however, mean that our mathematical model
formulated in Section 4 is conformally invariant: formula (4.4) does not allow for
conformal rescalings. The Kaluza—Klein extension is a procedure which breaks
conformal invariance, as one would expect when introducing mass.

The main result of our paper is Theorem 6.2 which establishes that in the
special case with no dependence on x> our mathematical model is equivalent to
the Dirac equation. This special case is known in literature as the Dirac equation
in dimension 1 4+ 2 and is in itself the subject of extensive research.

This leaves us with the question what can be said about the general case,
when there is dependence on all spacetime coordinates (z°, 2!, 22, 23). In the gen-
eral case our model is clearly not equivalent to the Dirac equation because it lacks
one real dynamical degree of freedom, see last paragraph in Section 5. Our plan for
the future is to examine how much our model differs from the Dirac model in the
general case. We plan to compare the two models by calculating energy spectra of
the electron in a given stationary electromagnetic field, starting with the case of
the Coulomb potential (hydrogen atom).

The spectral-theoretic analysis of our model will, however, pose a monumental
analytic challenge. There are several fundamental issues that have to be dealt with.

e Our model does not appear to fit into the standard scheme of strongly hy-
perbolic systems of partial differential equations.

e The eigenvalue (= bound state) problem for our model is nonlinear.

e Our construction relies on the density p being strictly positive. This assump-
tion may fail when one seeks bound states other than the ground state.
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Holder and Lipschitz Estimates for Viscosity
Solutions of Some Degenerate Elliptic PDE’s

Italo Capuzzo Dolcetta

To Prof. V. Maz’ya, with great admiration for his mathematical achievements

Abstract. We report here on some recent results, obtained in collaboration
with F. Leoni and A. Porretta [7] concerning Holder and Lipschitz regularity
and the solvability of the Dirichlet problem for degenerate quasilinear elliptic
equations of the form

—Tr (A(z)D*u) + |Dul’ + Au = f(z), z € Q.

The research presented here is partly motivated by a paper by J.M. Lasry and
P.L. Lions [12]. Our results can be regarded as extensions to the degenerate
elliptic case of some of those contained in that paper.

Mathematics Subject Classification (2000). Primary: 35B45, 35B65; Secondary:
35J60, 49L.25.

Keywords. Quasilinear elliptic equations, Holder estimates, Dirichlet problem.

1. Introduction

This note is about some recent results on gradient and Hoélder estimates for viscos-
ity solutions of some second-order degenerate elliptic partial differential equations.
The model equation discussed here is

—Tr (A(z)D?u) + |[DulP + Au = f(z), z € Q. (1.1)

In the above, Q@ C R" is a bounded open set, A(z) is a non-negative definite n x n
symmetric matrix, Tr denotes its trace, D? and D are, respectively, the Hessian
and the gradient of the unknown function v :  — R, p > 1 and A > 0 are
given real numbers. We shall assume that © — A(z) and z — f(z) are continuous
functions.

Equations of the form (1.1) arise for example as Dynamic Programming op-
timality conditions for some stochastic optimal control problems. Indeed, let us
consider the degenerate diffusion process modelized by the Ito’s stochastic differ-
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ential equation
dXt :a(Xt) dt+ \/ QA(Xt) th, Xo =xc Q,

where W, is a standard n-dimensional Brownian motion and a(X;), with |a| < 1,
is a feedback control acting on the trajectory X;. Define next the cost functional

J(z,a) = E, { / XD + eala(X0]1 o dt +g<XTI>e*TI} (1.2)

where E, is the conditional expectation with respect to the initial state x = X .

qg—1
In (1.2), f, g are given continuous functions, ¢ > 1, ¢, = % (1 — %) and

A > 0 represents a discount rate. Two cases of interest for the applications are
when

p=inf {t >0: X, € R"\ Q} (the ezit time problem)
or 7. = 400 (the state-constrained problem).
The optimal control problem associated to these data is to minimize, for
each given initial position Xy = z, the functional J(z,a) with respect to feedback

controls a belonging to a specified set A, of admissible controls.
Dynamic Programming arguments show that even if the value function

u(z) = alen}:m J(z,a)

is just a continuous function on £ (which is true under mild assumptions on the
data of the problem), nonetheless it is a wviscosity solution of equation (1.1) with
p= ﬁ . Let us recall for the convenience of the reader that this means that

—Tr (A(z1)D*P(21)) + |DP(z1) [P + AD(x1) < f(21) (1.3)

at any point 1 € Q and for all C? function @ touching from above the graph of u
at x1 (the subsolution condition) and, symmetrically,

—Tr (A(z0) D*W(x0)) + | D¥(x0)[” + A¥(20) > f(z0) (1.4)

at any point zo € Q and for all C? function ¥ touching from below the graph of
u at xg (the supersolution condition).

Definitions (1.3), (1.4) make sense, respectively, for upper (lower) semicon-
tinuous functions u . Moreover, u satisfies a boundary condition either of Dirichlet
type

u = g on 0f)
for the exit-time problem, or of the quite unusual form
~Tr(A(z)D*u) + |DulP + Au > f on 99

for the state-constrained problem. It can be shown also that the feedback control
given by
a(z) = —p|Du(z)["~* Du()

is an optimal one, at least at those points where u is differentiable.
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We refer to [10] and [1] for Dynamic Programming methods in optimal control
problems and to [8] as a general reference text on viscosity solutions.

A deep and fairly exhaustive analysis of the state-constrained problem for
equation (1.1) in the model non-degenerate case

—Au+ |[DulP + Au = f(z), z € Q (1.5)

has been carried on by J.M. Lasry and P.L. Lions in [12]. In that situation, the
authors prove that the value function u is is locally Lipschitz continuous and it
is the maximal solution of (1.1). Concerning the boundary behavior, if 1 < p <2
then u blows-up on ON), while if p > 2, then u is bounded and Hdélder continuous
up to 092. This striking difference between the cases p < 2 and p > 2 reflects a
similar feature occurring in the study of the exit-time problem, see [4]. Namely
if 1 < p < 2, the Dirichlet problem can be solved in the classical sense for any
boundary datum g, while if p > 2 this is no longer true and there can be loss of
boundary condition. In that case, the best one can expect, in general, is that the
Dirichlet condition u = g is satisfied only in a generalized sense, see [4].

Under some conditions, involving the possible degeneracy of A(z) at points
x of the boundary and a compatibility between the source term f and the bound-
ary datum g, it is possible to prove the existence of solutions which satisfy the
boundary condition at all points of OS2, see Theorem 4.1.

The setting of this note concerns the case when A is non-negative definite and
the gradient term is superquadratic. The main results, obtained in collaboration
with F. Leoni and A. Porretta [6, 7], are Theorem 2.1 about Hélder estimates
for bounded viscosity subsolutions and Theorem 3.1 about gradient estimates for
bounded viscosity solutions of equation (1.1). Finally, Theorem 4.1 is a result about
the existence of solutions for the Dirichlet problem.

2. Local and global Holder estimates for subsolutions

The main result in this section establishes the global Holder continuity of bounded
upper semicontinuous (USC, in short) viscosity subsolutions of equation

—Tr (A(z)D*u) + [Duf’ + M < f(z), z € .

The bound will depend in particular on the distance function from 92, denoted
by daq.

Theorem 2.1. Let Q C R™, n > 2 be an open bounded set with Lipschitz boundary
satisfying the uniform interior sphere condition. Let w € USC(Q) be any bounded
viscosity solution of

—Tr (A(z)D*u) + [Dul’ + u < f(z), z € Q, (2.1)
with A > 0 and p > 2. Assume further that A(-) is bounded and continuous, f(-)

_pr_
is continuous and that dja' f* is bounded.
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Then, u is Hélder continuous in Q0 and
[u(e) —u(y)| < Mz -yl Va,ye@
for some positive constant M depending only on 9, p, ||Al| =) and
-1 _
ey ™ (FF + A7)y

Before sketching the main steps of the proof, let us make some remarks on
the above result.
Remark 2.2. As far as the Holder exponent is concerned, the value % is the
best one can expect in the assumptions of the above Theorem. Indeed, a direct

=

computation shows that the function u(z) = |x|§%f satisfies
—Au+ [DulP + du < A in B1(0) CR"”
assoonasn > 2.

Remark 2.3. In the model case non-degenerate case (1.5), the Holder continuity for
bounded solutions was previously established in [12]. Note that our result above
holds in fact for the wider class of subsolutions, a quite unusual feature for second-
order pde’s. Let us point out in this respect that in the special case A = 0, the
proof of Theorem 2.1 shows that the Holder exponent is 1, in accordance with what
is known about the Lipschitz character, see [2],[1] of subsolutions of the coercive
Hamilton-Jacobi equation

|DulP + du < f(z), z € Q.

Remark 2.4. The a priori estimate on the Holder seminorm of v depends only on
[IAu ™ ||oo and not on ||ul|s - This fact is important when performing the ergodic
limit A — 07 in equation (2.1) which is a basic tool in the analysis of homogeniza-
tion problems, see [16] for recent results in this direction.

Remark 2.5. The linearity of the principal part in equation (2.1) does not play
any role. The same result holds indeed if v € USC(f) is a bounded viscosity
solution of

F(z, Du, D*u) + |Dul? + M = f(x), x €,

with A, p, f as in the statement of Theorem 2.1 and F(x,&, M) is a continuous,
degenerate elliptic function, i.e.,

F(aﬁ,f,Ml) — F(Q?,E,Mg) <0 Vr € Q, ¢ e R™ My, Ms € S;_ with M7 > Mo
satisfying, for some positive constants A, v > 0
Fla,6, M) > —A[M|  VzeQ R : |¢] >, MeS).

Here we denoted by S;F the cone of non-negative definite symmetric n x n matrices.
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The proof of Theorem 2.1 is technically quite involved (note that we are
dealing with just upper semicontinuous subsolutions) and we only indicate here
the main ideas while referring to [7] for full details.

The first step is to establish an interior Hélder estimate:

Proposition 2.6. Under the same assumptions of Theorem 2.1, let B any open ball
in Q and let dgp denote the distance function from the boundary of B.
Ifu e USC(B) is a bounded viscosity subsolution of (2.1) in B, then

u@)u(y)g(%myﬁ—f) VeyeB  (22)
dip (7)

_p_
where K is a positive constant depending only on p, ||d55" (fT 4+ Mu™)|| L (p) and
[ All o< (B)-

The proof makes use of the auxiliary function

w04.0(x) = u(a) — u(y) ~ € (L e —yl5 4 ﬂ)
dig (x)
for fixed y € B and parameters C' > 0, L to be appropriately chosen.
The key point in the proof is to show that

Mec,y,1. = sup we,y,(z) <0
zEB

for large enough C, L > 0. Assuming by contradiction that
MC,y,L >0 (23)

it is not hard to show that the sup in the above relation is attained at some point
T € B, & # y. The function

3 T —
D(2) = uly) + C <L|xy|il + M)
djg (v)
is an admissible test function in a neighborhood of #, and the maximum of
we,y,L(x) is achieved inside B. From the definition of viscosity subsolution it fol-
lows that

—Tr (A(2)D*®(2)) + |[DR(2)[P < f(&) — Au(®) < f1(2) + Au" ().

If (2.3) holds, a quite technical argument involving the computation of D® , D?®
and exploiting in particular the facts that A is non—negative definite, dgp is non-
negative and concave, 0 < Iﬁ < 1, leads to the inequality

Tr (A(x)D*®(x)) < cC|| A poo(m) D, y)
for some constant ¢ > 0, where
dyp (%)

S 5 )+ o 35 @) + Ly

F(.Z‘7y) =
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with o = ;;%f . Using again (2.1) we deduce, after some computations, that for

-« — 1
O [l (7 4+ xa7) ”L/O:Z(B)

a contradiction arises, showing that (2.3) cannot hold.
At this point it is not difficult to conclude the proof of the statement.

Observe that, by reversing the role of z and y in inequality (2.2), any subso-
lution u satisfies in fact

|u<w>—u<y>§K[ T +|x—y|??‘f].
(dop(z) Ndop(y)) P
This implies of course that w is actually continuous in B. The Hoélderianity up to
0f) can be obtained under smoothness assumptions on the boundary of 2.
At this purpose, we make use of the next technical lemma:

Lemma 2.7. If u: B — R is a continuous function such that

|l‘*y| «
) =0 X [+

for some K > 0 and 0 < o < 1, then u can be extended up to B as a function
satisfying

lu(z) —u(y)| < K' |z —y|* foral z,y€B
where K' > K is a constant depending on o, K.
We refer to [7] for the proof.

3. Lipschitz estimates

In the paper [12] the authors consider C? solutions of the model equation
—Au+ |Dul? + lu = f(z), xz € Q. (3.1)
Since the nonlinearity in the gradient slot is conver, their analysis based on the
Bernstein method yields the local Lipschitz estimate
|Du(z)] < C, xe€BCCQ, (3.2)

for some C' > 0 depending on the data f and A. Once it is known that any solution
is locally Lipschitz, then the following precise estimate

Du(a)| < € /45 (a)

can be derived by using a scaling argument relying on the homogeneity of the
equation. More precisely, assume that u satisfies (3.1) and, for fixed z¢ € Q, let
r = dpqa(xo) . The scaled function

v(z) = Tiau(:vo + rx) x € B1(0),

. —92 .
with o = % satisfies

—Av + |Dv|P + Ar?v = 727 f(zg + ) x € B1(0).
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One can use at this point the previously obtained Lipschitz bound (3.2) for function
v. Hence, [Dv(0)| < C, that is

C
i
g (o)
The same Lipschitz estimate can be proved for merely continuous functions sat-
isfying equation (3.1) in the viscosity sense. Indeed we have the following result
from [7]:
Theorem 3.1. Let u € C(Q) be a bounded viscosity solution of

—Tr (A(z)D*u) + |Dul” + du = f(z), x €,

with p > 1. Assume also that x — A(z) is non-negative definite and bounded and,
moreover, that x — \/A(x) is Lipschitz continuous in Q. Then,

[ Du(o)| <

K
|Du(z)| < ———  a.e. in Q,
dhg' (z)
where K > 0 is a constant depending only on p, ||A||L~(q), the Lipschitz constant
_pP
of VA, and ||dze! (f7 + Au7)|| L= (q) -

Remark 3.2. In the completely degenerate case A = O, one recovers the Lipschitz
regularity which is known to hold for subsolutions of coercive first-order equations
of the form
[Dul? + Au = f(z)
with p > 1, see, e.g., [1, 2, 14].
Remark 3.3. The result of Theorem 3.1 can be found in [16] for the equation
—Au+|Dul? + Au= f(x), x €,

and in [3] for more general equations. The proof devised in [7] is not based, however,
on the Bernstein method but rather on the tools introduced by H. Ishii and P.L.
Lions [11] which do not require differentiation of the equation, allowing therefore
some x dependent nonlinearities. Observe also that in this way an estimate not
depending on |||/, but only on ||[Aul/s can be obtained. As pointed out above
this a very useful fact in the analysis of homogenization problems.

Remark 3.4. The result above can be extended to more general equations having
a first-order term of the form H(z,&) with H : Q@ x R® — R continuous and
satisfying
H(I76)270|€|p7 p>17
|H (w,&) — H(z,n)| <y (€71 + IP~h)le —al,
[H(z, &) = H(y, §)| <72 (91(2) + g2(2)[€]7) |z =yl

The coercivity of H(z,-) is almost necessary for the validity of the result of The-
orem 3.1 in the presence of degeneracies of the principal part.
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4. The Dirichlet problem

It is well known from the fundamental works of Fichera [9] and Oleinik-Radkevic
[17] that the degeneracy of the principal part of the equation is an obstruction to
the solvability of the linear Dirichlet problem

—Tr (A(z)D*u) = f(x) in Q,
u =g on 0f),

in the classical sense for arbitrarily prescribed boundary data. In the quasilinear
model,

—Tr (A(z)D*u) + [Duf’ + Au=f in Q

the presence of the strongly quasilinear term |Du|P with p > 2 is another source of
obstruction, even in the simplest case A(x) = I. Indeed, for the Dirichlet problem

—Au+ |Dul? + Au = f(x) in Q,
u=g on Of)

examples show that boundary layers can actually occur if p > 2, see [12].
From the analysis in [12, 4] it is known in fact that the best one can obtain

in general is the existence of a viscosity solution u € C(Q) satisfying the boundary
condition in the relaxed sense:

—Au+ |[DulP + Au = f(x) in Q,
max [u(z) — g(x); —Au+ |DulP + Au— f(x)] =0 on 09.
By our previous result Theorem 2.1, we know that for p > 2, every function

u € C(Q) satisfying the equation in € is ;%—Hélder continuous up to 9. Hence,
a necessary condition in order that the solution can attain continuously the bound-
ary data g is the existence of some M > 0 such that
p—2
lg(z) —g(y)| < M|z —y[»T  Vz,yecd.

In the next result some sufficient conditions on the data ensuring the existence of
a solution u € C () of the Dirichlet problem

{ —Tr (A(z)D?u) + |[DulP + Au = f(z) in Q, (41)

u(z) = g(z) on 0f).

assuming the boundary datum at all points are exhibited. In view of the above
remark, we assume then that

lg(z) — g(y)| < M|z — y\g for all z,y € 0. (4.2)

We assume also that ) is open bounded with C? boundary and denote by v the
normal inward unit vector to 0f2.
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Theorem 4.1. Assume that x — A(x) is non-negative definite and bounded and
that © — \/A(x) is Lipschitz continuous. Assume moreover X > 0, p > 2 and
that, for some o > 0,

A(x)v(z) -v(z) >0 >0 Vo € 0. (4.3)

Then there exists My > 0 depending on p, n, o, A, and Q such that if g satisfies
(4.2) with M < My and
Ainf g <inf
infg < 1% f

then the Dirichlet problem (4.1) has a unique viscosity solution u € o= Q).

Remark 4.2. Condition (4.3) is a non degeneracy condition at the boundary which
is trivially satisfied if A is positive definite. In this case, the existence and unique-
ness of solutions for (4.1) is well known, see [13].

For the proof, let us observe preliminarily that it is enough to prove the

existence of a viscosity subsolution v € C(Q) satisfying v = g on 9. Indeed, by

the results in [4] mentioned above, there exists u € C(2) satisfying

—Au+ |[DulP + Au = f(z) in Q,
max [u(z) — g(x); —Au+ |Dul’ + Au— f(x)] =0 on 09.

If such a subsolution v exists, it can be proved that u > v in Q and v < g on 99,
so that g = v < u < g on 0f.

The construction of the subsolution v is technically quite involved and we
refer to [7] for all details. Let us only indicate here that the first step in the
construction is to consider, for each fixed y € 92 the functions

_ p=2
vy(2) = g(y) — M |z — y[7= — p M djg ()

where 1 > 0 is a parameter. A careful computation which makes use on the
smoothness of 02, the compatibility restriction between f and g and of condition
(4.3), shows that each v, is a C? subsolution of (4.1) in neighborhood of 99 .

By an important stability property of viscosity subsolutions, the function

v(z) = sup vy(z)
yeoN

is a viscosity subsolution as well.

The proof is concluded by a suitable extension procedure, requiring an ap-
propriately large choice of the parameter u, of function v to the whole domain €.
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1. Introduction

The aim of the paper is to survey some results obtained with V. Maz’ya [4, 5] on
the LP-dissipativity of partial differential operators.

A linear operator A : D(A) C LP(Q) — LP(Q) (Q being a domain of R",
1 < p < o0) is said to be LP-dissipative if

Ke / (Au, u)|uP~2dz <0 (1.1)
Q

for any u € D(A). Here and in the sequel the integrand is extended by zero on the
set where u vanishes.

The dissipativity of the partial differential operator A and the corresponding
contractivity of the semigroup generated by A have been widely investigated in
many papers (see, e.g., 21, 3, 7, 1, 28, 8, 14, 26, 15, 9, 10, 18, 19, 17, 16, 2, 6, 13,
27, 20, 24, 25, 22]).

In particular it is well known that scalar second-order elliptic operators with
real coefficients may generate contractive semigroup in LP, and this was noticed
for the first time in [21]. The case p = oo was considered in [15], where necessary
and sufficient conditions for the L°°-contractivity for scalar second-order strongly
elliptic systems with smooth coefficients were given. Scalar second-order elliptic
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operators with complex coefficients were handled as a particular case. Necessary
and sufficient conditions for the L*-contractivity were later given in [2] under the
assumption that the coefficients are measurable and bounded.

The paper [4] is devoted to the Dirichlet problem for scalar second-order
differential operators whose coefficients are complex measures. The main result
is an algebraic necessary and sufficient condition for the LP-dissipativity of the
operator V(g7 V), where the matrix .#m g is symmetric. Several other results
are obtained also for the more general operator V!(« Vu) + bVu + Vi (cu) + au.
A necessary and sufficient condition for the LP-dissipativity of such an operator is
obtained in the case of constant coefficients.

The problem of determining the angle of dissipativity of the operator V(&7 V)
is solved in [5]. In this paper the LP-dissipativity of systems of partial differential
operators is also considered. In particular, a necessary and sufficient condition for
the LP-dissipativity of the two-dimensional elasticity is obtained.

2. A basic lemma and some consequences

Let us denote by Cy(2) the space of complex-valued continuous functions with
compact support contained in €2, where 2 C R" is supposed to be a domain.

Let C}(£2) be the space C*(2) N Co(2).

By o we denote a n x n matrix, whose entries are complex-valued measures
a"® belonging to (Co())*.

Let b = (b1,...,b,) and ¢ = (c1,...,¢,) stand for complex-valued vectors
with bj,¢; € (Co(Q))*. By a we mean a complex-valued scalar distribution in

(Co ()"
Let .Z(u, v) be the sesquilinear form

L(u,v) = /Q(<,Q{ Vu, Vv) — (bVu,v) + (u,€Vv) — a(u, v))

defined on C3(Q) x C(Q).
We note that the form .Z is related to the operator
Au = V(o Vu) +bVu + Vi(cu) + au (2.1)

where V! denotes the divergence operator. The operator A acts from C3() to
(C(€))* through the relation

P(u,v) = — /Q (Au, v)

for any u,v € C3(9). The integration has to be understood in the sense of distri-
butions.
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In [4] the following definition was given:

Definition 2.1. Let 1 < p < oo. The form % is called LP-dissipative if for all
u€ Ci(Q)

Fe L (u,|ulP~?u) =0 ifp>2

Ze L (JulP'u,u)

where p’ = p/(p—1) (we use here that |u|972u € C3(Q) for ¢ > 2 and u € C§(Q)).

>
>0 ifl<p<?2

The following lemma is a basic one and it provides a necessary and sufficient
condition for the LP-dissipativity of the form &:

Lemma 2.2 ([4]). The form & is LP-dissipative if and only if for all v € C} ()
e [ [tor V0, 90) = (1= 2/p)(es = Tl o] T90)
Q
—(1—=2/p)(a V(|v]), V(|v]))
+/ (Im(b+c), Im@Vv)) + [ Ze(Vi(b/p—-c/p) —a)|v]* > 0.
Q Q

This lemma has several interesting consequences. The first one is a necessary
condition:
Corollary 2.3 ([4]). If the form £ is LP-dissipative, we have

(Ze o7 €,€) 20

for any € € R™.

It is easy to see that this condition is not sufficient for the LP-dissipativity.
On the other hand, Lemma 2.2 implies the following sufficient condition:

Corollary 2.4 ([4]). Let a, 8 two real constants. If

%(ﬁ’e o E,8) + (%e a/n,n) +2{(p"" Im o +p' " Im )& )

+(Im (b +c),n) — 2(%e (ab/p — Be/p'), )
+%e [V' (1 —a)b/p—(1—P)c/p)—al 20 (2.2)

for any £, m € R™, the form & is LP-dissipative.
Note that, putting « = 8 =0 in (2.2), we find that if

%(%’e S EE) 1 (Be ot mm) + 2} Im g+ I )
HIm b+ ). + e [V (bfp— /) —a] 0 2.3

for any &, € R™, the form & is LP-dissipative.
Let us show that — generally speaking — the condition in Corollary 2.4 is not

sufficient. Let n = 2 and
1 .
o = ( A )
—iy 1
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where 7 is a real constant, b = ¢ = a = 0. In this case polynomial (2.3) is given by

(m +7&2)* + (n2 —v&)* — (v — 4/ (pp"))I1€]*.

Taking v > 4/(pp’), condition (2.3) is not satisfied, while we have the LP-
dissipativity, because the corresponding operator A is the Laplacian.

Note that here the matrix &/m o7 is not symmetric. Later we shall give
another example in which A is LP-dissipative and (2.3) is not satisfied, even if
I'm of is symmetric (see below, after the Corollary 4.2).

The following corollaries are other consequences of Lemma 2.2.

Corollary 2.5 ([4]). If the form £ is both LP- and L' -dissipative, it is also L"-
dissipative for any r between p and p’, i.e., for any r given by

1r=t/p+Q-2t)/p 0<t<l). (2.4)

Corollary 2.6 ([4]). Suppose that either Im of = 0,%e V'b = He Vic = 0
or Imof = Im g, Im((b+c) = 0,%e Vb = Ze Vic = 0. If & is LP-
dissipative, it is also L"-dissipative for any r given by (2.4).

3. The main result

Let us consider the operator (2.1) without lower-order terms:
Au = V(o7 V). (3.1)

Like in (2.1), the coefficients a"* are supposed to be in (Cp(£2))*.
The following Theorem, which is the main result in [4], provides an algebraic
necessary and sufficient condition for the LP-dissipativity of operator (3.1).

Theorem 3.1. Let the matriz Sm of be symmetric, i.e., Im o/t = Fm o . The
form

Z(u,v) :/(;z{ Vu, Vv)
Q
is LP-dissipative if and only if

lp—=2[[{(Im &7 & &) <2¢/p—1(Ze o &8 (3.2)
for any & € R™, where | - | denotes the total variation.

It follows immediately from (3.2) that, if A is such that (Ze o/ &,&) > 0 for
any £ € R”, then & is L2-dissipative. If moreover A is a real coefficient operator,
¥ is LP-dissipative for any p.

Condition (3.2) is equivalent to the positiveness of a certain polynomial in £
and 7. Specifically (3.2) is equivalent to the condition

pip,@e SEE) +(Re ) — 21— 2p)(Im S EM) >0 (3.3)

for any £,n € R".
Let us assume that either A has lower-order terms or they are absent and
'm gf is not symmetric. One could prove that (3.2) is still a necessary condition
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for A to be LP-dissipative. However, in general, it is not sufficient. This is shown by
the next example (see also Theorem 4.1 below for the particular case of constant
coefficients).

Let n = 2 and let Q2 be a bounded domain. Denote by ¢ a not identically
vanishing real function in C3(Q) and let A € R. Consider operator (3.1) with

7 = < —i)\811(02) M811(02) )

Au = 01 (d1u + iXdy (02) Bau) + Oz (—iAdy (0?) Oyu + Dou),
where 9; = 0/0z; (i =1,2).
One can prove that, given o, there exists A € R such that A is not L2-
dissipative, although condition (3.2) is satisfied.
Since A can be written as

Au = Au — i)\(azl (0'2) 81u - (911(0’2) Ggu),

the same example shows that (3.2) is not sufficient for the L?-dissipativity in the
presence of lower-order terms, even if /m g7 is symmetric.
Let us consider now the operator (3.1) where o7 = {a;;(z)} (i,7 =1,...,n)
is a matrix with complex locally integrable entries defined in a domain 2 C R™.
The next result provides a complete characterization of the angle of dissipa-
tivity of the operator A:

i.e.

Theorem 3.2 ([5]). Let the matriz of be symmetric. Let us suppose that the operator
A is LP-dissipative. Set

o (Im o (2)€,€) (Im o ()¢, €)
M= o e e T e e o
where
E={(2,6) € A xR" | (Ze of (x)E,&) > 0}.
The operator zA is LP-dissipative if and only if
Y- <argz < 4,

where!
2

2v/p—1 1 .
g _ Jareeot (B2 — g s ) 042
arccot(Aq) — if p=2

25T | 5 -
9, = arccot (=251 + g ot ) i A2
arccot(As) if p=2.

IHere 0 < arccoty < 7, arccot(+00) = 0, arccot(—oco) = 7 and

CAUNACIINI) (Im o (2)§,€)

essinf ———————=>"- = 400, esssup ————- = —00

(z,6)€E <%€ ﬂ(x)g’ E) (z,6)eE (’@e Ky( )E’ £>

if 2 has zero measure.
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If o7 is a real matrix, then Ay = As = 0 and the angle of dissipativity does
not depend on the operator. In fact we have

2vp—1 p? _ p=2]

p—2] 2vp—1p—2 2p—1

and Theorem 3.2 shows that zA is dissipative if and only if

arccot ,M — 7 < argz < arccot M ,
2y/p—1 2¢/p—1

ie.
2p—1
|arg z| < arctan (L) .
lp—2|
This is a well-known result (see, e.g., [11], [12], [23]).

4. The constant coefficients case

Generally speaking, it is not possible to give necessary and sufficient algebraic con-
ditions for the LP-dissipativity of the general operator (2.1). Consider for example
the operator
Au = Au + a(x)u

in a bounded domain 2 C R™. Denote by A; the first eigenvalue of the Dirichlet
problem for Laplace equation in €. A sufficient condition for A to be L2-dissipative
is Ze a < A1 and we cannot give an algebraic characterization of A;.

However it is still possible to find such conditions, provided the coefficients
of the operator are constant.

Let A be the operator

Au = V' (o7 Vu) + bVu + au (4.1)

with constant complex coefficients. Without loss of generality we can assume that
the matrix o7 is symmetric.

The following theorem provides a necessary and sufficient condition for the
LP-dissipativity of the operator A.

Theorem 4.1 ([4]). Let Q be an open set in R™ which contains balls of arbitrarily
large radius. The operator (4.1) is LP-dissipative if and only if there exists a real
constant vector V' such that

2%e oV + Imb=0
Re a+ (He oV, V) <0

and the inequality

p—2|(Im o7 £, < 2¢/p— 1{Ze o {€) (4.2)
holds for any & € R™.



LP-dissipativity of Partial Differential Operators 47

If the matrix Ze of is not singular, we find

Corollary 4.2 ([4]). Let Q be an open set in R™ which contains balls of arbitrarily
large radius. Let us suppose that the matriz Ze of is not singular. The operator
A is LP-dissipative if and only if (4.2) holds and

4%e a < —((Re o7)"F Im b, Im b). (4.3)

We are now in a position to show that condition (2.2) is not necessary for
the LP-dissipativity, even if the matrix .#m g7 is symmetric.
Let n = 1 and © = R!. Consider the operator

<1 +o¥P— 1,
p—2
where p # 2 is fixed. Conditions (4.2) and (4.3) are satisfied and this operator is

LP-dissipative, in view of Corollary 4.2.
On the other hand, the polynomial in (2.3) is

2
<27Vpp1§n> +o+1

which is not nonnegative for any &, 7 € R.

> u” + 2’ — u,

5. Smooth coefficients

In this section we consider the operator
Au = V'(o/ Vu) +bVu +au (5.1)

with the coefficients a"*,b" € C1(Q), a € C°(Q2). Here Q is a bounded domain in
R", whose boundary is in the class C*“ for some a € [0, 1).
We consider A as an operator defined on the set

D(A) = W2P(Q) N W, P ().

For such operators we can compare the classical concept of LP-dissipativity
of the operator A (see (1.1)) with the LP-dissipativity of the corresponding form
#, as considered in the previous sections.

Theorem 5.1 ([4]). The operator A is LP-dissipative if and only if the form £ is
LP-dissipative.

If the operator A has smooth coefficients and no lower-order terms, it is
possible to determine the best interval of p’s for which the operator A is LP-
dissipative.

Define
L (e s @8

e [(Fm of (2)E,8)|
where ./ is the set of (§, ) with £ € R™, z € Q such that (I m o7 (2)§,€) # 0.

A
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Theorem 5.2 ([4]). Let A be the operator

Au = V(g Vu). (5.2)
Let us suppose that the matric Sm of is symmetric and that

(Ze o (x)€,€) 20

forany x € Q, £ € R*. If Im o (x) =0 for any x € Q, A is LP-dissipative for
any p > 1. If Sm o does not vanish identically on Q, A is LP-dissipative if and

only if
2420A = VA2 +1) <p <24+ 220A+ VAT +1).

This result implies a characterization of operators which are LP-dissipative
only for p = 2.

Corollary 5.3 ([4]). Let A be as in Theorem 5.2. The operator A is LP-dissipative
only for p =2 if and only if I m o does not vanish identically and A = 0.

Other results can be proved if we suppose that the operator A is strongly
elliptic in €2 in the sense that

(Ze of (2)€,8) >0

for any # € Q, £ € R™ \ {0}.
In this case one can prove the contractivity of the semigroup generated by A.

Theorem 5.4 ([4]). Let A be the strongly elliptic operator (5.2) with Im of =
Im ot. The operator A generates a contraction semigroup on LP if and only if

p—2[[{Im o (2)€,8)] <2v/p—1(Ze o (x),§) (5.3)
for any x € Q, £ € R™.

We know that condition (5.3) is necessary and sufficient for the LP-dissipativ-
ity of the operator (5.2), provided #m o7 is symmetric and there are no lower-
order terms. We have shown that this is not true for the more general operator
(5.1). The next result shows that condition (5.3) is necessary and sufficient for
the LP-quasi-dissipativity of (5.1). This means that there exists w > 0 such that
A — wl is LP-dissipative, i.e.,

He / (Au, w)|u|P2de < w [l
Q
for any u € D(A).
We emphasize that here we do not require the symmetry of .¥m 7.

Theorem 5.5 ([4]). The strongly elliptic operator (5.1) is LP-quasi-dissipative if
and only if

p— 2| (Im o (2)€,€)] < 2¢/p — 1(Ze o ()€, €) (5.4)
for any x € Q, £ € R™.
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Recalling that A generates a quasi-contraction semigroup on L if there exists
w > 0 such that A — wI generates a contraction semigroup, we have also:

Theorem 5.6 ([4]). Let A be the strongly elliptic operator (5.1). The operator A
generates a quasi-contraction semigroup on LP if and only if (5.4) holds for any

ze, EeR™

6. The two-dimensional elasticity
Let us consider the classical operator of two-dimensional elasticity
Bu=Au+(1-2v)"'V 'u (6.1)

where v is the Poisson ratio. It is well known that F is strongly elliptic if and only
if either v > 1 or v < 1/2.

In order to obtain some conditions for the LP-dissipativity of the elastic-
ity system, we see at first some results concerning systems of partial differential
equations of the form

A = O (7" (2)0n) (6.2)

where o7"*(z) = {alf(x)} are m x m matrices whose elements are complex locally

integrable functions defined in an arbitrary domain Q of R” (1 < 4,5 < m, 1 <
h,k <n).

Lemma 6.1 ([5]). The operator (6.2) is LP-dissipative in the domain Q C R™ if
and only if

/ (%e (7" v, Opv) — (1 — 2/p)*|v|~* Ze (7" v, v) Ze (v, Ov) Re (v, Opv)

Q

— (1 =2/p)|v| 2 %e (7" v, 00) Ze (v, Ov) — (7" Opv,v) Re (v, 3hv>))dx =0
for any v € (CL(Q))™.

The previous lemma holds in any number of variables. In the particular case
n = 2 we have also:

Theorem 6.2 ([5]). Let Q be a domain of R2. If the operator (6.2) is LP-dissipative,
we have

Ze (" (2)en€) A, X) — (1= 2/p)® Ze (" (2)en&r)w, w) (Ze (A, w))?
—(1 —2/p) Ze (7" (2)€n€r)w, N) — (7™ (2)€nEr) N, w)) e (A, w) = 0

for almost every x € Q and for any £ € R?, A\, w € C™, |w| = 1.

By means of Lemma 6.1 and Theorem 6.2 it is possible to prove the following
necessary and sufficient condition for the LP-dissipativity of the two-dimensional
elasticity:
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Theorem 6.3 ([5]). The operator (6.1) is LP-dissipative if and only if

(1 1)2 . 2v—1)(2v — 1)

2 p (3 —4v)2

From this result one has the possibility of making a comparison between E
and A from the point of view of the LP-dissipativity.

Corollary 6.4 ([5]). There exists k > 0 such that E — kA is LP-dissipative if and
only if

(1 1>2 _2Av-pEv-1)

2 p (3 —4v)?

There exists k < 2 such that kA — E is LP-dissipative if and only if
1 1\° _wv-1)
2 p (1—4v)? -~

7. Systems of ordinary differential equations

Some necessary and sufficient conditions have been obtained for systems of ordi-
nary differential operators. They concern the operator

Au = (o (z)u') (7.1)

where o/ () = {a;;(2)} (4,7 = 1,...,m) is a matrix with complex locally inte-
grable entries defined in the bounded or unbounded interval (a, b).
The corresponding sesquilinear form #(u,v) is given by

Z(u,v) = /ab@z% u',v') d.

Theorem 7.1 ([5]). The operator A is LP-dissipative if and only if

e (ot (2)AN) = (1= 2/p)* Ze (o (2)w,w) (Ze (A, w))?
—(1—=2/p) Ze ((o (z)w, \) — (o (2)\,w)) Ze (\,w) >0

for almost every x € (a,b) and for any \,w € C™, |w| = 1.
A consequence of this theorem is
Corollary 7.2 ([5]). If the operator A is LP-dissipative, then
Re (ot ()N, A) =0
for almost every x € (a,b) and for any A € C™.

We can precisely determine the angle of dissipativity of operator (7.1) with
complex coefficients.
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Theorem 7.3 ([5]). Let the operator (7.1) be LP-dissipative. The operator zA is
LP-dissipative if and only if
J_ <argz < V4

where

= arccot essmf Q(z,\,w)/P(x, )\7w))> -,

(z,A w)E_

(z,\,w)€EE

¥4 = arccot < esssup (Q(x A,w)/P(x,A,w))) ,
Pa,\w) = Ze (o (x) (1—2/p)* Re (of (v)w, w) (Ze (A, w))?
(1*2/17)«%’6(( ()w, A) = (o (2)A, w)) Ze (A, w),
Q. A w) = Im (o (@)X A) — (1= 2/p)* Im (o (2)w,w)(Ze (N, w))?
— (1 =2/p) Im (o (2)w, \) — (o (2) A, w)) Ze (A, w)
and = is the set
E={(z,\w) € (a,d) x C™" x C™ | |w| =1, P*(z,\,w) + Q*(x,\,w) > 0}.

Another consequence of Theorem 7.1 is the possibility of making a comparison
between A and the operator I(d?/dxz?).

Corollary 7.4 ([5]). There exists k > 0 such that A — kI(d?/dz?) is LP-dissipative
if and only if
ess inf Pz, \,w) > 0.

(z,7,w)€E(a,b) xC™M xC™
A =|w|=1

There exists k > 0 such that kI(d?/dx®) — A is LP-dissipative if and only if

ess sup Pz, \,w) < oco.
(z,X\,w)E(a,b)xC™M xC™m
IxI=lw]=1

There exists k € R such that A — kI(d?/dxz?) is LP-dissipative if and only if

ess inf Pz, \w) > —c0.
(z,\,w)€E(a,b)XxC™ xC™M
IX=lwl=1
In the particular case in which the coeflicients a;; of operator (7.1) are real,
we can give a necessary and sufficient condition for the LP-dissipativity of A.

Theorem 7.5 ([5]). Let o7 be a real matriz {anr} with h,k = 1,...,m. Let us
suppose of = &t and of > 0 (in the sense (o7 (x)€,€) > 0, for almost every
x € (a,b) and for any & € R™). The operator A is LP-dissipative if and only if

1 1

(5 a 1_7) (11 (2) + prm (2))? < pa () o ()

almost everywhere, where p1(x) and p,(x) are the smallest and the largest eigen-
values of the matriz of (x) respectively. In the particular case m = 2 this condition
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is equivalent to
1 1\° )
5> (tr of (x))* < det o7 (x)

p
almost everywhere.

We have also:

Corollary 7.6 ([5]). Let o be a real and symmetric matriz. Denote by py(x) and
wm () the smallest and the largest eigenvalues of of (x) respectively. There exists
k > 0 such that A — kI(d?/dx?) is LP-dissipative if and only if

ess nf [(1 +Vpp'/2) (@) + (1= /pp'/2) um(x)] > 0. (7:2)

In the particular case m = 2 condition (7.2) is equivalent to

\/ﬁ\/t%

ess inf [tr o (x

—4det ;z{(a:)} > 0.
z€(a,b)

If we require something more about the matrix o7 we have also

Corollary 7.7 ([5]). Let o7 be a real and symmetric matriz. Suppose of > 0 almost
everywhere. Denote by p1(x) and p,(x) the smallest and the largest eigenvalues of
o (x) respectively. If there exists k > 0 such that A—kI(d?/dz?) is LP-dissipative,
then

11\?
ess inf [m(l‘)um(ﬂf) ~(3-3) @+ um<z>>2] S0 (1)
z€(a,b) 2 p
If, in addition, there exists C' such that
(o (2)€,€) < Cle? (7.4)

for almost every x € (a,b) and for any £ € R™, the converse is also true. In the
particular case m = 2 condition (7.3) is equivalent to

z€(a,b) 2

essinf [det () — <1 _ %)2 (tr;z{(a:))Q] > 0.

Generally speaking, assumption (7.4) cannot be omitted even if o7 > 0, as it
is showed by an example given in [5].

Corollary 7.8 ([5]). Let o be a real and symmetric matriz. Denote by pu1(x) and
m () the smallest and the largest eigenvalues of of (x) respectively. There exists
k > 0 such that kI(d?/dxz?) — A is LP-dissipative if and only if

esssup |(1 = V/p1//2) i (@) + (1+ /02 /2) pn(a)] < 0. (7.5)

z€(a,b)

In the particular case m = 2 condition (7.5) is equivalent to

\/ﬁ

ess sup [tr of (x) +
z€(a,b)

V(tr o7 (2))2 —4det,;z{(x)} < 00.
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In the case of a positive matrix o7, we have

Corollary 7.9 ([5]). Let o7 be a real and symmetric matriz. Suppose of > 0 almost
everywhere. Denote by pi(x) and p,(x) the smallest and the largest eigenvalues
of o (z) respectively. There exists k > 0 such that kI(d?/dx®)— A is LP-dissipative
if and only if

ess Sup fhm () < 00.
z€(a,b)

8. Systems of partial differential equations

The results of the previous section lead to necessary and sufficient conditions for
the LP-dissipativity of a system of partial differential operators of the form

Au = Oy (7" (2)0hu) (8.1)
where o7"(z) = {ai‘](as)} (i,j =1,...,m) are matrices with complex locally inte-
grable entries defined in a domain Q C R" (h=1,...,n).

By yn we denote the (n — 1)-dimensional vector (z1,...,Zh—1,Thi1s---Ln)

and we set w(yp) = {zp € R | z € Q}.

Lemma 8.1 ([5]). The operator (8.1) is LP-dissipative if and only if the ordinary
differential operators

Alyn)[u(zn)] = d(o" (x)du/dzy) /dzy,
are LP-dissipative in w(yp) for almost every y, € R"1 (h =1,...,n). This con-
dition is void if w(yp) = 0.
Theorem 8.2 ([5]). The operator (8.1) is LP-dissipative if and only if
Re (7" ()N N) — (1 —2/p)? Ze (7" (x0)w,w)(Re (N, w))?
—(1 = 2/p) Ze ({7 (wo)w, A) — (7" (x0) A, w)) Ze (A, w) =0 (82)
for almost every xg € Q and for any \,w € C™, |w| =1, h=1,...,n.
It is interesting to remark that in the scalar case (m = 1), operator (8.1) falls
into the operators considered in Section 3. One can prove directly that in this case

condition (8.2) is equivalent to (3.3) (see [5, p. 262]).
Theorem 8.2 permits to determine the angle of dissipativity of operator (8.1):

Theorem 8.3 ([5]). Let A be LP-dissipative. The operator zA is LP-dissipative if
and only if 9_ < argz < 94, where

Y- = max arccot(( essinf (Qn(x, \,w)/Pn(z, A w))) -,

h=1,....,n T, \,w)EE}

Y4 = min arccot( esssup (Qp(z, A,w)/PMx,A,w))),
(

h=1,...,n z,\w)€EE,
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and
Pz, )\, w) = Ze (" ()N, \) — (1 = 2/p)2 Re (7" (2)w,w)(Ze (\, w))?
— (1 =2/p) Ze (o (x)w, ) — (" (), w)) Ze (A, w),
Qn(x, A w) = Im (" (@) N) = (1 = 2/p)* Im (7" (2)w,w)(%e (A, w))*
— (1 =2/p) Im (" (2)w, A) — (" (x) A\, w)) Ze (N, w),
En={(z,\\w) €QxC" xC™ | |w| =1, P?(x,\,w) + Q% (x,\,w) > 0}.

If A has real coefficients, we can characterize the LP-dissipativity in terms of
the eigenvalues of the matrices o7"(x):

Theorem 8.4 ([5]). Let A be the operator (8.1), where o™ are real matrices {al};}
with i,5 =1,...,m. Let us suppose o7/ = (o7")* and o7 >0 (h=1,...,n). The
operator A is LP-dissipative if and only if

2
<% _ %) (ph () + ph (2))? < ph(z) ph (x)

for almost every x € Q, h = 1,...,n, where p?(x) and p” (z) are the smallest
and the largest eigenvalues of the matriz o7" (x) respectively. In the particular case
m = 2 this condition is equivalent to

17121"}‘:1:2 et 7" (x
(2 p) (tr 7" (2))? < det 7" ()

for almost every x € Q, h=1,...,n.

References

[1] H. Amann, Dual semigroups and second-order elliptic boundary value problems, Israel
J. Math., 45 (1983), 225-254.

[2] P. Auscher, L. Barthélemy, P. Bénilan, EL M. Ouhabaz, Absence de la L*-
contractivité pour les semi-groupes associés auz opérateurs elliptiques complezes sous
forme divergence, Poten. Anal., 12 (2000), 169-189.

[3] H. Brezis, W. A. Strauss, Semi-linear second-order elliptic equations in L', J. Math.
Soc. Japan, 25 (1973), 565-590.

[4] A. Cialdea, V. Maz’ya, Criterion for the LP-dissipativity of second-order differential
operators with complez coefficients, J. Math. Pures Appl. 84 (2005), 1067-1100.

[5] A. Cialdea, V. Maz'ya, Criteria for the LP-dissipativity of systems of second order
differential equations, Ricerche Mat. 55 (2006), 233—-265.

[6] D. Daners, Heat kernel estimates for operators with boundary conditions, Math.
Nachr., 217 (2000), 13-41.

[7] E.B. Davies, One-parameter semigroups, Academic Press, London-New York (1980).

[8] E.B. Davies, Heat Kernels and Spectral Theory, Cambridge University Press, Cam-
bridge, U.K. (1989).



LP-dissipativity of Partial Differential Operators 55

[9] E.B. Davies, LP spectral independence and L' analyticity, J. London Math. Soc. (2),
52 (1995), 177-184.

[10] E.B. Davies, Uniformly elliptic operators with measurable coefficients, J. Funct.
Anal., 132 (1995), 141-169.

[11] H.O. Fattorini, The Cauchy Problem, Encyclopedia Math.Appl., 18, Addison-Wesley,
Reading, Mass. (1983).

[12] H.O. Fattorini, On the angle of dissipativity of ordinary and partial differential op-
erators. In Zapata, G.I. (ed.), Functional Analysis, Holomorphy and Approximation
Theory, II, Math. Studies, 86, North-Holland, Amsterdam, (1984), 85-111.

[13] S. Karrmann, Gaussian estimates for second-order operators with unbounded coeffi-
cients, J. Math. Anal. Appl., 258 (2001), 320-348.

[14] V. Kovalenko, Y. Semenov, Co-semigroups in LP(R?) and C(R?) spaces generated
by the differential expression A+ b-V, Theory Probab. Appl., 35 (1990), 443-453.

[15] G. Kresin, V. Maz’ya, Criteria for validity of the mazimum modulus principle for
solutions of linear parabolic systems, Ark. Mat., 32 (1994), 121-155.

[16] M. Langer, LP-contractivity of semigroups generated by parabolic matriz differential
operators. In: The Maz’ya Anniversary Collection, Vol. 1: On Maz’ya’s work in func-
tional analysis, partial differential equations and applications, Birkh&user (1999),
307-330.

[17] M. Langer, V. Maz’ya, On LP-contractivity of semigroups generated by linear partial
differential operators, J. Funct. Anal., 164 (1999), 73-109.

[18] V. Liskevich, On Cy-semigroups generated by elliptic second-order differential ex-
pressions on LP-spaces, Differ. Integral Equ., 9 (1996), 811-826.

[19] V. Liskevich, Y. Semenov, Some problems on Markov semigroups. In: Demuth, M.
(ed.) et al., Schrodinger operators, Markov semigroups, wavelet analysis, operator
algebras. Berlin: Akademie Verlag. Math. Top. 11 (1996), 163-217.

[20] V. Liskevich, Z. Sobol, H. Vogt, On the Lp-theory of Co semigroups associated with
second-order elliptic operators. II, J. Funct. Anal., 193 (2002), 55-76.

[21] V. Maz’ya, P. Sobolevskii, On the generating operators of semigroups (Russian),
Uspekhi Mat. Nauk, 17 (1962), 151-154.

[22] G. Metafune, D. Pallara, J. Priiss, R. Schnaubelt, L?-theory for elliptic operators on
R? with singular coefficients, Z. Anal. Anwendungen, 24 (2005), 497-521.

[23] N. Okazawa, Sectorialness of second-order elliptic operators in divergence form, Proc.
Amer. Math. Soc. 113 (1991), 701-706.

[24] El M. Ouhabaz, Gaussian upper bounds for heat kernels of second-order elliptic oper-
ators with complez coefficients on arbitrary domains, J. Operator Theory, 51 (2004),
335-360.

[25] El M. Ouhabaz, Analysis of heat equations on domains, London Math. Soc. Monogr.
Ser., 31, Princeton Univ. Press, Princeton (2005).

[26] D.W. Robinson, Elliptic operators on Lie groups, Oxford University Press, Oxford
(1991).

[27] Z. Sobol, H. Vogt., On the Ly-theory of Co semigroups associated with second-order
elliptic operators. I, J. Funct. Anal., 193 (2002), 24-54.



56 A. Cialdea

[28] R.S. Strichartz, LP contractive projections and the heat semigroup for differential
forms, J. Funct. Anal., 65 (1986), 348-357.

Alberto Cialdea
Dipartimento di Matematica
Universita della Basilicata
Viale dell’Ateneo Lucano 10
1-85100, Potenza, Italy
e-mail: cialdea@email.it



Operator Theory:
Advances and Applications, Vol. 193, 57-64
© 2009 Birkh&user Verlag Basel/Switzerland

Sharp Estimates for Nonlinear Potentials
and Applications

Andrea Cianchi

To Viadimir Maz’ya, on the occasion of his seventieth birthday

Abstract. A sharp estimate for the decreasing rearrangement of the nonlinear
potential of a function in terms of the rearrangement of the function itself is
presented. As a consequence, boundedness properties of nonlinear potentials
in rearrangement invariant spaces are characterized. In particular, the case
of Orlicz and Lorentz spaces is discussed. Applications to rearrangement esti-
mates for local solutions to quasilinear elliptic PDE’s and for their gradients
are given.
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1. Introduction

The classical Riesz potential of order o € (0,n) of a locally integrable function f
in R™, n > 1, is defined as

L.f(z) = / L)i dy for z € R™. (1)

re |7 — Y[

The operator I, enters in various branches of analysis, including potential the-
ory, harmonic analysis, elliptic partial differential equations, Sobolev spaces. In
particular, if n > 2 and w, denotes the measure of the unit ball in R™, then
the function mlg f () is the Newtonian potential in R", namely the unique
solution decaying to 0 at infinity to the Poisson equation

—Au=f in R™. (2)

In certain problems involving the p-Laplace operator instead of the standard
Laplace operator, a role is played by the so-called nonlinear potential V , f, given
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for p € (1,00) and « € (0,n) by

Vo f (@) = La(Tal f)77 () for z € R™. (3)

Introduced some forty years ago by V.P. Havin-V.G. Maz’ya [HM], and investi-
gated by D.R. Adams-N. Meyers [AM] in the framework of nonlinear capacity
theory, the nonlinear potentials V, ,, and the closely related Wolff potentials,
have seen a renewed interest in recent years in connection with the study of point-
wise properties of solutions to nonlinear elliptic and parabolic partial differential
equations [DM1, DM2, KM, L, TW].

The aim of the present note is to announce some results concerning estimates
for the nonlinear potential operator V,, ,, and applications to elliptic partial dif-
ferential equations. Their proofs and other results on this matter can be found
in [C].

Our point of departure is a sharp estimate for the decreasing rearrangement of
Va,pf in terms of the rearrangement of f. This enables us to discuss boundedness
properties of V,, , in rearrangement invariant spaces, and in particular, in Orlicz
and Lorentz spaces. A combination of these estimates for V , with results from
[KM] and from the very recent contribution [DM2] yields bounds for solutions to
quasilinear elliptic equations and for their gradient, both in rearrangement form
and in the form of norm inequalities.

2. Estimates for potentials

Our basic result is a rearrangement inequality between V, ,f and f. Recall that,
given a measurable set 2 C R™ and a measurable function f : 2 — R such that

He: | f(z)] >t} < o0 for t > 0, (4)
the decreasing rearrangement of f is the function f* : [0, 00) — [0, cc] defined as
[ (s)=sup{t >0: |{z € Q:|f(z)| >t} > s} for s > 0.

In other words, f* is the (unique) non increasing, right-continuous function in
[0, 00) equidistributed with f.

Theorem 2.1. Letp > 1 and 0 < a < 7. Then there exist constants C = C(a,p,n)
and k = k(a,p,n) such that

(Vapf)(s) <C

ks ﬁ R 1
0 ks
()

for every measurable function f in R™ fulfilling (4). The result is sharp, in the
sense that, for every k > 0, there exists a positive constant C' = C'(a,p,n, k)
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such that, if f is nonnegative and radially decreasing, then

ks ﬁ © / 1
(s [ row) T[] s
0 ks
(6)

Theorem 2.1 can be used to reduce the problem of the boundedness of the
operator V,, between arbitrary rearrangement invariant spaces on R™ to a pair
of more elementary inequalities for one-dimensional Hardy type operators in their
representation spaces. A rearrangement invariant space X () is a Banach func-
tion space (in the sense of Luxemburg) of real-valued measurable functions on
endowed with a norm || - || x o) satisfying

I1fllx ) = llgllx @) if f*=g" (7)
If € is a measurable subset of 2 and xq stands for the characteristic function of
', we set || fllx@) = |fxellx ) for any measurable function f on Q.

(Vapf)(s) = C'

The representation space of an r.i. space X(f2) is the r.i. space X (0,|Q])
having the property that

1fllx ) = 1" I% 0,11 (®)
for every f € X(Q). Note that, for customary spaces X (2), an expression for
the norm || - [l ) is immediately derived from equation (8), via elementary

properties of rearrangements.

Corollary 2.2. Letp>1and0 < a < %. Let X(R™) and Y (R™) be rearrangement
invariant spaces. Then there exists a constant Cy such that

I(VarH )P Hy@n < C1ll fllx@n 9)
for every f € X(R™) if and only if there exists a constant Cy such that

S /0 6(r)dr < Colllx0.00) "

Y (0,00)

o) , s p—1
()

for every nonnegative non-increasing function ¢ € X (0, 00).

and

L Colx0.00) (11)
Y (0,00)

Lebesgue spaces are probably the most classical instance of r.i. spaces. Lorentz
spaces and Orlicz spaces provide generalizations of Lebesgue spaces in different
directions. Theorem 2.1 and Corollary 2.2 can be used, for example, to derive
boundedness properties of nonlinear potentials in these spaces.

Recall that with any Young function A, namely a convex function from [0, 0o)
into [0, co] vanishing at 0, it is associated the Orlicz space L(£2), namely the r.i.
space of those measurable functions f in 2 such that the Luxemburg norm

£l 4 ) inf{)\>0:/ﬂA(|f(;)|)dz§1}
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is finite. Given Young functions A and B, define the functions E, F' : [0,00) —

[0, 0] as
e A=A S
([ ()™ g
B =4\ o \ A (12
sup — if 25 <1,
re(0.t) A(T) o
and
: n—ap
B(7) "
:< [ m) (13)

for t > 0. Then the following holds.

Theorem 2.3. Let o, p and n be as in Theorem 2.1. Let A and B be Young functions
such that the functions E and F given by (12) and (13) are finite valued, and there
exists v > 0 such that
E A
F(ﬂ) gyﬂ for s > 0. (14)
~ s

Then there exists a constant C = C(a,v,p,n) such that

[(Vap )P Hleo@ny < CllfllLagn (15)
for every f € LA(R™).

Note that a variant of Theorem 2.3 holds if Orlicz spaces on subsets of R™
having finite measure are taken into account, and condition (14) is fulfilled just for
large values of s. Also, in this case the finiteness of the functions E and F' is not
a restriction, since A and B can be replaced, if necessary, by equivalent functions
near 0 making E and F finite. Such a replacement leaves the relevant Orlicz spaces
unchanged, up to equivalent norms.

Boundedness properties of V, ;, in Lorentz spaces are described in Theorem
2.4 below. Recall that for o,n € (0, co] the Lorentz space L%"(2) is defined as the
set of all measurable functions f in € for which the quantity

11,
I fllLony = lIs=™ 7 f*(s)ll Lm0, 101 (16)

is finite. If 1 < n < o, such a quantity is actually a norm, and L%7(Q) is a
rearrangement invariant space equipped with this norm. Otherwise, the expression
on the right-hand side of (16) is a quasi-norm, in the sense that it fulfils the triangle
inequality only up to a multiplicative constant.

Theorem 2.4. Let o, p and n be as in Theorem 2.1.

(i) Ifo<n<occandl <o < alp, then there exists a constant C = C(a,n, p, o, 1)

such that
[Vapfll JETEE CIIfIILm(Rn (17)

for every f € L7 (R™).

(R™



Sharp Estimates for Nonlinear Potentials 61

(ii)) If c =1 and 0 < n < 1, then there exists a constant C = C(«a, n,p,n) such
that

_1
Verfl sy - o < U Iy (18)

for every f € LV(R™).
(ili) Ifo =5 andn = ﬁ, then there exists a constant C = C(a,n,p) such that

1
IVapflre@ < CIAM A (19)

ap’ﬁ(Rn)

for every f € L%’ﬁ(R”).

3. Applications to PDE’s

The results concerning V, ;, presented in the preceding section have applications
to estimates for solutions to nonlinear elliptic equations. The link between nonlin-
ear potentials and bounds for PDE’s has been elucidated by T. Kilpelainen and
J. Maly [KM] as far as solutions are concerned, and by R. Mingione [Mi] and
F. Duzaar and R. Mingione [DM1, DM2] as far as their gradient is concerned.
These fundamental contributions provide pointwise estimates for local solutions
to nonlinear equations, a prototype of which is the p-Laplace equation

—div(|VulP~2Vu) = f (20)
in an open set 2 C R™, n > 2, in terms of a Wolff potential of the datum f. Given
p € (1,00) and o € (0,n), the Wolff potential W, ,,f of a measurable function f
in Q is defined as

oo ﬁd
Wapf(z) = / <r”+°‘p / |f(y)|dy> = for z € R™.  (21)
0 B(z,r) r

Here, and in what follows, f is continued by 0 outside €, and B(z,r) denotes the
ball centered at x and with radius r.

[KM, Theorem 1.6] entails that if 1 < p < n, f € W1 (Q) and u € W,2P(Q)
is a local weak solution to equation (20), then for any open bounded sets ' and
Q" such that Q" cC Q' cC Q there exists a constant C = C(p,n,, Q") such
that

e
lu(z)] < C( |u|p_1dm> ’ +CWq ,f(x) for a.e. z € Q. (22)
Q/
On the other hand, by [AM, Theorem 3.1], if ap < n there exists a constant
C = C(a,n) such that
Wapf(x) <CVapf(z) for z € R™. (23)

Combining estimates (22) and (23) with Theorem 2.1 yields Theorem 3.1 below,
whose content is a local bound for the rearrangement of a solution u to (20) in terms
of a norm of u and of the rearrangement of the datum f. Note that rearrangement
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estimates for solutions to boundary value problems for quasilinear elliptic PDE’s
are well known, and go back to the pioneering work of V.G. Maz’ya [Mal, Ma2]
and G. Talenti [Tal, Ta2]. The novelty here is that an analogous result holds even
for local solutions.

Theorem 3.1. Let 1 <p <mn. Let f, u, Q, Q' and Q" be as above. Then there exist
constants C = C(p,n, ', Q") and k = k(p,n, |Q|) such that

(ujr)*(s) < CIIUIILH(Q/
_1

+C (sﬁ_l foks f*(r)dr) o + fml “(Peidr|  fors>0. (24)

Applications of Theorem 2.1 to rearrangement estimates for the gradient of
solutions to (20) lead to even more original results. Indeed, the papers quoted
above by Maz’ya and by Talenti do not contain gradient bounds in the form of
rearrangements. They only deal with estimates for Lebesgue norms of the gradi-
ent which are not stronger than LP. Moreover, these bounds are established for
solutions to boundary value problems, and not for local solutions. Rearrangement
estimates for gradients are actually available in the literature, and are due to A.
Alvino-V. Ferone-G. Trombetti [AFT]. However, the result of that paper is again
only of use in view of applications to inequalities for gradient norms which are
weaker than LP; furthermore it holds for solutions to Dirichlet problems.

Theorem 3.2 below provides us with a rearrangement estimate for the gradient
of local solutions to (20), at least when p > 2. This result follows via a key bound
contained in [DM2, Theorem 5.2], ensuring that if p > 2, f € W=7 (Q) and
u € VVli)Cp(Q) is a local weak solution to equation (20), then for any open sets
Q" cc Q ccC Q there exists a constant C' = C(p,n, ', Q") such that

[Vu(z)] < C( " |Vu|%dx> Ty CW%,pf(a:) for a.e. x € Q. (25)

Theorem 3.2. Let p > 2. Let f, u, Q, Q' and Q" be as above. Then there exist
constants C = C(p,n, ', Q") and k = k(p,n, |Q|) such that

|VU’|\Q”) S) < CHVUHL%(Q )

+C (sif Sk f*(r)dr> L e T ()T dr | for s > 0. (26)

Theorems 3.1 and 3.2 can be exploited to derive bounds for general rearrange-
ment invariant norms of u and |Vul. For instance, as far as the latter is concerned,
the following result holds.

Corollary 3.3. Let p, f, u, Q, Q' and Q" be as in Theorem 3.2. Let X () and
Y (Q) be rearrangement invariant spaces. If there exists a constant Cy such that

P /OS o(r)dr

B < Cil¢llx 0,0 0
Y (0,/Q)
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|| . . p—1
([ o)

for every nonnegative non-increasing function ¢ € X(0,|Q|), then there exists a
constant Cy such that

IVully @ < CollVull g o) + Coll fllx () (29)
for every f € X(Q).

and

<Gk @)
Y (0,]9])

Gradient bounds in Orlicz and Lorentz spaces for local solutions to equation
(20) follow via Theorem 3.2 and Corollary 3.3 in the same way as Theorems 2.3
and 2.4 follow from Theorem 2.1 and Corollary 2.2. Let us just point out here
a special case of the relevant bounds, which provides an integrability condition
on f ensuring that |Vu| is locally in L°°(€2), namely that u is locally Lipschitz
continuous.
1

=1(Q), then |Vu| €

loc

n

Corollary 3.4. Let p and u be as in Theorem 3.2. If f € L
L ().

loc

References

[AFT] A. Alvino, V. Ferone & G. Trombetti, Estimates for the gradient of solutions
of nonlinear elliptic equations with L' data, Ann. Mat. Pura. Appl. 178 (2000),
129-142.

[AM] D.R. Adams & N.G. Meyers, Thinnes and Wiener criteria for non-linear potentials,
Indiana Univ. Math. J. 22 (1972), 132-158.

[C] A. Cianchi, Nonlinear potentials, local solutions to elliptic equations, and rear-
rangements, preprint.

[DM1] F. Duzaar & G. Mingione, Gradient estimates in non-linear potential theory, Rend.
Lincei Mat. Appl., to appear.

[DM2] F. Duzaar & G. Mingione, Gradient estimates via non-linear potentials, preprint.

[KM] T. Kilpelainen & J. Maly, The Wiener test and potential estimates for quasilinear
elliptic equations, Acta Math. 172 (1994), 137-161.

[HM] V.P. Havin & V.G. Maz’ya, Nonlinear potential theory, Usp. Mat. Nauk 27 (1972),
67-138 (Russian); English translation: Russian Math. Surveys 27 (1972), 71-148.

L] D. Labutin, Potential estimates for a class of fully nonlinear equations, Duke Math.
J. 111 (2002), 1-49.

[Mal] V.G. Maz’ya, Some estimates of solutions of second-order elliptic equations, Dokl.
Akad. Nauk. SSSR 137 (1961), 1057-1059 (Russian); English translation: Soviet
Math. Dokl. 2 (1961), 413-415.

[Ma2] V.G. Maz’ya, On weak solutions of the Dirichlet and Neumann problems, Trudy
Moskov. Mat. Obs¢. 20 (1969), 137-172 (Russian); English translation: Trans.
Moscow Math. Soc. 20 (1969), 135-172.



64 A. Cianchi

[Mi] G. Mingione, Gradient potential estimates, preprint.

[Tal] G. Talenti, Elliptic equations and rearrangements, Ann. Sc. Norm. Sup. Pisa IV
3 (1976), 697-718.

[Ta2] G. Talenti, Nonlinear elliptic equations, rearrangements of functions and Orlicz
spaces, Ann. Mat. Pura Appl. 120 (1979), 159-184.

[TW] N.S. Trudinger & X.J. Wang, On the weak continuity of elliptic operators and
applications to potential theory, Amer. J. Math. 124 (2002), 369-410.

Andrea Cianchi

Dipartimento di Matematica e Applicazioni per I’Architettura,
Universita di Firenze

Piazza Ghiberti 27

1-50122 Firenze, Italy

e-mail: cianchi@unifi.it



Operator Theory:
Advances and Applications, Vol. 193, 65-80
© 2009 Birkh&user Verlag Basel/Switzerland

Solvability Conditions for a Discrete Model
of Schrodinger’s Equation

Michael Frazier and Igor Verbitsky

Dedicated to Viadimir Maz’ya on the occasion of his 70th birthday

Abstract. Let w be a Borel measure on R", and let Q denote the dyadic cubes
in R™. For a sequence s = {sq}oco of nonnegative scalars, we consider an
operator T defined by Tu(x) = / K(z,y)u(y) dw(y) with kernel K(z,y) =

> 0co 5Q w(@) 'xo(x)xo(y). We obtain conditions for the existence of a
solution u to the inhomogeneous equation u = Tw + «, which serves as a
discrete model for an inhomogeneous, time-independent Schrédinger equation
on R". Define a discrete Carleson norm

lslo = sup W@ 3 [selw(P),

QEQ:w(Q)#0 PeQ:PCQ

and let Ag(z) = ZPGQ:PQQ spxp(z). If ||s]lw < %7 and
S z
[ 3 mretie@ e g w)xa(y) jay)] dofy) < +o0
Jan &2, 100

dw-a.e., then there exists u satisfying u = T'u + a. Other sufficient conditions
are derived. In the converse direction, if a > 0 and the equation © = Tu + «
has a solution u > 0, then ||s|, <1 and

s 1 -
|3 edlter ey g@xau lafw)] doty) <+
dw-a.e. These results are obt_ained from bilateral estimates for the kernel of
the Neumann series > 77, T7.
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1. Introduction

Let © C R"™ be a smooth bounded domain. We want to find conditions for the
existence of a solution u to any of the following problems:

—Au=V - -u+¢on ), (1)
u =g on 0f),

—Au=V-u+¢ onR", (2)

where V, ¢, and g are given. Equation (2) is a special case of (1) where Q@ = R", and
u vanishes at infinity. We are especially interested in the existence of nonnegative
solutions u for general nonnegative V, ¢, and g (measurable functions, or possibly
measures).

Kalton and Verbitsky [KV] considered the non-linear equation

—Au=V-u?+ ¢ on Q,
{ i )

u =g on 0},

for ¢ > 1, where u,V, ¢ > 0 in Q, g > 0 on 0f), but remarkably their methods
don’t apply to the linear versions (1), (2).

We apply the Green’s function G for —A on 2 to both sides of (1) to obtain
that (1) is equivalent to u = G(V -u) + G(p) + P(g), where P denotes the Poisson
integral. This formulation is of the form u = G(V - u) + «, where « is given. On
R™, n > 3, the Green’s function for —A is the Newtonian potential Iy = (—A)~1,
and in the same way (2) is equivalent to

u=IL({V -u)+a, (4)

where a = Iz(p). We focus on (4), although a similar approach applies to (1). We
set

dw(y) = [V (y)| dy. (5)

We let Q denote the set of all dyadic cubes @ = 277([0,1)" + j) (v € Z,j € Z™)
inR", and Q, ={Q € Q: £(Q) = 27"}, where £(Q) is the side length of the cube

Q. Then
C"/R u(y)V(y) dy’ Scn/R |u(y)| do(y)

n o —yn? n |z —yln?

_ ch/{ WL )

_ n—2
ver yeRn:2-v<|z—y|<2-v+1} [T — Y|

=> > Cn/{ %dw(y) XQ(T),

‘o5, Jerrar<p—yl<a-riy [T -

[La(V - u)(z)| =

where y g denotes the characteristic function of the set E. We follow C. Fefferman
[Fef], Hedberg and Wolff [HW], and Chang, Wilson, and Wolff [CWW] in forming
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a discrete model for this problem. For an appropriate constant ¢ > 1, the last
expression is bounded from above by

>3 gz [ M1 d0) xa@

VEZ QEQ,

ey O L
= 3 gtz [ 40 xew,

vEZ QEQ,

where |Q)| is the Lebesgue measure of @ and |Q|, = fQ dw = w(Q); there is also a

matching lower bound with ¢ = 1 (see [HW]). We assume that w is locally finite.
We write
Qe

(6)
QI'#
Note that each s is nonnegative. For our model, we replace ch by [, o and define
1
Tu(e) = Y sargp [ u)det) xale) 7)

QeQ

When |Q|, = 0 then sg = 0 and the term in the sum should be interpreted as 0
for this Q). Note that T is determined by w and the sequence s = {sg}geco, and
that Tu(z) > 0 for all z if uw > 0 dw-a.e. The domain of T is

8Q =¢n

Dom(T) = {u: / lu(y)| dw(y) < oo for all Q € Q such that sg #0}.  (8)
Q
For {sg}geo defined by (6), Dom(T) = L{ _(dw), but we will consider more
general nonnegative sequences in Sections 2 and 3. Our model problem is to find
conditions for the existence of a solution u € Dom(T") to the equation

u=Tu+ « (9)

where we assume « € Dom(T).

The formal solution of (9) is u = Y ;- T"a. Our concern is to determine
conditions under which this sum converges in an appropriate sense. If we assume
that ||| 2(w)—r2() < 1 and a € L?(w), then Y32 T*a converges in L?(w) and
yields a solution to (9). Our goal is to find pointwise conditions for the existence
of a solution to (9) for general o € Dom(T).

Observe that we can write

Tu(r) = - K(z,y)u(y) dw(y) (10)
for
XQ(y)- (11)
QZE:Q TR xe(@)xa(y

Operators of this form have been studied by Nazarov, Treil, and Volberg [NTV],
among others.
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The results obtained in this paper led to bilateral global estimates of Green’s
function for the (fractional) Schrédinger equation that will be presented in the
future papers [FV], [FNV]. There are also certain versions of the discrete model
applicable to nonlinear equations.

2. Necessary conditions for the discrete model with positive data

In Sections 2 and 3, we assume that we are given a locally finite, nonnegative
measure w on R™, n > 3, a nonnegative sequence s = {sg}gco, and o € Dom(T).
For T defined by (7), we are looking for conditions for the solvability of the equation
u="Tu+ a.

To look for appropriate conditions, we first consider the case where a(z) > 0
for all z € R™, and consider necessary conditions for the existence of a nonnegative
solution u to u = Tu+a. One necessary condition is immediate. Since a(x) > 0, we
have Tu(x) < u(x) for all x. Schur’s lemma implies that T" is a bounded operator
on L%(w) with

1T 2 (w)—r2(w) < 1. (12)

This condition yields a Carleson condition on the sequence s.

Definition 2.1. Let w be a nonnegative measure on R™. A sequence b = {bg}oeco
of complex numbers belongs to C,, if

Bllo = sip —— > |bp|[Pl, < oo, (13)
QeQ:|Qlu#0 |Q|“J PeQ:PCQ

where, if |Q|. = 0, we require bp =0 for all P C Q.
Note that
sup [bg| < bl (14)
QeQ
just by looking at the term in the sum corresponding to P = @ in (13).

Lemma 2.2. Suppose s = {sg}oeo is a nonnegative sequence and T as defined by
(7) is bounded on L*(w). Then s € C,, and

sl < N7l L2(w)—L2(w)-
Proof. Note that

Txola) = 30 5 [ xal) duwe(@
peg m ¥

> > [ et = Y seaela)

PeQ:PCQ PecQ:PCQ
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Hence

sp|Plw 7/ spxpdw < / Txq dw
PeQ PCQ Q Peo:PCQ Q

< ITxell 2w lIxellzzw) < ITHIxel2w) = ITIQl-
Also, if |Q|, = 0, then of course |P|, = 0 for P C @, and our definition of T’
guarantees that sp = 0 for all such P. (I

When s is as in (6), the condition s € C,, is equivalent to V. Maz’ya’s capacity
condition in the theory of the Schrédinger operator (see [M]).
Combining Lemma 2.2 with (12), we see that

HSHw <1 (15)

is a necessary condition for the existence of a nonnegative solution to u = Tu + «.
Observe that (15) depends on w, but not on a.
For any cube @ € Q, define

Ag(z) = Z spxp(z). (16)

PeQ:PCQ

Lemma 4.5 below shows that €A is locally exponentially integrable for sufficiently
small ¢, if s € C,,.

To obtain another necessary condition, suppose that u is a nonnegative solu-
tion of u = T'u + a. Substituting T'u + « for u on the right repeatedly yields

u=Tu+a=TTu+a)+a=Tu+Ta+
§=0 §=0

since u > 0 implies 7™ 1y > 0. Letting m — oo on the right side implies that

x) > ZTja(a:), (17)

for all z. To obtain a necessary condition, we make a lower estimate on the kernel
of 3772, T7.

Lemma 2.3. Suppose s = {sg}geo is a nonnegative sequence and T is deﬁned by

(7). Let K; be the kernel of T7, in the sense that T7u(x) = [p, K (y) dw(y).
Then
S Kilwy) 2 Y e e e @) y), (18)
Jj=1 QEQ

for all x,y € R™.
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Proof. We begin with the claim that

=D

QeQ

] 1

|Q|w (j - 1)

XQ()xQ(y)- (19)

We prove (19) by induction on j. The case j = 1 follows by the definition of T
Now suppose (19) holds for j. Then by the induction hypothesis,

Kj+1($ay) = o K](x7Z)K(Z7y)dw(Z)
s (Ag(2))™" "
Z/]R"Q;Q|Q|w7(jl) xq()xe(z ];Q|P|MXP( 2)xp(y) dw(z).

Since all terms are positive, we obtain a smaller quantity if we replace ) p o by
> peo.pcq in the inner sum. For P C @, we have xq(z)xp(z) = xp(2), and we
can write xp(y) = xr(¥)xo(y). We obtain

|Q|w/R Z ;T xp(z)xp(y)

(‘7 QEQ PeQ:PCQ
x (Ag(2)) ™" dwl=)xo(@)xav).

Kj+1(’ra y) Z

Hence the induction step, and therefore (19) will follow once we prove

LY pxrone) ey dul) = S (o) . 0

PEQ:PCQ [P

To prove (20), the left side is

-1
Sp
/ Z Pl Hrxp(z)xp(y) Z SRXR(2) dw(z)
" PeQ:PCQ ReQ:RCQ
j—1
S
2 Z ﬁXP(y)/ xp(2) Z SRXR(%) dw(z).
pPeo:pCc@ " ¥ R REQ:PCRCQ

In this last expression, note that yr(z) =1 for z € P and P C R, so the left side
of (20) is bounded below by

j—1

Z |;%Xp(y) Z SR /n xp(z)dw(z).

PeQ:PCQ ReQ:PCRCQ
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The terms |P|, and [, xp(2) dw(z) cancel, leaving

j—1
Z spxp(y) Z SR
PEQ:PCQ ReQ:PCRCQ
j—1
= Z spxp(y) Z SRXR(Y)
PeQ:PCQ REQ:PCRCQ
J
1 1 j
Z} > sexely)]| = E(AQ(ZI)) :

PeQ:PCQ

by Lemma 4.2 below. This completes the proof of (19).
Summing (19) over j yields

ZKj(x 0) Z Qo Z AQ ! Q(l’)XQ(y)

QeQ Jj=1

fz Q eAeWyq(2)xq(y).

QEQ

However, the kernel K is symmetric, and hence so is K for every j, so

o0

S Kjwy) =Y Kl > Y

QeQ

IQIw XQ()xQ(y)-

Averaging yields

S Kiwy) > 3 2 (40 1A xo(e)xoly)
j=1

QeQ Qe 2

Using (a + b)/2 > Vab gives (18). O

y (17), a nonnegative solution v € Dom(T) of u = Tu + «, with a > 0,
must satisfy

ZTJ ) = of )+/RHZKj(x7y)a(y)dw(y)-

Since u must be finite dw-a.e., (18) implies the necessary condition

Q3 (Aa@)tAew), . .
/]RHQXE:Q Qo Q(@)xeW)a(y) dw(y) < (21)

dw-a.e.
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3. Sufficient conditions for the discrete model

In this section we show that conditions of the same type as (15) and (21), although
with different constants, are sufficient to guarantee the solvability of u = Tu + «.
Here we are no longer assuming the positivity of @ and we are not requiring the
solution u to be positive. Our main point is that there is an upper bound for
Z;’;l K, which is of the same form as the lower bound in Lemma 2.3.

Lemma 3.1. Suppose s = {sqQ}geg € C. is a nonnegative sequence and T is
defined by (7). Let K; be the kernel of T7. Suppose

1
w < a0 22
lsllo < 7 (22)
and
8> - (23)
14+ /1—12s[,
Define Ag by (16). Then
S x
ZK z,y) <c Z Q efAe@T AWy o (2)xq(y), (24)

QeQ
for all x,y € R”.

Proof. Let L(x,y) Z Q eAA@+ AWy (2)xq(y). By the monotonicity

QEQ
of (24) in 8, and (22), (23), we may assume that

Blslle <1, and B(1—70|s|e) >3
For v =3/(8(1 — Bllc]lw)) < 1, we will prove by induction that
Kj(z,y) <777 L(z,y), (25)
for all x,y and 7 > 1, which implies (24). For j = 1, (25) is trivial because
ePAe(@)+4e() > 1. Now suppose (25) for j — 1. By the induction hypothesis,

Ko = [ Koa(o K () dotz) <977 / L(w,2)K (2,y) do(2)

n

- Se BlAe(@)+Aq (=)
=~J / Z Z xp(y) dw(z)
R QcQ |Q|w PeQ |P|w
=72 (I +1I),
where
_ 59 B(Aq(@)+Aq(2) 5p
I= Z ol ol)xe(z) Y e (v) doz)
R™ geg I¥lw Peo:PCQ ¥

and

S z p S
H:/ 3 QC|2 AT AN o ()xg(z) 3 ﬁxp(z)xp(y)dw(z).
R" g I€lw pPeQ:cp " ¥
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Since xq(2)xp(z) = xp(z) when P C @, we have
SQ eBAq(x Z sp / eBAa(2) dw(2)xr(y)xo ().
P

=2 1au "

QeQ PeQ:PSQ
For z € P with P C Q,
BAQ(z) _ eﬁZREQ RCQ srXR(2) — eﬁZREQ:RgP SRXR(Z)eﬁEREQAPCRQQ srXRr(z)

BAP(2) P L reoirgrCQ SR

since xg(z) =1 for z € P and P C R. Hence
/ P42 duy(z) = P L reairgrca SR/ PP du(2)
p

P
< & P L reaipCreQ SR
1— Bls]l

by Lemma 4.5 below. Hence, substituting this estimate above

5Q ePAq(@) Z SpeﬁzRegngRgQ SRXP(y)XQ(;z:).

I<
1*/8”5”00 |Q|w PeorCQ
iz

By Lemma 4.3 below, we have
S spe’Encerancatiyp(y) < glefAaWyo (y),

PEQ:P;Q

Therefore
5Q_ B(Aq(a)+A W)y
1< >3 Q@+400D) o (2)xq y) = = L(z,y).
A1 *ﬁll l) 525 QL. s *BH )
To estimate 11, we write >S5 > p.ocp = 2_p 2.g.ocp and note that in this
= x@(2) to obtain
> et [ 19 dute)xale)valn)
w Q

case x@(2)xp(2)

H*Z

PeQ | o QEQ:QCP

By Lemma 4.5 below, fQ eP4(®) du(2)
=y —ﬁ|| I Z D sgel@xo(x)xew)-

PeQ [Pl QEQ:QCP

< (1= Blsllw)"|Ql- Hence

By Lemma 4.4 below, > nco.0cp sgeP 4@y o (x) < %eﬁAP(I)xp(z). Therefore
2 s 2
APy p(2)xp () < 30— Al L(z,y),

171 <
— B =Blslle) =5 PL.°

because 42 > 1. Putting the estimates for I and II together, we have

I+1I< m L(z,y) = vL(x,y),
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SO
Kj(w,y) <+ 7*yL(z,y) =7~ L(z,y).
This completes the inductive step, and hence establishes (25). (]

Remark 3.2. As an example, note that if ||s||l. < 15 and 3 = 6 then (22) and (23)
hold.

The function v in the following lemma will dominate our solution w. The
lemma shows that the assumption that v is finite dw-a.e. automatically implies
the seemingly stronger result that v € Dom(T).

Lemma 3.3. Suppose s = {sg}qgeco € C. is a nonnegative sequence and 3 > 0.
Suppose (22) and (23) hold. Define Ag by (16). Suppose o € Dom(T'). Let

v(z) = 59  B(Aq(@)+A0®))y ()| dw
() /Rane:me e@)xeW)la(y)ldw(y), (26)

for all z € R"™. If v(x) < co dw-a.e. then v € Dom(T).

Proof. Observe that
o) = 3 29 640w [ 840w |a(y)] duly). (27)
Ql
QeQ hd Q

Let R be a dyadic cube in R™ with sp # 0. Since s € C.,, it follows that |R|, # 0
(see Definition 2.1). Then by Fubini’s theorem,

[o@aotn) = 3 22 [ a0 o) [ HaWiagy)| o) < 1411
R QMR Q

Q€Q |Q|w

where I =3 5 o.0cp(t) and I =3 5 5. rcol( ). For @ C R,

[ e auta) = [ o0 dute) < diol.,
QNR Q

by Lemma 4.5 below, so

I<c Z SQ/ ﬁAQ(y)|a ) dw(y)

QEQ:QCR

—ef T soxe)e Wlaly)] duly).
R Qeo:Qcr

By Lemma 4.4 below, 3 5 0.0cr soxq(y)elte < %eﬁ“‘l"‘(y))m(y)7 hence
1< [ HA9Wlag)|doty) (28)
R

However, for any z € R, by considering only the term @ = R in (27),

o(z) > S_ReﬁAR(w)/ PARW) | (y)] dw(y) > S_R/ BARW) |o(y)| dw(y).
R R |Rlw Jr

w w
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Hence from (28) we get

I< C@’U(I), (29)
SR

for all z € R.
Next,

=y - / e dw(m)/ e74eWa(y)| dw(y).
For R C @, we have
Ag(z)= Y spxpla)= > spxp(z) + Ar(z),
PEQ:PCQ PEQ:RCPCQ.P#R

and 3 pco.pcpco pzr SPXP(7) has the constant value Y pco.rc pcg pr SP O1
R. Hence

II< Z 5Q eﬂZPeQ:RngQSP/
earcq 1@l R

By Lemma 4.5 below, [, e#47@) dw(z) < ¢|R|.,. Hence

5 () /Q M2 a(y)|du(y).

IT<cRl, > IEZGI2 eBZPEQrREPEQSP/ eP4eWla(y)|dw(y). (30
QegrcqQ 1@ Q

For any = € R, we have from (27) that

v(x) > Z |22§|? eﬂZPeQ:RngQSP/ P4 | o(y)| dw(y),
QeQ:rcQ I @

because xq(z) = 1 and Aq(z) > > pcg.pcpcg sp- Comparing with (30) gives
IT < ¢|R|,v(z), for all z € R. Combining this with (29) gives

/Rvdw < ¢|R|,(14+1/sr)v(x), (31)

for all x € R. Since |R|, # 0, and our assumption is that v(z) < oo dw-a.e., we
can select € R such that v(z) < co. We conclude that v € Dom(T). O

Lemma 3.1 easily gives sufficient criteria for the solvability of u = Tu + a.

Theorem 3.4. Let s = {sg}oco be a nonnegative sequence, and let w be a locally
finite, nonnegative weight. Define T by (7) and let « € Dom(T'). Define Ag for
Q € Q by (16). Suppose (22), (23) hold, and

[ 3 et aatgapno(y) fay)| dofw) < +o0 (32)
Rn QcQ |Q|w

dw-a.e. Then there exists u € Dom(T') satisfying u = Tu + «.
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Proof. By assumption, v, defined by (26), is finite dw-a.e. By Lemma 3.1,
/ ZKj(Jc,y) la(y)] dw(y) <wv(z) < oo dw — a.e.
i

In other words, Y7 T7a(z) = () + [pu D521 Kj(z,y)a(y) dw(y) is absolutely
convergent dw-a.e. Then u = 772 Tia is defined and |u| < |a| + v. By Lemma
3.3, v € Dom(T'), and o € Dom(T') by assumption. Hence u € Dom(T"). Moreover,
u solves the equation u = Tu + . O

We remark on some relatively simple conditions on the measure w, the se-
quence {sg}geo, and the function ¢, which guarantee the finiteness dw-a.e. of the
function v in Theorem 3.4.

Corollary 3.5. Let s = {sg}geo be a nonnegative sequence, and let w be a non-
negative weight. Define T by (7) and let o« € Dom(T). Define Ag for Q € Q by
(16). Suppose (22), (23) hold,

sup [ e Wlaty)] duty) < o, (33)
QeQiQl.#0 [Qlw Jg
and
Z s < oo for all R € Q such that |R| = 1. (34)
QEQ:RCQ

Then (32) holds, and hence there exists u € Dom(T') satisfying u = Tu + «.

Proof. By (27) and (33),
U(‘T) S c Z SQXQ(m)eﬁAQ(w)
QeQ
Letting |Q| — oo in Lemma 4.4 below shows that
Z SQXQ(x)eﬁAQ(z) < cePLaeesexe(@)
QeQ

Hence the finiteness of v dw-a.e. follows if we show "5 o sQx@ < 00 dw-a.e. Let
R be the dyadic cube of side length 1 which contains . Then } ¢ 5. pcg S@ <
by (34). Also, however,

/ S spxpdo= S splPle < [s]lulRlu < oo,
R peco.pcr PEcQ:PCR
hence > pco.pcp SPXP(2) < o0 for w-a.e. z € R. O
Remark 3.6. We note that if o € L*>(dw), then (33) holds automatically, by
Lemma 4.5 in the neat section. Also, if sg = |Ql./|Q|'"%/", as in Section 1, and

if |Qlo < ¢; when the length of Q is 27, then (34) holds if Z;io 27712, < 0.
This estimate is automatic if w is a finite measure.
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4. Summation by parts lemmas

In the following four lemmas, a nonnegative sequence s = {sp}pecg and a cube
Q € Q are given, and, for v =0,1,2,..., we use the notation

fu(x) = Z spxp(). (35)
PeQ:PCQ,L(P)=2""4(Q)

Lemma 4.1. Let s = {sp}pcg be a nonnegative sequence and let Q € Q. Then

m m—1
Z SPXP <m Z SPXP Z SprXp ; (36)
PeQ:PCQ PeQ:PCQ P'eQ:P'CP
form=1,2,....

Proof. The left-hand side of (36) is (30—, f.,)". We fix a positive integer M
temporarily. Then

() -2 [(2e) ~(5) ]

For B < A, we apply the inequality

m—1 m—1
A™—B™ = (A-B) Y A*B™ ' <(A-B) Y A" ' =mA™ ' (A-B), (37)
k=0 k=0

to obtain
M m M M 00 00 m—1
<qu> <m> f <ka> <m> f <ka> :
v=0 v=0 k=v v=0 k=v

and the last expression is the right side of (36). Letting M — oo on the left side

m—1

completes the proof. O
Lemma 4.2. Let s = {sp}pcg be a nonnegative sequence and let Q € Q. Then
m m—1
> sexp| <m > sexe > saxn , (38)
PEQ:PCQ PEQ:PCQ REQ:PCRCQ

form=1,2,....

Proof. The left-hand side of (38) is (302, f,)". We fix a positive integer M
temporarily. Then using (37) again,

() 2|E) (&)

v=0

<mZOfV (Zn) _ Smi)fy (ifk>m_l7

k=0
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and the last expression is the right side of (38). Letting M — oo on the left side
completes the proof. (I

Lemma 4.3. Suppose s = {sp}pecg is a nonnegative sequence, Q € Q, and 3 > 0.
Then

speP L reQ:PCRCQRAP SRy p < %eﬂAQXQ. (39)
PEQ:PCQ,P£Q
Proof. The left-hand side of (39) is Y -, f,,eﬁzz;é fr. Fix a positive integer M.
Applying the inequality t < e — 1 for ¢t > 0 with ¢t = 3f,, we have

M

v—1 1 v—1 1 v v—1
FrePEiTofe < Z N7 (Bl 1) BTN fe = = (eﬁEH Fr _ (BN fk)
» <53t 52
:l( Ekofk,ef) STl < Lopsizo
B - B 5
The last expression is the right-hand side of (39), so letting M — oo yields (39).
(I

Lemma 4.4. Suppose a nonnegative sequence s = {sp}peco € C, and 3 > 0 satisfy
BlIs|le < 1. Suppose Q € Q. Then

2
> sexpe®r < Seftaxe. (40)
PeQ:PCQ

Proof. The left-hand side of (40)is >°>° f,eP k=0 fr We fix a positive integer M
temporarily. Note that |f, (z)| < supgeg 5@ < [|s]lw by (14), hence 0 < Bf, (z) < 1
for all z. Applying the inequality te! < 2(e? — 1) for 0 < ¢t < 1 with t = Sf, (),
we obtain

M M
S (@)l B Ao = % S B, ()85 @P Tivis (@)
= v=0

M
Bfu(x) 1) BN, () _ 2 (ﬂZM: Fol@) _ ANM fk,m)
e l)e k=v+1 = e k=v e ~hk=v+1
3

HME

w ©

v v= 0

5 (e

Note that e® 2 k=0 fr is the right-hand side of (40). Taking the limit as M — oo on
the left of the inequality above gives (40). O

<

N @

(@)
S frl@) _ 1) B0 fr(@) < 2 2 B fla)
5 5

Lemma 4.5. Let s = {SQ}Qeg € Cy,, where s is a nonnegative sequence. Then

sup —— / (Ag)™ dw < m!|s|", (41)
QeQ |Q|w
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for all positive integers m. Also, if 0 < € < 1/||$||w, then

sup

1 / N 1

e dy < ————. (42)
QeQ Q. Q 1 —elsllo
Proof. Fix @ € Q. Tterating the estimate (36) gives

(Ag)™ < ml! Z SPXP Z SP,XP,-
PeQ:P1CQ Ppn€Q:Pp 1CP,

For P, C P,—1 C --- C P;, we have xp, Xp, ' - XP, = XP,, hence integrating the
estimate above over @ gives

(AQ)™ dw
Q
T Y m S in
PeQ:PCQ Py 1€Q:Pp_1CPpy_2 P €Q: Py CPr—1

Substituting the estimate > p o.p cp | 8P |Pmlo < |I8llw|Pr—1]w and iterat-
ing yields

/ (AQ)™ dw <mllls|I77" D" sp|Pie < mllls[|71Qle
Q@ PIEQ:PCQ
which gives (41).
Expanding e in a power series, interchanging summation and integration,
and applying (41) gives

n

/ cdq dw—z / SPXP dw
Q

PeQ PCQ

oo em
m=0 ’

References

[CWW] S.-Y.A. Chang, J.M. Wilson, and T.H. Wolff, Some weighted norm inequalities
concerning the Schrédinger operators. Comment. Math. Helv. 60 (1985), 217—
246.

[Fef] C. Fefferman, The uncertainty principle. Bull. Amer. Math. Soc. 9 (1983), 129—
206.

[FV] M. Frazier and I.E. Verbitsky, Global Green’s function estimates. To appear in:
Topics around the Research of Vladimir Maz’ya, International Mathematical
Series, Springer, 2010.

[FNV] M. Frazier, F. Nazarov, and L.LE. Verbitsky, Global estimates for kernels of Neu-
mann series, Green’s functions, and the conditional gauge. Preprint (2008).

[HW] L.I Hedberg and T.H. Wolff, Thin sets in nonlinear potential theory. Ann. Inst.
Fourier (Grenoble) 33 (1983), 161-187.



80 M. Frazier and I. Verbitsky

[KV] N.J. Kalton and I.E. Verbitsky, Nonlinear equations and weighted norm inequal-
ities. Trans. Amer. Math. Soc. 351 (1999), 3441-3497.

M] V.G. Maz’ya, Analytic criteria in the qualitative spectral analysis of the Schré-
dinger operator. Spectral theory and mathematical physics: a Festschrift in honor
of Barry Simon’s 60th birthday, Proc. Sympos. Pure Math., Part 1, Amer. Math.
Soc., Providence, RI, 2007, 76, 257—288.

[NTV] F. Nazarov, S. Treil, and A. Volberg, The Bellman functions and two-weight
inequalities for Haar multipliers. J. Amer. Math. Soc. 12 (1999), 909-928.

Michael Frazier

Mathematics Department
University of Tennessee
Knoxville, Tennessee 37922, USA
e-mail: frazier@math.utk.edu

Igor Verbitsky

Department of Mathematics
University of Missouri
Columbia, Missouri 65211, USA

e-mail: verbitskyi@missouri.edu



Operator Theory:
Advances and Applications, Vol. 193, 81-95
© 2009 Birkh&user Verlag Basel/Switzerland

An Algebra of Shift-invariant Singular Integral
Operators with Slowly Oscillating Data and Its
Application to Operators with a Carleman Shift

Yu.l. Karlovich

To Professor V.G. Maz’ya on the occasion of his 7T0th birthday

Abstract. The paper is devoted to studying Banach algebras of shift-invariant
singular integral operators with slowly oscillating coefficients and their ex-
tensions by shift operators associated with iterations of a slowly oscillating
Carleman shift generating a finite cyclic group. Both algebras are contained
in the Banach algebra of bounded linear operators on a weighted Lebesgue
space with a slowly oscillating Muckenhoupt weight over a composed slowly
oscillating Carleson curve. By applying the theory of Mellin pseudodifferential
operators, Fredholm symbol calculi for these algebras and Fredholm criteria
and index formulas for their elements are established in terms of their Fred-
holm symbols.
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1. Introduction

Let B(X) be the Banach algebra of all bounded linear operators acting on a Banach
space X, let K(X) be the closed two-sided ideal of all compact operators in B(X),
and let B™(X) = B(X)/K(X) be the Calkin algebra of the cosets A™ = A+ K
where A € B(X). An operator A € B(X) is said to be Fredholm, if its image is
closed and the spaces ker A and ker A* are finite-dimensional. In that case the
number Ind A = dimker A — dimker A* is referred to as the index of A (see [4]).

Partially supported by the SEP-CONACYT Project No. 25564 (México) .
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Let T be an oriented rectifiable curve in the complex plane, and let LP(T, w)
be the weighted Lebesgue space with the norm

laniean = ([ irPwerian)

where 1 < p < oo and w : I' — [0,00] is a measurable function such that
w~({0,00}) has measure zero. As is known (see, e.g., [8], [5], [6] and [1]), the
Cauchy singular integral operator Sr, given for f € L!(T") and almost all ¢ € T by

(Srf)(t) := lim i/ Mdn D(te):={rel:|r—t|<e}, (11)

e—0 T \I'(t,e) T—1

is bounded on the space LP(I', w) if and only if p € (1,00) and w € A,(T"), that is,

1 1/p 1/aq
sup sup —(/ w(T)p|dT|> (/ w(T)_q|dT|> < 00, (1.2)
tel >0 € I'(t,e) [(t,e)

where 1/p + 1/q = 1. If the Muckenhoupt condition (1.2) holds, then Hélder’s
inequality implies that T' is a Carleson (Ahlfors-David) curve, that is (see [1]),

supsup [['(¢,€)|/e < oo, (1.3)
tel £>0

where |I'(¢, €)| stands for the Lebesgue (length) measure of T'(¢, ).
Let ' =T U---UI'y be a star-like Carleson curve consisting of unbounded
oriented simple open arcs

Iy := {T =t4re®() p e ]R+} (1.4)

and the common nodes t and oo where 0, are real-valued functions, let w be a
Muckenhoupt weight in A,(I') where 1 < p < oo, and let Ar be the set of all

orientation-preserving diffeomorphisms « of each arc T'y, (k = 1,2,...,N) onto
itself and such that
Inld| € Cp(T), (woa)/w, w/(woa)e L¥(T). (1.5)

Then the shift operator V,, given by V,, f = f o« and its inverse operator V! are
bounded on the space LP(T', w). Let & := &, 1, denote the Banach subalgebra of
B(LP(T',w)) generated by all multiplication operators c¢I with ¢ € SO(T') and by
all generalized singular integral operators V,,SpV, ! with a € Ar.

The present paper is devoted to studying the Banach algebra & consisting
of shift-invariant singular integral operators with slowly oscillating data described
in Section 2 and the Banach algebra B := B, r ., , generated by the operators
C € & and by the shift operator V, € B(LP(T', w)) where +y is a Carleman shift on
T, that is [17], v generates a finite cyclic group. The algebra & arises in investiga-
tions of nonlocal singular integral operators with slowly oscillating coefficients and
discrete groups of shifts having slowly oscillating derivatives on weighted Lebesgue
spaces with slowly oscillating Muckenhoupt weights over slowly oscillating com-
posed Carleson curves. To study such operators, as well as operators B € B, we
apply the theory of Mellin pseudodifferential operators.
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The C*-algebra of singular integral operators with slowly oscillating data on
the space L?(T', w) was studied in [3] (also see [2]). A non-closed algebra of genera-
lized singular integral operators with slowly oscillating data was studied in [12] by
using Mellin pseudodifferential operators with compound slowly oscillating V;(R)-
valued symbols, where V5(R) is the Banach algebra of all absolutely continuous
functions of bounded total variation. For the classic theory of singular integral
operators with a Carleman shift see [17], [9] and the references therein. Some
applications of Mellin pseudodifferential operators to singular integral operators
with shifts were done in [13]-[15].

The paper is organized as follows. In Section 2 we describe slowly oscillating
data. In Section 3 we collect necessary results of [11]-[12] on pseudodifferential
operators with slowly oscillating V(R)-valued symbols where V(R) is the Banach
algebra of continuous functions of bounded total variation on R. In Section 4 we
construct a Banach algebra QAlp of Fredholm symbols which is isomorphic to the
Banach algebra 2, of Mellin pseudodifferential operators with slowly oscillating
V(R)-valued symbols on the space LP(R,,r~'dr), and adapt a Fredholm criterion
and an index formula obtained in [11] (cf. also [18], [19]) in terms of Fredholm
symbols to the operators A € 2,. In Section 5 we apply the results on Mellin
pseudodifferential operators to shift-invariant (generalized) singular integral opera-
tors. In Section 6 we construct an algebra S of Fredholm symbols isomorphic to the
Banach algebra G of generalized singular integral operators and obtain a Fredholm
criterion and an index formula for the operators B € &. Finally, in Section 7 we
construct a Fredholm symbol calculus for the algebra B and obtain a Fredholm
criterion and an index formula for generalized singular integral operators with a
Carleman shift « on the space LP(I", w) in the case of slowly oscillating data.

2. Slowly oscillating data

Following [3], [14] and [15], we introduce the slowly oscillating data.

Slowly oscillating functions. Let R. = (0,00) and let SO(R,) stand for the set
of all functions a € Cp(Ry) := C(R4) N L*°(R;) which are slowly oscillating at 0
and oo, that is (see, e.g., [20]), satisfy the condition

lim max{|a(m) —a(y)|:x,y € ry 27‘]} =0, for s€ {0,00}. (2.1)
It is clear that (2.1) is equivalent to the condition

lim max{|a(7’) —a(vr)|:ve [)\71,)\]} =0, for se{0,00},

with any A > 1. Obviously, SO(R ) is a unital C*-subalgebra of L>(R).

Let M(A) be the maximal ideal space of a unital commutative C*-algebra
A. Identifying the points ¢ € R := [0, +oc] with the evaluation functionals t(f) =
f(t) for f € C(Ry), we get M(C(Ry)) = Ry. Consider the fibers

M (SORy)) :={¢ € M(SO(R,)) : §|C(@+) =s}
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of the maximal ideal space M (SO(R,)) over the points s € {0,00}. These fibers
are characterized by the following two assertions obtained similarly to [3, Section
2] and [11, Propositions 2.4 and 2.5]).

Proposition 2.1. [14, Propositions 2.1] We have

M := My(SOR,)) UM (SORS)) = closso-Ry \ Ry (2.2)
where clos so<Ry is the weak-star closure of Ry in the dual space of SO(Ry).
Proposition 2.2. [14, Proposition 2.2] Let {ax}52, be a countable subset of SO(R4)

and s € {0,00}. For each & € Mg(SO(RY)) there is a sequence {x,} C Ry such
that x,, — s as n — oo and

&(ag) = lim ax(x,) forall k=1,2,... (2.3)

Conversely, if {xn} C Ry, , — s as n — 00, and the limits lim, o ar(z,) exist
forallk =1,2,..., then there is a £ € M(SO(Ry)) such that (2.3) holds.

In what follows we write a(§) := £(a) for every a € SO(R,) and every £ € M.
Slowly oscillating star-like curves. Suppose I' = I'y U --- U 'y where I'y are un-
bounded oriented simple open arcs given by (1.4), and there are numbers

O<m <My <mo<My<---<mn_1<Mn_1<2m

such that my < Ogy1(r) — 01(r) < My for all k = 1,2,..., N — 1, whence the
closures T';, of I';, have the only common points ¢ and oo. The star-like curve T is
called slowly oscillating if the real-valued functions 61, ...,0y are in C*(R,) and

(rD,) 6y, ..., (rD,)Y0x € SO(R,) forall j=1,2,3, (2.4)
where (rD,.)0 = r0'(r). Hence (rD,)?01, ..., (rD,)0n € Cy(R,) for j = 1,2,3,
and from [10, Proposition 3.3] it follows that for s € {0, 00},
lim [(rD;)?0k](r) =0 for j=2,3 andall k=1,2,...,N.

r—3S

Setting Oy 41 := 01, we also assume that
lim (r0},(r) —r6},(r)) =0 for s € {0,00} and k=1,2,...,N. (2.5)

Note that the functions 6, may be unbounded, while the boundedness of the
functions 0y 41 — 6y together with the requirement that r (6, , () —6},(r)) be slowly
oscillating at the points s € {0, 0o} implies that the functions 041 — 6, themselves
are slowly oscillating on R if and only if (2.5) holds (see [10, Propositions 3.2 and
3.3]). Obviously, by (2.4), T satisfies (1.3) and hence is a Carleson curve (see [3]).

Slowly oscillating weights. Let I" be a slowly oscillating star-like curve given by
(1.4). We call a function w : T' — (0, 00) a slowly oscillating weight (at ¢ and oo) if

w(t) =e"I" for 7T, (2.6)

where v is a real-valued function in C*(R;) and the functions (rD,)?v are in
SO(Ry) for all j = 1,2,3. Given p € (1,00), one can show (see, e.g., [1, Theo-
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rem 2.36] and [16, Section 5]) that w € A,(T") if and only if
—1/p < liminf rv’(r) < limsuprv’(r) < 1/q for s € {0,00}.

We denote by Ago the set of all pairs (T',w) such that T is a slowly oscillating
star-like curve and w is a slowly oscillating weight in A,(T). Thus, if 1 < p < o0
and (I',w) € AEO, then the Cauchy singular integral operator Sr is bounded on
the space LP(T", w).

Slowly oscillating shifts. Let (I', w) € Ago and let « be an orientation-preserving
diffeomorphism of each arc Ty, (k=1,2,..., N) onto itself that satisfies (1.5) and
hence implies the boundedness of the operators V,, and V,;'! on the space LP(T", w).
We call « a slowly oscillating shift (at ¢ and co) if for every k =1,2,..., N

a(t + reie’“m) =t +re M exp (ié’k (re“’“(r)) for all € Ry, (2.7)

)

where wy, are real-valued functions in C3(R) and the functions (rD,.)’wy, belong
to SO(R4) for all j = 0,1, 2,3. Observe that the slow oscillation of wy and (rD; )wy,
at t and oo is equivalent to the property:

lin%rwfv(r) =0, limrwi(r)=0 (k=1,2,...,N). (2.8)
If « is a slowly oscillating shift then, according to the relations

o (7) = 1+ rwp(r)

—1+ird (r)
for 7 =t + re*(") e Iy, every function r — o (t + rewk(r)) for k=1,2,...,.N
belongs to SO(Ry). Since In |[o/| € Cp(T"), we conclude due to (2.8) that

inf (l—ﬁ—rw;(r)) >0 forall k=1,2,...,N.

reRy

(1 + irew (Mg (re“”“m)> exp (wk(r) + i (re () — iﬁk(r))

Let Ar be the set of all slowly oscillating shifts o : I' — I' described above and
satisfying (1.5) and (2.7)—(2.8). Obviously, the identity shift belongs to Ar.

Slowly oscillating coefficients. Let (I, w) € AJY. We denote by SO(I) the set of
all functions ¢r : I' — C such that

Cp(t+7"€i0k(r)) =cp(r) for reRy and k=1,2,...,N

3 9

where ¢, € SO(R,). Below we assume that the coefficients of generalized singular
integral operators with shifts are in SO(T).

3. Mellin pseudodifferential operators

In this section we collect necessary results on Mellin pseudodifferential operators.
Let V(R) be the set of all continuous functions a : R — C of bounded total
variation V(a) where

V(a) := sup {Z:ﬂ’a(xk)—a(mk_l)’ t—o0 <20 <2 < --- <@y < 400, NE N}.
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Hence (see, e.g., [7, Chapter 9]), there exist finite one-sided limits a(£oo) =
lim, 4+ a(z), and therefore the function a is continuous on R = [~o0,+00].
Clearly, V(R) is a unital Banach algebra with the norm [|a||v := ||a|| Lo &) + V (a).

Let Cy(R4,V(R)) be the set of all functions a : Ry x R — C such that
r +— a(r,-) is a bounded continuous V (R)-valued function on R, . Then the function
r+— |la(r,-)||v belongs to Cy(R4). The set Cp(R, V(R)) with the norm

lalle, ., vy = sup {[la(r, )lv : v € Ry }
becomes a Banach algebra.
Let du(o) = do/o be the (normalized) invariant measure on R and let

C§°(R4) be the set of all infinitely differentiable functions of compact support on
R, . By [13, Theorem 9.1] (also see [11, Theorem 3.1]), we have the following.

Theorem 3.1. If a € Cy(Ry,V(R)), then the Mellin pseudodifferential operator
OP(a), defined for functions u € C§°(Ry.) by the iterated integral

[OP(a)u 2ﬂ_/d)\/]R+ r,A) ( )i/\u(g)d—gg7 for re Ry, (3.1)

extends to a bounded linear operator on every Lebesque space LP(R.,du) with
1 < p < oo, and there is a number C, € (0,00) depending only on p and such that
10P(a) 5Ly ) < Cp llalle,®, vry)-

By [12], a function a € Cp(R4, V(R)) is called slowly oscillating (at 0 and
00) if lim em) (a) = 0 for s € {0, 00}, where for some A > 1 and all 7 € Ry,

emY (a) := max{”a(r7 ) —a(vr cve T )\]} (3.

2)

Clearly, the set SO(R4, V(R)) of all slowly oscillating functions in Cy(R4, V(R))

is a Banach subalgebra of Cy(R, V(R)). Obviously, for every a € SO(R, V(R)),
the V(R)-valued function x — a(e®,-) is uniformly continuous on R.

Let a™(r,\) := a(r, A\ + h) for all (r, \) € Ry x R. By [12, Section 2], the sets

EMR4,V(R)) := {a € SOR, V(R)) : \ilziﬁlo nglRp a(r,-) — ah(r, )HV = 0}, (3.3)

7')Hv

ERL,V(R)) := {a € &R, V(R)): lim sup /R\[ [Oxa(r, A)| dX\ = O} (3.4)

M—oorery — M, M)
are Banach subalgebras of SO(R1, V(R)) C Cy(R4, V(R)).
Below we need the following compactness results.
Theorem 3.2. [14, Theorems 3.4] Ifa(r,\) € E(R4,V(R)) and 1/1\1211 a(r,A) =0
r<4+A4—o00
then the Mellin pseudodifferential operator OP(a) is compact on every Lebesgue
space LP(R4,dp) with 1 < p < oo.

Theorem 3.3. [14, Theorem 3.5] If a(r, A), b(r, A) € E(R4+, V(R)), then the commu-
tator OP(a)OP(b) — OP(b)OP(a) is a compact operator on every Lebesque space
LP(Ry,dp) with 1 < p < oo.
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4. Fredholm theory for the algebra %A,

Given p € (1,00), let B, = B(LP(R4., du)), Ky = K(LP(Ry,dp)) and By = B, /IC,.
Consider the Banach subalgebra 2, of B, generated by all Mellin pseudodifferential
operators OP(a) with symbols a € E(R,, V(R)), where the algebra (R, V(R))
is defined by (3.3)—(3.4). By [11, Lemma 10.1], for every p € (1,00), the Banach
algebra 21, contains all compact operators K € B,. Consider the quotient algebra
A7 := A, /KCp. By Theorem 3.3, 27 is a commutative Banach algebra.

Let M), denote the Banach algebra of all Fourier multipliers on L”(R), and
let C,(R) be the Banach subalgebra of M, generated by the algebra V(R). We
also consider the Banach algebra Cj, (R4, Cj(R)) of all bounded continuous Cj(R)-
valued functions r — a(r,-) equipped with the norm

||a||cb(ua+,cp(ﬁ)) = sup |la(r,-)llam,
TER+

and the Banach subalgebra SO (R4, C,(R)) of Cy (R4, Cy(R)) that consists of all

Cp(R)-valued functions r +— a(r,-) that slowly oscillate at 0 and co. The latter
means that lim em?(a) = 0 for s € {0, 00}, where similarly to (3.2),

eme(a) == max{”a(r, ) —a(vr, )HM (Vv E [)\71)\]} for some A > 1.

Consider the algebra £(R,V(R)) € SO(R,,V(R)) defined by (3.4). Since
V(R) C C,(R), the closure &, of E(Ry, V(R)) in the norm of Cy(R,, C,p(R)) is a
Banach subalgebra of SO(R;, C,(R)). With every function a € E(RL, V(R)) we
associate the family @ which consists of the functions at := a(-, £00) € SO(R)
and the functions as = a(§,-) € V(R) (see [11, Lemma 2.7]) where £ € MM =
Mo(SO(R4)) U Mo (SO(R4)).

Let E(Ry,V(R)) denote the set of all families @ = {a, a¢ : £ € M} as-
sociated with the functions a € £(Ry, V(R)). We equip £(R;, V(R)) with usual
operations of addition, multiplication, multiplication by scalars and the norm

Il = max {llallo, e, 50 llaello, @ }- (4.1)
gem

Then (R4, V(R)) becomes a non-closed commutative normed algebra. Let ﬁp

~

be the closure of £(R4, V(R)) in the norm (4.1). By analogy with [11], &, is a
commutative Banach algebra of Fredholm symbols for the operators A € 2.

Ifa € E(Ry, V(R)), then from [11, Lemma 11.9] it follows that for s € {0, 0o},

limsup [[a(r, )[m, = sup la(&,)lm,, (4.2)
r—s €€M.(S0)

liminf min|a(r,\)| = inf min|a(&, )| 4.3
minf mina(r, )] = _inf i Ja(€, ) (43)

Since C,(R) is the closure in M,, of the set Vo(R) of all absolutely continuous
functions in V(R) (see [21, Lemma 1.1]), relations (4.2) and [11, Theorems 11.10
and 11.11] imply the following.
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Theorem 4.1. For each p € (1,00) there is a constant ép € (0,00) such that
lall, < [lOP(a)]"|| < Gy [all,  for every a € E(Ry, V(R)), (4.4)

and hence the commutative Banach algebras A7 and é\lp are isomorphic.

Because for any A € 2, there is a sequence {a,} C E(R4, V(R)) such that
A = lim OP(ay) in A, we deduce from (4.4) that ||al|, < [|[A™|| < C, ||a||, for all

n—oo

A € 2, where @ = lim @, in the norm (4.1) and therefore @ € QAIP. In particular,
n—oo

K € K,(c 2,) if and only if its Fredholm symbol in ﬁp consists of zero functions.
On the other hand, applying [11, Lemma 10.2], we obtain the following.

Lemma 4.2. For every a € ﬁlp there is a function a(r,\) € €, C SO(R4,Cp(R))
satisfying (4.2)~(4.3) and such that @ = {a+, a¢ : £ € M}, where
as+ = a(-,£00) € SO(R,), a¢:=al(€,-) € Cp(R).
Thus, by Lemma 4.2, to every operator A € 2, we may assign a function
a(r,A) € & C SO(Ry,Cp(R)) that forms the Fredholm symbol @ € 2, of the
operator A € 2,. In that case we also write A = OP(a).

Applying (4.2) and (4.3), we infer from [11, Section 12] the following Fredholm
criterion and index formula for the operators A € 2,,.

Theorem 4.3. A Mellin pseudodifferential operator A € U, is Fredholm on the
space LP(R4, dp) if and only if its Fredholm symbol @ € 2, is invertible, that is,

a(r,£00) #0 forall reRy, a(&,\) #0 forall (€,)) €M xR,

where a(r,\) € gp is a function associated with the Fredholm symbol a € é\lp of the
operator A. In the case of Fredholmness
i 1
Ind A = Jim o {arga(r, )‘)}(r,A)eanm

where 11, = [m™1

,m] x R and {arga(r, /\)}(T N

catl,, denotes the increment of

arga(r, \) when the point (r, \) traces the boundary 01, of IL,;, counter-clockwise.
By Theorem 3.3, [4, Theorem 1.14(c)] and the proof of [11, Theorem 12.5],
Theorem 4.3 remains valid in the matrix case with a(r, \) replaced by det a(r, ).

5. Applications of Mellin pseudodifferential operators

Let 1 < p <ooand (T,w) € ASO. In this section we apply the results on Mellin
pseudodifferential operators collected in Section 3 to generalized singular integral
operators acting on the weighted Lebesgue space LP(T', w).

Given 1 < p < oo, we consider the Banach space LY (Ry,du) of vector
functions ¢ = {¢)}_, with entries ¢ € LP(Ry,du) and the norm

N 1/p
el = (3= lonltem, a)
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By analogy with [3], we introduce the isomorphisms
O LP(T,w) — LY (Ry,dp), (®f)(r) = {e”(r)rl/pf(t + rew’“(r))}gzl (r e Ry),
U B(LP(T,w)) — B(LR (R, dp)), A ®ADL (5.1)
By (1.5) and the condition (I',w) € A5?, the operators V!, Sp and V, SpV,;
are bounded on the space LP(T', w). As we will see, the U-images of these operators

to within compact operators are Mellin pseudodifferential operators of the form
(3.1) with symbols in E(R4, V(R)).

Theorem 5.1. [15, Theorems 5.3 and 5.4] Let 1 < p < 0o and let (T',w) € AJ© and
a € Ar be given by (1.4), (2.6) and (2.7), respectively, where for allk =1,2,..., N,
the functions 11 — 0y and wy are in SO(R;.) and

(rD,) 0y, (rD,)v, (rD,)Yw, € SOR,) for j=1,2,3;

0 < inf (1/])—&-mv(r7 g)) < sup (1/p+mv(r, g)) <1,
r,0€ERy r,0ER}

where my(r, 0) := (v(r) —v(e))/(Inr —Inp). If cp € SO(T'), then
U(erl) = OP(e) =cl, c(r):= diag{ck(r)};vzl forr e Ry, (5.2)
and the functions cx(r) € SO(R,.). For the operators Sr, VoStV 1 € B(LP(T,w)),
U(Sr) =OP(0) + K, ¥(VoSrV, ') = OP(04) + Ka,

where K and K, are compact operators on the space L%, (Ry,du),

N o N
o(r,\) == (epoji(r, A))Lk:l, oalr,A) = (ex o;,k)(r, /\))j,kzl’ (5.3)
ek =1 if t is the starting point of the arc I'y and e, :== —1 if t is the terminating
point of Tk, the functions ojk(r, \), J](.S?(r, A) € ER4, V(R)) are given by
) A+i(1/p+rv(r
exp |:(7T Sgn(] - k) - (0] (’l") - ak(T))> 1(+/i7“9/(7") ( ))
. A+i(1/p+rd/(r -1 o
0jk(r,A):=q X <s1nh |:7T' 1(—1—/1'7"9’(7") ( ))}) if j#k, (5.4)
N !
coth 7T)\ + z(l/;'n +ro'(r)) if j=k,
1+ ire'(r)
0](.’0,? (r,A):=
A+i(1/p+r0v'(r))

exp [(ﬂ- sgn(j—k) - (ej (r) =0k (T))) 1+ird (r)

. 'y -1

+i(w;(r) —wi(r)) [)\—l—i(l/p—l—rv'(r))]} (sinh [w)\+zl(i/£’—g/7(ﬂ:)( ))}> if j £k,
A+i(1/p+rv'(r))

1+iré (r)

coth |:7T' } if j=k,

and 70’ (r) := 6y (r).
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6. Banach algebra & of generalized singular integral operators.
Fredholmness and index

Given p € (1,00) and (I',w) € AJ©, we intend to establish here a Fredholm crite-
rion and an index formula for the operators in the Banach algebra & C B(LP(T', w))
generated by the operators crl (cr € SO(T)) and V, S’FV (o € Ar).

Let DNxN be the Banach algebra of the families b= {bi, be : & € 93?} where
by := b(-, £o0) are diagonal N x N matrix functions with entries (b+);; € SO(R4),
be :=b(¢,-) are N x N matrix functions with entries (b¢); ; € C,(R) that vanishes
at +oo if ¢ # j, and the norm is given by

[Bll, = maX{izlrrlﬂ?%,NH(bi)i,ich(R”a Nsup max | lte)esllc, g} (61)

Let Anyxn denote the algebra of N x N matrices with entries in an algebra A.
By Theorem 5.1, the operators ¥ (crI) = diag{cy }2_, I for all cr € SO(T") and
OP(04) = ¥ (V,SrV, 1) — K, for all a € Ar are Mellin pseudodlfferentlal opera-
tors with matrix symbols in the Banach algebra [5 Inxn C [SO (Ry, Cp(R))]nxn,
and their Fredholm symbols belong to the Banach algebra DNX N-
Let G := Gpp w be the Banach subalgebra of DNxN that consists of the

Fredholm symbols b of all Mellin pseudodifferential operators OP(b) associated
with the operators W(B) for B € &. The latter means that OP(b) — ¥(B) are

compact operators on the space LY, (R4, du), and hence B defines be® uniquely,
while b € [5 |Nxn, in general, is not unique. In what follows we call the families

b € & the Fredholm symbols of generalized singular integral operators B € &.
Theorems 5.1 and 4.1 immediately imply the following.

Theorem 6.1. Under the conditions of Theorem 5.1, let T be the mapping defined
on the generators [crI|™ (cr € SO(T)) and [VoSrV, 1™ (o € Ar) of the Banach
algebra 6™ := {B™ = B+ K(LP(T',w)) : B€ &} by

[erI]™ = {ex (), () : € € MY,
[VO&SFVojl]W = {Ga('a :tOO)7 O'Oé(ga ) : 5 € Wt}7
where cx(r) = c(r) is defined by (5.2), oa(r,\) € [E(RJF, V(R))] v n @5 given by
(5.3) and (5.4) if a(t) = t, and by (5.3) and (5.5) if a(t) # t, and o4 (-, £0) =
diag{:l: {—:k}fj:l. Then Y extends to the isomorphism
YT:6" =6, B b={b(-,£00), b(¢,-): £ € M},
where B € & and their Fredholm symbols b € & are related by [OP(D)]™ = [¥(B)]".

Theorem 6.1 and Theorem 4.3 in its matrix version imply the following.

Theorem 6.2. If the conditions of Theorem 5.1 are fulfilled, then an operator B € 6
is Fredholm on the space LP(T',w) if and only if its Fredholm symbol b is invertible
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in the algebra @, that is, for a matriz function b € [gp]NxN associated with g,

det b(r, £00) # 0 for all r € Ry,

_ 6.2
detb(&,\) £ 0 for all (§,A) € M xR, (62)
where M is defined by (2.2). In the case of Fredholmness
. 1
Ind B = mliIEm o { arg det b(r, )\)}(T’)\)eanm (6.3)

where I, = [1/m,m]xR, min {|detb(r, A)| : (r,A) € Il } > 0 for all sufficiently
large m > 0, and the point (r, \) traces the boundary 0IL,, of IL,, counter-clockwise.

7. Generalized singular integral operators with a Carleman shift

Let v be a Carleman shift on I" acting by the rule: v(I'y) = [gqq fork=1,2,..., N
where I'y 1 = 'y, the Nth iteration vy = v oyn_1 of 7y is the identity map, and
forall k=1,2,...,N,

y(t+ rew’“(r)) =t +re" (M exp (i0k+1 (re“’“(r)) for r € Ry, (7.1)

where yy are real-valued functions in C3(R,) and the functions (rD,.)? uj belong
to SO(Ry) for all j =0, 1,2, 3. Hence the shift operator V,, defined by V., f = fo~y
is bounded on the space LP(T', w), and VWN =1.

By (7.1), the iterations 7, of v for n =0,1,..., N — 1 are defined on T" by
Yn (t + rewk(r)) =t + et exp (i9k+n (re””*’“(r)) for r € Ry,
where foralln=1,2,..., N—1andall k=1,2,...,N,

Mo (1) = 1,6 (r) + pgn (re™=22) and no k(1) = gy e(r) =0, (7.2)

Ok+n = Okyn—nN and pg4n = tk+n—n if K+ n > N, and therefore all 7, ;, also are
real-valued functions in C?(R,) and the functions (rD,.)7n, i belong to SO(R.)
for all j =0,1,2,3. Put ng(r) := n1(r) forr € Ry and all k=0,1,...,N — 1.
Let us study the Banach subalgebra B = B, r 4, C B(LP(T',w)) of genera-
lized singular integral operators with the shift . This algebra is generated by all
operators C' € & and by the shift operator V., € B(LP(T', w)).
By analogy with (5.1), we introduce the isomorphisms

(D’Y : LP(F7U}) - LZ])V(R+5 d.u’)a

(D4 f)(r) = {e”(r)rl/pf(t + re™1(") exp [i@k (7’6’7’“*1(”)})}::1 (r e Ry),

U, : B(LP(D,w)) — B(LY Ry, dp)), A & AD " (7.3)
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The isomorphism V., allows us to eliminate the shift operators V' (n > 0) because

010 ...0
001 ...0

U, (V,) =A 0 with A= | @ o - . (7.4)
000 ... 1
100 0

Theorem 7.1. If the conditions of Theorem 5.1 are fulfilled and -~ is a Carleman
shift on T' defined above, then the operator U, (V) is given by (7.4) and

W, (erT) = diag{en (re™ ) Y T

=17

U, (VoSrVy ) = OP(Gy) + Ko v,
where n(r) = ni,1(r) are given by (7.2), Ko € KLY (Ry, du)),
Ga(r,\) == (ex 0\ (r, /\)) . (7.5)

the functions 0( L () € E(R,,V(R)) are given by

739 (rN) =
exp[(ﬂsgn(] k) — (0 (r) = Ok (r ))))\—Hl(i/ga—;::)(r))
+i(B5(r) — Br(r)) [A+i(1/p+rv'(r))ﬂ <sinh {WHil(i/Z;Z:)I(T))D if £k,
)\—&—i(l/p—&-rv’(r))} itk
1+ird (r) ’

coth [w

r0' (r) :=r0)(r), ©k(r):=wk(r) +nr_1(r). (7.7)
Proof. Applying (7.3), we infer by analogy with [15, Theorem 5.3] that
([0 (VaseVi )], ) )
_ €_k/ ev(r)—v(e) (r/g)l/p(l + o (0) + igglfc(g))ewk(g)ﬂck(e)
e,

0ce (@ FiCk(2) — ey (M +iG; (1) f(e)de,

£k (r/)"/Prme () (1 + 003} (0) + 06 (0)) f(o) do
SRy 1 — exp [i(0; (064 — 0 (0e2x(@)] [ (r/ ) €% (N —Gr(e)] ' H(m) o

= /dA/ 1+ 0wy (0) + oG (0 )~(a)( Q’)\)(;> /\f(g)@,
Ry

1+m;k(r, 0) 0
where for r ¢ Ry and k=1,2,..., N,
@k( ) i=wi(re™ ) fp 1 (r), CGe(r) = Ox (re ), (7.8)
ik ( = [0; (re“’J (T)) (Qe@’“(g))] [[Inr+@;(r) —Ino — &k(o)],
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~ . N
5 (7" 0 )\) = (24 1+ gwfc(g) + ZQCllc( ) ~(a)(r 0 )\) (7 9)
cEme L+ n;,k(r, 0) 7 j,k:1’ .

53 (r,0,0) =

A+1i(1/p+ my(r, 0))
1+ iﬁj,k(rv 9)
A+ i(1/p + my(r, g>)D—1
1+ iﬁj,k(r7 Q)
it j # k,

exp [(“ sgn (j = k) = (60; (0c™(®)) — 01 (0e™+2) )

+i(@;(r) — @r(0)) [A+i(1/p + my(r, Q))}} (Sinh {77

+i(1/p+ my (7, 0))
1+ iﬁj,k(rv 9)

coth |:7T)\ ] if j=k.

7.10

By analogy with [15, Theorem 5.4], we deduce from (7.9) and (7.10) that (710
U, (VaSrVi ) = OP(64) + Karys

where IN(OW € K(IX (R4, dp)), a(r,A) = (ek O']k( ));V

given by (7.6) with w;(r) and Wx(r) in place of @;(r) and Wi(r), respectively.

Comparing (5.5) and (7.6), we see that the functions a(u;c)(r /\) are in £(Ry, V(R)).

Finally, from (7.8) and (7.7) it follows that hm (@k(r) — @k(r)) = 0 for all

k:—O,l,...,Nandallse{O,oo},whence hm [ a(rA)— Ua(r)\)]zo,which

and &](.3? (r,A) is

implies by Theorem 3.2 that the operator OP(UQ) OP(0,,) is compact on the
space LY (R4, dp). O

The following lemma gives a general form of operators in the algebra 8.

Lemma 7.2. Under the conditions of Theorem 7.1, every operator in the Banach
algebra B is a limit in B of operators of the form

B = By +Blv~y +...+BN71VWN—17

where all operators By, (k = 0,1,...,N — 1) belong to the Banach algebra S =
Sp,rw,y generated by the operators VICV ™ with C € & andn =0,1,..., N —1.

Let 5N><N denote the Banach algebra of the families b= {bi, be: €€ im}
where by := b(-, £00) are N x N matrix functions with entries (b1 ); ; € SO(Ry),
be :=b(&,-) are N x N matrix functions with entries (b¢); ; € Cp(R), and the norm
is given (cf. (6.1)) by

By = Nma{ x| 0s)iley e, sup a6, e

In view of Theorem 7.1, the operators OP(G,) = ¥, (Vo SV, ') — K, for
a € Ar, ¥, (crI) for cr € SO(I'), and W (V') = A, forn =0,1,...,N — 1 are
Mellin pseudodlfferentlal operators OP(b) with matrix symbols b in the Banach
algebra [5 Inxn C [SO (R+, C (R))]NxN, and their Fredholm symbols belong to



94 Yu.l. Karlovich

the Banach algebra ZSNxN. Let B := %p,l“ywn be the Banach subalgebra of 5N><N

that consists of the Fredholm symbols b of all Mellin pseudodifferential operators
OP(b) coinciding with U, (B) for B € B to within compact operators.
Since G4 (r, £00) = 04 (1, £00), Theorems 7.1 and 4.1 imply the following.

Theorem 7.3. Under the conditions of Theorem 7.1, let T, be the mapping defined
on the generates [crI]™ (cr € SOI)), [V4]™ and [V, SFV U™ (a € Ar) of the
Banach algebra ‘B™ by

[erd]™ — {Tx(-), c(€) : £ e MY, [V4]™ — {du4, de : £ € M},
[VaSe V'™ = {oa (-, £00), Ga(&,) 1 £ € MY,

where ¢4 (r) = diag{cy (re™- 1(T))}k el = diag{ck(ﬁ)}fj:l, dy =de = A, is

given by (7.4), 04, £00) = diag{ iak}kzl and 54(r, \) € is gien by (7.5)—(7.6).
Then Y. extends to the isomorphism

T,: B" — B, B b= {b(r,£00), b(&,\) : € € M},
where BEB and their Fredholm symbols b € B are related by [OP(b)]™ = (., (B)]".

Finally, Theorem 7.3 and Theorem 4.3 in its matrix version give the following
Fredholm result.

Theorem 7.4. If the conditions of Theorem 7.1 are fulfilled, then an operator B € B
is Fredholm on the space LP(T',w) if and only if its Fredholm symbolg is invertible
in the algebra B or, equivalently, (6.2) holds for a matriz function b € [g INxN
associated with b € B. If the operator B is Fredholm, then Ind B is given by (6.3).
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Abstract. The ice caps on Greenland and Antarctica are huge memory banks:
the temperature of the past is preserved deep in the ice. In this paper we
present a mathematical model for the reconstruction of past temperatures
from records of the present ones in a drilled hole.
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1. Introduction

The ice sheets on Greenland and Antarctica are huge memory banks. Dorthe Dahl-
Jensen and collaborators (1998) measured the temperature in a hole in the ice
cap of Greenland down to a depth of 3028.6 meters and could reconstruct the
temperature on the surface of the ice during the last 50,000 years. The hole is
situated at 72°35' N, 37°38' W and was drilled as a part of the Greenland Ice Core
Project (GRIP).

The authors developed a Monte-Carlo method to fit the data and infer past
climate. They made 3,300,000 forward calculations and chose the 2000 ones which
gave the best fit to the temperatures recorded in the hole in 1995.

The climate of Antarctica over the longer period of 740,000 years was charac-
terized through a new ice-core record. The core, drilled by the European Project for
Ice Coring in Antarctica (EPICA 2004), came from Dome C (75°06'S, 123°21'E,
altitude 3233 meters above sea level). The deuterium/hydrogen ratio was used
as a temperature proxy, as in a more recent study of the newest ice core from
Greenland, NGRIP (Steffensen et al. 2008). Thus the actual temperatures were
not used in these cases. However, temperatures are routinely measured in the holes
(Margareta Hansson, personal communication 2008-04-24).



98 C.0O. Kiselman

The amplitude of the variations in the reconstructed temperatures from the
GRIP hole varied between 23K and 0.5 K and the precision of the measurements
in the GRIP hole was 5mK (Dahl-Jensen et al. 1998:268). Therefore some vari-
ations could be detected even at depths where the amplitude compared with the
amplitude at the surface has been reduced by as much as a factor 500 or even
1000.

The purpose of the present paper is to analyze the feasibility of such a recon-
struction. Since it involves solving the heat equation backwards, it is to be expected
that the problem will be ill-posed. However, restricting attention to temperatures
of a certain kind, a reasonably stable reconstruction is nevertheless possible.

We shall first investigate the continuity properties of a forward calculation,
i.e., considering the surface temperature at all past moments as the given function
and deducing the present temperature in a hole. Then we analyze the inverse
operator yielding the past temperatures as a function of the present temperatures.

The main results of this paper were found in November 2002 when I was
lecturing on partial differential equations at the Graduate School of Mathematics
and Computing.

2. The heat equation

We consider
G={(t,z,y,2) € R t <0,z < pt},

a sector in the four-dimensional space R?, as a model of the ice sheets on Greenland
or Antarctica. Here ¢ is the time,  and y are the horizontal coordinates, and z
is the depth, counted negatively under the present ice surface.! The number p
is a nonnegative constant allowing for the accumulation of snow. In fact, at the
central parts of Greenland and Antarctica, the snow is kept in place, causing the
surface to rise slowly. The lower strata flow out and become thinner but conserve
their order. By contrast, at the periphery of the ice caps, the ice flows out into the
surrounding oceans. The constant p is probably of the order of 1072 m/s and can
be taken to be zero for shorter periods.

In a more refined model, one should assume the horizontal dimensions of
the ice to be bounded and restrict the depth to the range —3028.6m < z < 0
in the case of Greenland. Also, one should consider the terrestrial heat flow from
the underlying bedrock. However, in this first study we shall not do so; we also
simplify and consider —oco < z,y < +00 and —oo < z < pt.

We consider temperature functions, by which we mean continuous complex-
valued functions v on G which are of class C? in the interior G° of G and satisfy
the heat equation

ou %u  0%*u  O%u
EH(W+G—ZJ2+@) (2.1)

T apologize to geoscientists, who usually let z be positive below the surface.
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there. Here k is a positive constant, called thermal diffusivity or temperature con-
duction capacity. For ice at —4°C, k = 1.04-10~%m?/s. For copper this parameter
is more than one hundred times larger, 1.1161-10~4m? /s, yielding an attenuation
parameter § which is ten times smaller and the wavelength of the vertical function
v ten times larger (see Section 7).

In our model we assume that the temperature functions are independent of
x and y, so that we actually let G1, defined as a sector in the third quadrant,

Gi1={(t,2) e R*%1 <0,z < pt},
be the model domain. The heat equation reduces to

2
Ou = Ha—u. (2.2)

ot 022
For each temperature function in G; there is a function h(t) = u(t, pt), t < 0,
describing the temperature on the surface of the ice (z = pt) up to the present
time, and a function v(z) = u(0, z), z < 0, describing the present temperature in
a hole in the ice (t = 0).2 So we have restriction mappings u — h and u — v. We

now formulate two problems.

The direct problem. Given a function on the surface of the ice for all past moments
in time, find the present temperature at all depths z < 0. Thus, given h(t) = u(t, pt)
fort <0, find v(z) = u(0, 2) for z <0 for a suitable temperature function u.

The inverse problem. Given a function in a hole at the present time, find the
temperature at the surface of the ice for all moments in the past. Thus, given
v(z) = u(0,z2) for z <0, find h(t) = u(t, pt) for t <0 for a suitable temperature
function u.

The boundary of Gy consists of the two rays
Sy = {(t,pt) € R? ¢t <0} and Sy = {(0,2) € R?; 2 <0},

thus 0G; = S1 U Sy. This means that the two problems are concerned with the
boundary values of temperature functions in G; and whether one can pass from
the values on one ray to the other.

3. Nonuniqueness in the direct problem

It is not possible to determine uniquely the present temperature v from the
surface temperature h in the past: there are many temperatures u such that
h(t) = u(t, pt) = 0 for all t < 0.

Indeed, the function u(t,z) = Cz for p =0 and C (ep(ptfz)/’”" —1)for p#0
solves the equation with h(t) = u(t, pt) = 0 for any C. So there are infinitely many
solutions, but the only bounded solution of this form is uw = 0.

2Mnemonic trick: h for horizontal or history, v for vertical.
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More generally, we may take
u(t,z) = C(e“ﬁzﬂrﬁz — 6”72t+vz)7

where (3 is an arbitrary number and v = —f — p/k. It is bounded only when it
vanishes. When v = 0 it reduces to the first-mentioned example.

4. Uniqueness in the direct problem

Proposition 4.1. Given a function h € C(R_), there is at most one temperature
function u in Gy such that u(t,pt) = h(t), t € R_, in the class of temperature
functions satisfying

(*tl)fl/Q sup |u(t1,2)] — 0 as t;1 — —oc.
z<pt1

Here R_ = {t € R; t < 0}.

So the quantity sup,c,, u(ti,2)| may grow slowly as t; — —oo, but it
must be finite for all ¢;, meaning that the solution must be bounded on each ray
{(t1,2) € R*; 2 < pty }.

Proof. We know that for any solution U defined for Ty < ¢t < Ty and all real z, a
convolution formula enables us to calculate U(t,-) from U(t1,-) when Ty < t; <
t<Ty:

U(t,") = By, xU(t1,-),
where the convolution is with respect to the space variable only. Here E;(z) =
(4mt)~1/2 exp(22/(4t)) is the heat kernel. Hence

Ul(t,z1) = U(t, z2) = / (Et,tl(zl —2)— Eiy, (20 — z))U(tl7 z)dz.
R
We estimate the difference:
|U(t,z1) — U(t, 22)| < sup|U(ty, 2)] / |Et_t1 (21 —2) — Et—t, (22 — z)|dz

We now fix ¢ and let ¢; tend to —oo, assuming that 7Ty = —oo. The integral in
the last formula is equal to a quantity K (¢t — ¢1,21 — 22) which tends to zero as
t—t, tends to +o0o; more precisely, it is bounded by a constant times (—t;)~'/2 for
t1 < 0. This shows that |U(t, z1) — U(t, z2)| = 0 as soon as M (t1) = sup, |U(t1, 2)|
is bounded or more generally is such that (—t;)~*/2M (t;) — 0 as t; — —oo. Hence
U is independent of z, so we have U(t, z) = U(t, pt) = h(t) and conclude that U
is determined by h.

However, all this supposes that the solutions are defined for all real z. If a
solution w is only defined for z < pt and vanishes for z = pt, one can extend it by
mirroring: we define U(¢,z) = u(t, z) if z < pt and U(t, z) = —u(t,2pt — 2)V (¢, 2)
if z > pt. Here we choose V(t,z) = eAt+B2 = ¢P(rt=2)/% " an exponential solution
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satisfying V(¢,2) = 1 when z = pt. In fact, writing H for the heat operator
0/0t — k0?0922,
(HU)(t,z) = —(Hu)(t,2pt — 2)V (t, z) — 2u,(t,2pt — 2)(pV (t, 2) + £V, (t, 2))
—u(t,2pt — 2)(HV)(z, 1), z > pt.

Here (Hu)(t,2pt — z) = (HV)(2,t) = 0, and pV + sV, vanishes with our choice
of A = p?/k and B = —p/k. When u(t,pt) = 0, the extension is sufficiently
smooth for the argument above to work; indeed the z-derivative of U from the
right is equal to that of w from the left on the line z = pt. We note that M (¢1) =
sup,eg [U(t1,2)| = sup,<,, |u(ts, 2)], for [V(z,t1)] < 1 where 2 > pt1, so the
condition on the growth of u implies the same condition for the extension U.

If we have two solutions u; and ug with the same restriction h(t) = uq (¢, pt) =
us(t, pt), then we apply the above argument to u; — us. O

5. Nonuniqueness in the inverse problem

It is well known, thanks to A.N. Tihonov, that there is no uniqueness in the
inverse problem; see, e.g., John (1991:211-213). However, two different solutions

must differ by an unbounded function, indeed of very strong growth at infinity
(Téacklind 1936).

6. Uniqueness in the inverse problem

We shall see that for the classes of functions we introduce, ¥ and J#, we do have
uniqueness in the inverse problem v +— h.

7. Exponential solutions
An exponential function u(t, z) = eA**5% where A and B are complex constants,
is a solution to (2.2) if and only if A = xB?. The restriction of this function to the
line t = 0 is the memory function v(z) = u(0, z) = eP#, and the restriction to the
line z = pt is the history h(t) = u(t, pt) = e(A+rB),

Given a complex number « and real numbers # and vy we consider

ult,z) = elia—p(B+in))t+(F+iv)z
thus with A =ia — p(8 + i) and B = 8 + iv. This function satisfies
u(t, pt) = h(t) = e and u(0, z) = v(z) = e P+17)z,
It is a solution to the heat equation if and only if
a=(268+p), ¥ =0+ pb/k. (7.1)
When p = 0 this simplifies to
a=42k6%, v =40 (7.2)
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In view of the application to temperatures, it is reasonable to assume that
h(t) = e*®t is bounded and does not tend to zero as t — —oo, which means that «
should be real.

Given a nonnegative number (3 we therefore have two exponential solutions
with damping like €%# as z — —oco (coinciding and constant when 3 = 0):
iat+(B+7)2 for o > 0 and us(t, z) = et (B=1)z for o < 0, (7.3)

where « is given by (7.1). Their real and imaginary parts are, respectively

ui(t,z) =e

Rewuy(t,z) = e’ cos(at +~2), Imu(t,z) = e sin(at 4 v2),

Reus(t, z) = €% cos(at —vz), Imuy(t,z) = €% sin(at — vz).
These functions have a temporal period p = 27 /||, an attenuation parameter equal
to 8 = 0 describing how the temperature tapers off as we go downwards, and a

spatial period for the argument equal to ¢ = 27/|~|.
When p = 0, (7.3) simplifies to

ui(t, z) = et HAU+D2 for o > 0 and us(t, z) = el tHBU=02 £ o 0, (7.4)

where « is given by (7.2).
Conversely, given a real number «, there are unique numbers § > 0 and |v|
such that (7.1) is satisfied. If p = 0, this simplifies to

8= 207 v=02>0, when o > 0, and

8= \/ >0 v=—08<0, when a < 0.

(The negative square roots will be disregarded.) In general 3 is the solution of an
equation of degree four.
The quotients

o P p 7 P
= J14+ = |14+ d —=14+—
22 T\ T aeg) M ET B

both increase with p when g is fixed, but the quotient between them,

(7.5)

¢ o]

dmkp fva 2&52/52 N |’y| 2%) /1 + p \/ 4&6’ Hﬂer)

does not vary so much with p for fixed . Because of this the relation between the
temporal period p = 27 /|| and the spatial period ¢ = 27/|| is not so sensitive for
different values of p; on the other hand, given a temporal period p, the attenuation
parameter 0 becomes smaller when p increases.

As an example we list the spatial periods for different temporal periods. We
take p = 0, which in particular means that the attenuation parameter 3 is equal
to v = 27/q. The numerical values in the table below will be different if p > 0, but
the table will nevertheless give an idea of what we can expect. The attenuation
over one half spatial period is e™™ & 0.0432 (at this depth, the variation is opposite
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to that at the surface); over one spatial period it is e=2™ ~ 0.001867; over one and
a half spatial period e ™3™ & 0.0000807. Thus the amplitude at the depth of one
spatial period (where the variation is in phase with that at the surface) is just
barely measurable.

At the depth of 1.06 meters the diurnal variation is reduced by a factor of
e?™ =~ 535, but the amplitude of the annual variation is still quite large,

exp(—2m/+/365.2422) ~ 0.72.

Thus the variation due to a longer period in A is measurable at a greater depth
even though, at the surface, the amplitudes of variations of shorter periods may
be much larger. This is why the ice can serve as memory.

At the depths of

log 100

log 1000
oy 1
T

the amplitude of an oscillation is 1/100 and 1/1000, respectively, of the amplitude
at the surface.

d0_01 = q= 0.733(] and d0.00l = ~ 1.10(]

In the table below, we list various periods p of a wave h(t) = e?®!; its frequency
a = 27/p is measured in Hertz, Hz = s~!, and the attenuation parameter 8 =
Vo/(2k) ~ 1738/,/p is expressed in inverse meters, m~'. The thermal diffusivity
Kk is taken as 1.04 - 107%m?/s. The last column gives the spatial period ¢ of the

argument, ¢ = 27/3 = \/4mkp ~ 0.003615,/p.

Temporal period p | « =2w/p | 8= +/a/(2k) | Spatial period

q = \/A4Amkp

S Hz =s"! m~! m

24h =8.64-10* | 7.27-107° 591 1.06

365.2422 days = 3.1557- 107 | 1.99 - 107 0.309 20.3

10 years = 3.1557 - 108 | 1.99 - 102 9.78 - 102 64
100 years = 3.1557 - 10° | 1.99 - 102 3.09- 102 203
1000 years = 3.1557- 1010 | 1.99- 10~ | 9.78.103 642
10,000 years = 3.1557 - 10! | 1.99 - 10~1! 3.09-1073 2033
100,000 years = 3.1557 - 1012 | 1.99 - 10~ 12 9.78-10~* 6425

For instance, let us consider the diurnal variation of the surface temperature, thus
with a = 27/86,400 s~!. This gives 8 ~ 5.91 m~!, which means that the amplitude
at the surface is reduced by a factor of 535 at the depth of 1.06 meters.

For the annual variation we have

o~ 2m/(3.1557-107)s™ " and 3~ 0.309m ™!,

meaning that the amplitude is reduced by a factor of 535 at the depth of 20.3
meters.



104 C.0O. Kiselman

For the period of 80,000 years, which is perhaps typical for the ice ages, we
get a = 27/(3.15576 - 107 - 8 - 10*) ~ 2.49 - 10712 and 3 ~ 0.001094 m~!, meaning
that the amplitude is reduced by a factor of 23 at the depth of 2872 meters.

The fact that the spatial period is proportional to the square root of the
temporal period is of course crucial, given the time period we want to study and
the dimensions of the ice cap.

The amplitudes bgtiy of the recorded temperatures (see (8.4)) varied in the
interval [0.25,25] measured in kelvin, thus at most by a factor of 100, and the
spatial frequencies (3 vary in the intervals indicated in the table. However, the
diurnal and annual variations are negligible at depths larger than 20 meters, so
the interesting periods are those from say 20 years to 50,000 years, yielding values
for 8 in the interval [0.0014, 0.07] measured in inverse meters, and spatial periods
in the interval [90, 4488] measured in meters.

8. Generalized trigonometric polynomials

We may combine the solutions found in section 7 as follows. The function
ult,z) = Z ageliaP(B+IM)t+(B+in)z (t,z) € R?, (8.1)

where «, § and v are related as in (7.1) and only finitely many of the coefficients
a, are nonzero, is a bounded solution of the heat equation, and the history and
memory functions become

h(t) = Z ae ™t t<0; v(z) = Zaae(ﬁ+i7)z, z < 0. (8.2)
a€R

The function h is real valued if and only if a_, = Gg; in that case, h(t) =
ao+23 oo Re(aae) =ag+2> .o (Reaq cos(at) — Imag, sin(at)).

The variation of the temperature over a couple of years may be described
using just two periods, 24 hours and one year, or perhaps a little better with four
periods, 12 hours, 24 hours, half a year and one year. To describe climate changes
we need some longer periods, say from 20 years to 80,000 years.

Definition 8.1. Let % (G1) or just % denote the space of all generalized trigono-
metric polynomials restricted to G,

u(t,2) = 3 aqe I = R by eI (1 2) € Gy,
a€R B,7€ER

where «, 3, v are related by (7.1) and the coefficients are related by aa = bg4iy
for these triples (a, 3,7). In the case when p = 0 we can have bgi;, # 0 only if
v =£0.

Here each attenuation parameter § = (3, is determined from « by (7.1), and
all but finitely many of the coefficients an = bgyiy are zero. Given a function
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w: R — 10, 4+00[, called the weight, we define the % -norm of u as
lulle =Y w(@)laal =D @B+ i7)[bgsiy .
a By
Here
w(06 + i) = w(a) when a, 3,7 are related by (7.1). (8.3)
It is sometimes convenient to assume, given the frequencies, that > w(a) =

> 5, W(B +iy) = 1, where the sum is over all real numbers « such that aq is
nonzero.

Definition 8.2. Let 57 (R_) or % denote the space of all trigonometric polynomials
restricted to R_,

h(t) = Z L teR_,
aceR

where the a are real numbers and all but finitely many of the coefficients a,, are
zero. We define the JZ-norm of h as

ke =Y wla)laal.

acR

Definition 8.3. Let ¥ (R_) or ¥ denote the space of all restrictions of generalized
trigonometric polynomials to R_,

v(z) = Z bptiye P2, zeR_, (8.4)
BreR

where all but finitely many of the coeflicients bg;y are zero. We define the ¥"-norm
of v as

[olly =D @(8+i)lbasinl,
By
where the weight @ is related to w by (8.3).

For the definitions of the norms to make sense, it is necessary to show that
the coefficients are uniquely defined by the function values.

9. Finding the coefficients of a past temperature function

Proposition 9.1. The coefficients of a function h € F are given by the formula
1 / -
o = lim — [ h(t)e "“dt, a€R. 9.1
|I|~>+OO |I| I ( ) ( )

Here I = [r, s] is a subinterval of R_; its length s—r is denoted by |I| and assumed
to be positive. This shows that |aq| < ||h] -
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Proof. We can find the coefficients ag, 8 € R, of h using the formula
1
m/h *Z‘“dt—aﬁz @0t gecR.
I

Each of the terms after the first one tends to zero as |I| — +o0. O

10. Finding the coefficients of a memory function

Proposition 10.1. For simplicity we consider now only the case p = 0. To find
the coefficients bgyiy = bg+ig of a function v € ¥ we first extend it to the whole
complex plane as an entire function w, thus w(z) is given by the same formula for
all z € C, and w(z) = v(z) when z < 0. We then define

v1(2) = w(3(1 Zb[jJr gelﬁZ+Zbg ipe’* zeR_, and
B>0 8>0

va(z) = (% 1—1i)z Zb[j+zﬁe +Zb[5 iB€ —iBz zeR_.
B>0 B>0

The coefficients are given by the formulas

botio = hm |I|/ _iozdz, 0 >0, and

1 )
bg—ip = lim —/vg(z)ewzda 6> 0.
[Tl—too [I] J

Here I = [r,s] is an interval with r < s < 0.

Proof. We obtain

1 .
T / v1(2)e"%%dz

= b+ 3 o / by ie’? zdz+zm / by s394,

820 B>0

B#6
It is clear that all terms except the first tend to zero as |I| — 4o0. Finding the
coefficients by_;g is similar. O

Another way to find the coefficients of a function v € ¥ is this:

Proposition 10.2. First we note that by = lim,_, o v(2). Assume that the smallest
positive value of B for which bgiig or bg_;3 is nonzero is B1. Then

by i = _m_(v(z) — bo)e P and by, _ig, = Tim_(u(z) — bo)e 002,

Z——00
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Let (B2 be the smallest frequency after B1. Then

Bz _py o eﬂmm)z) e P14z

bgytip, = _lim (U(Z) —bo — bg,+ip, €

oo

A4z _ bﬁl—iﬁl e

Z—— 00

bg,—ip, = lim (v(z) — by — bg,+ip € ﬁl(l_m) e P2(1-9)z,

By repeated use of these formulas, all coefficients can be determined.

While the two last lemmas give the coeflicients in the expansion of v the-
oretically, they are not suited for calculations. It is desirable to find a formula
which gives at least approximately the values of the coefficients from information
contained in an interval of finite length.

11. An isometry
Theorem 11.1. The restriction mappings
U > ur ulgeper_y =h €H and % > uvr uloyxr_ =vE YV

are isometries.
Hence the mappings & > h — v € ¥ and ¥ > v — h € S are also
isometries.

We thus have ||ullas = ||h|lsz = ||v]|¥ if h and v are the restrictions of w.
Therefore we also have isometries h — v and v +— h.

The problem is now moved over to a study of the norm ||v||» and a comparison
between it and other norms. This we shall do in the next section.

We shall see in Theorems 14.1 and 15.1 that, if we use L°°-norms, the problem
h — v is well posed under the topologies used and for generalized trigonometric
polynomials i and v as long as the number of terms is bounded and the frequencies
are well separated.

We may also estimate the L!'-norm of v in terms of the L> norm of h. The
constant term must be treated separately.

Theorem 11.2. Let h and v be given as in Definitions 8.2, 8.3 and be related as in
(8.2). Then
lo = aolly < Cllh = aolloc, (11.1)
where
C=V2rY Jal ™%
a0
the sum being extended over all the finitely many o # 0 such that as # 0.

Proof. We have
0

o= aoll < S (basinl +lba-sol) [ ez = 3 s + Ioo-io)s ™"
B0 > B#0
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In view of the fact that |bsiis| + |bg—ig] = |aal, that 7! = \/2k/|a|, and that
laa| < ||h — aolleo for a # 0, the last expressing is not larger than

Y laal87t < b = aolleV26 Y a2,

a#0 a#0
where the sum is extended over the finitely many real numbers a such that a # 0
and aq # 0. ]

12. The direct problem

Theorem 12.1. Given a temperature history h € € of the temperature h(t), t <0,
at the surface for all past moments in time, there is a unique memory v = M(h) €
YV of that history giving the temperature at the present time at all depths in the
hole.

The memory M(h) is obtained in the following way. First the set of co-
efficients (aq)a of h is determined by formula (9.1), and then the coefficients
(bg4iv) B,y using the relations (7.1). Finally v is synthesized as (8.4). The map-
ping M: 2 — V¥V is an isometry. We can then combine it with the injection
J: ¥ — L*(R_), which is of norm one. The mapping JoM: 5 — L>°(R_) is
linear, injective, and continuous.

We shall see that the norm || - || used in 7 is equivalent to the L>-norm
over a bounded interval under the hypotheses stated in Theorem 14.1.

13. The inverse problem

Theorem 13.1. Given data v € ¥ of the temperature v(z), z < 0, at all depths
in the hole at the present time, there is a unique past h = P(v) € S giving the
temperature h(t) at the surface of the ice at all past moments in time.

The history P(v) is obtained in the following way. First the two functions vy
and vy are determined using analytic continuation. Then the indexed families of
coefficients (bgtip)p and (bg—;3)p are determined, as well as the family of coeffi-
cients (ao)a- Finally h is synthesized as in (8.2). The mapping P: ¥ — J is the
inverse of M and thus also an isometry.

There are three difficulties in the model constructed so far.

The first difficulty in the determination of P(v) lies in the analytic contin-
uation giving vy, ve from wv. All other steps in the construction are well defined
mappings which have reasonable continuity properties. Analytic continuation, on
the other hand, is a notoriously ill-posed problem. We have concentrated all the
difficulties of the inverse problem into the mappings v — w1, vs.

Second, the norms defined require the functions to be known over the un-
bounded interval R_. It is desirable to replace them by norms using only values
in a bounded subinterval I.
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Third, in applications it is necessary to find a good approximation v € ¥ to
given temperature measurements V(z1),V(22),...,V(zp) at finitely many points
2, p=1,2,...,P.

Concerning the inverse problem v — h, that of reconstructing the tempera-
ture in the past from knowledge of the temperature in the hole at present, we may
ask whether it is possible to turn (11.1) around and obtain an inequality like

[hlloc < Cllv]ly (13.1)

could hold. But this is not so: take h(t) = e, v(z) = e?(1+D% Then ||h|s =
1 while |lv|]s = 1/8 — 0 as & — +oo. This shows that (13.1) does not hold.
However, this leaves open the possibility that (13.1) could hold if we assume that
the frequencies o which build up h are bounded.

14. Other norms for the space of past temperature functions

We have seen that there is an isometry h — v between the past temperature
functions h € 52 and the memory functions v € ¥. While the norm in 7 is
rather natural, we have used in the space ¥ a rather elusive norm. The purpose of
the present section and the next one is to compare these norms with more easily
accessible ones.

Example. We note that

1, 1,
hae(t) = Zeilate)t _ _giat teR_, aeR, e#0,
€ €
is a trigonometric polynomial of norm ||hac|lz = ||haclloo = 2/€, € # 0. How-

ever, for every bounded subinterval I = [r,s] of R_ with r < s < 0, the norm
|haelrlloo tends to a finite limit as € tends to zero, viz. |r|. Indeed, hq o — ite'™,
an exponential polynomial, as € — 0, uniformly when ¢ is bounded. O

The example shows that there is no estimate ||h|sr < C|h|r|le for any
bounded interval I, and also that the class J# is not closed under uniform conver-
gence on bounded sets. To make it a closed subspace of C(R_) we would have to
consider exponential polynomials, i.e., exponential functions with polynomials as
coeflicients, just as in the theory of ordinary differential equations. However, if we
keep the frequencies apart, the situation is different:

Theorem 14.1. For all functions h € 7, h(t) = > ane’®, t € R_, we have an
estimate

[hlloc < Allhllse, where A= (infw(a))

Here the infimum is taken over the finitely many a such that an # 0.
Conversely, if the interval I C R_ is long enough and the frequencies are
kept apart, then
12]|le < Cllhlrllo
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for some constant C; more precisely

1 2

1—2c¢)||lh < w(6)||h where ¢ = — w(f) sup ————.

( )” ||W\; ()” |I||OO7 |I|; ()a#%w(a)la_ﬂ
If |I] is so large that ¢ < 1, we obtain an estimate. Here the supremum and the
sum are taken only over those frequencies o and 0 such that the coefficients aq,
ag do not vanish.

If in particular w(a) = 1 for all «, then it is enough that |I| be larger than
2n /v, where

= inf -0 >0
v a,égx#@'a >0,

and where n is the number of frequencies a such that a, # 0.

For applications it is of course important that we have the supremum over a
bounded interval I rather than all of R_ in this estimate. So in the set J7, ,, of
all functions in . with at most n frequencies and | — 6| > v > 0 when « # 6,
the two norms are equivalent. However, 777, ,, is not a vector space.

For the proof of the theorem we shall need the following lemma.

Lemma 14.2. Let us define an entire function ¢ by o(() = fgl eStdt; equivalently

.
W0-{ e CeCnk
1, ¢=0.
Then
lo(Q)] < ReC’ ¢ € C,Re( >0, and
—Re(¢
Q)] < HFT Cec {0}

In particular |p(in)| < 2/|n|, and, since |o(in)| <

l(in)| < min (1,
with equality whenn =0 orn € n(2Z 4 1).

The function ¢ appears in a natural way when we calculate the mean values
of exponential functions. For any interval I = [r,s] of length |I| = s —r > 0 and
all complex numbers ¢ we have

1 I .
m/lectdt: —Sir/ et = e“*p(|1(C).

The estimates in the lemma are easily proved.

Proof of Theorem 14.1. The first part of the theorem is easy to prove: we have

A1) <D laal = Y w(e)laalw(a) ™" < ||kl Sgpw(a)_l-

e e
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For the second part we take the mean value of h(t)e™% over an interval
I =[r,s] C R_ to be determined later. This gives

M ! /h(t)e_i‘%dt ag + Z a.eila—0)s 1 — e illl(a=0)

1,0 il = 0 (o3 —_—
Il J; = =)

= a@ + Z aaei(a—o)sgo(“‘['(a . 9))7

a#6
where ¢: C — C is the function in the lemma.
We may now estimate

. p(|I(a—0 co
M1~ a0l < 3 laaplill(e — 0)] = 3 wiea| EHNEZO) oy,
oy’ o w(a) 1]
if we define )
I |(a0 — 2
co = Isup il =0) p 2
a#0 w(a) a0 W(a)|a — 0|
so that
laol < [Mr | + M1 — ag| < [Myel + col 1|7 Rl < |Bl1llos + col | Al
leading to
w(B)]ag| < w(O)||hlrlloc + colI|~ w(B)]|A]l e

Summing over all § we obtain

[172]l. (1 = |—}|ZCaw(9)> < (Z w(9)> 11 ]]oo- O
(4

0

FEzample. Let us take four frequencies, say with temporal periods p; = 2000, 4000,
8000, 16,000 years, corresponding to frequencies «; = 27 /p; = 2m/2000, 27 /4000,
27 /8000, 27/16,000 years™!. Then
1 1 DDk 16,000
— =sup———— = — sup =
Yo Ak g —an| 2T ik pi — Dk 2m

years,

so that an interval of length |I| > 2n/vy = 20,372 years suffices to define an
equivalent norm.

15. Other norms for the space of memory functions

We would like to have a result like Theorem 14.1 also for the memory functions,
thus to estimate the ?-norm by the supremum norm over a bounded interval.
This problem is subtler because of the presence of the damping factors e®*. As an
example we present the following result, which however needs a strong separation
of the attenuation parameters. There is probably a trade-off between the length of
the interval needed in an estimate and the separation of the attenuation parameters
which has to be assumed; the following result is just an instance of this.
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Theorem 15.1. For any function v € ¥ of the form

n
v(z) = by + Z (bje(ﬂfriﬂj)z + Cje(ﬁj*iﬂj)Z) ) 2 <0,
1
with attenuation parameters fp = 0 < (1 < -+ < By and coefficients bo, ..., by,
Cl,---,Cn, we have an estimate

[0lloo < lloll»

if we use the weights w; = 1 for all j. Conversely, assume that the function

is real valued, so that by € R and c¢; = b;, and that the parameters are well
separated in the sense that 3; < oB;41 for some number o < %, or, a little weaker,
o < 3(1+20™). Then

1
[v—boll» < @HWI — bol[ o,

where § = on(1 — o™ 1) /(1 — o) < 7/2 and I is the interval I = [s,,0] with
21 —o" 2r 1 3

— 2T >~
pr 1-o prl-o B

and the weights are defined by

Sn —

w; = eBisn
From this weight we can pass to other weights.

Proof. The first statement is easy to prove. For the second, we may assume that
bo = 0.

We note that, given any 6 € |0, 7/2[, the inequality Re¢ > (cos8)|¢| holds
for complex numbers ¢ when (/|| lies on an arc on the unit circle of length 26,
occupying a fraction 7 = /7 < % of the whole circumference. Using this idea, we
see that a term

bje(ﬁj+iﬁj)z + Cje(ﬂriﬁj)z — 2¢Pi%Re (bjewfz)

is at least equal to 2 cose”%|b;| on a union of intervals M; = (J, oz M;(k), each
M;(k) being of length 277/8; = 7¢; and appearing periodically with a period of
q; = 2m/p;, thus M;(k) = M;(0) + kq;, k € Z. Here q; = 27/(; are the spatial
periods, satisfying g1 > ¢2 > --- > ¢, and ogj—1 > g¢;.

The idea is to find a point s,, < 0 in the intersection ; M;. Then the interval
I =1, =[sn,0], in fact even [s,, s,], can serve in our conclusion.

Define sop = 0 and let 1 be the right endpoint of the interval M; (k1) which is
contained in R_ but such that My (k; + 1) is not contained in R_. Thus sg —q1 <
S1 g S0.

Suppose we have already found sg, s1,...,sj—1 suchthat s;_s—g;_1 < s;_1 <
sj—2. Then we define s; as the right endpoint of an interval M;(k;) = [r;, s;] such
that S; < Sj—1 and Sj + q; > Sj—1. Thus Sj—1 —q; < 85 < Sj—1, establishing the
induction step.
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The right endpoints s; of the intervals M;(k;) = [r;, s;] = [s; — Tg;, s;] form
a decreasing sequence by construction.
We shall estimate s,,. We have

Sn > Sn—1—qn > Sp—2 —Qqn—1 —Qqn > -

>s1—q—qz— - —qn=s1—@l+to+o’+--+0"7?)
1—on! 1—o"
=81 Qe 2—(11170~

We observe that 7 = s1 — 7q1, the left endpoint of the first interval [rq, s1]
lies to the left of s,, if we choose 7 properly. Indeed,
_ O.nfl 1— O.nfl
_— T =
[—o TN TIC
if we choose 7= o(1 — o™ 1)/(1 — o).

The point z = s, is therefore a point where all inequalities

biePitiBi)z o . eBi=iB)2 > 9 cosf el |bj| = cos b P77 (|b;] + |¢j)

Sp—T1 =8, —81+7q1 > —q2 (=2 +0q1) =20

hold.
We now have

n n
[lv]1]|oo = Rev(sy) = 226515“Re (bjefisn) > 2008926675"’|b]‘| = cos0||v]|y,
1 1

where we have used the weights w; = ebisn j=1,... n.

3

Remark 15.2. If ¢ < § we may choose 7 = ¢/(1 — ) < % and can prove that

the left endpoints r; form an increasing sequence, so that the intervals form a
decreasing sequence of sets, and the final interval [r,,s,] is contained in all of
them.

We may estimate r; —r;_; as follows.

Tj = Tj—1 =8 = Tq; = Sj—1+ T¢j-1
> =g —7¢ +7¢—1 =7g—1 — (1 +7)q; 20,
since now 7 = (1 + 7)o. This proves that [r;, s;] C [rj—1,s;-1]. O
Ezxample. Let the longest spatial period be ¢; = 2000 meters, corresponding to
a temporal period p; = 4mkg? ~ 3.06 - 101! seconds ~ 9699 years. Then with a

separation parameter o = 0.3 we get 7 = o(1 — o) = 3/7 ~ 0.42857 and I = [s,, 0]
with s, > —1.429¢; = 2858 meters for any number of terms.

16. What remains to be done?

This paper presents just the first steps in an investigation of a model for the
reconstruction of past temperatures. A sensitivity analysis should be performed,
as well as an investigation of a corresponding discrete model.
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Abstract. In the present paper, the sharp multidimensional analogues of Lin-
deldf inequality and similar estimates for analytic functions are considered.
Using a sharp inequality for the gradient of a bounded or semibounded har-
monic function in a ball, one arrives at improved estimates (compared with
the known ones) for the gradient of harmonic functions in an arbitrary sub-
domain of R™. A representation of the sharp constant in a pointwise estimate
of the gradient of a harmonic function in a half-space is obtained under the
assumption that function’s boundary values belong to L. This representation
is realized in the three-dimensional case and the values of sharp constants are
explicitly given for p = 1,2, co.
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1. Introduction

Among different sharp pointwise estimates in the theory of analytic functions of
one variable, there are estimates with the real part of an analytic function in their
majorant parts. Various inequalities of such a type are called real-part theorems in
reference to the first assertion of such a kind, the celebrated Hadamard real-part
theorem
Cl|
2)| <

R
Here |2] < 1 and f is an analytic function on the closure D of the unit disk
D = {z : |z] < 1} vanishing at z = 0. This inequality was first obtained by

%g%ﬂQ
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Hadamard with C = 4 in 1892 [7]. The following refinement of Hadamard real-
part theorem due to Borel [3, 4], Carathéodory [13, 14] and Lindel6f [15]

22l sup R{£(C) — £(0)} (1.1)
1 |Z||C|<1

1f(2) = F(O)] <

and corollaries of the last sharp estimate are often called the Borel-Carathéodory
inequalities. Sometimes, (1.1) is called Hadamard-Borel-Carathéodory inequality
(e.g., Burckel [5]). We note that an extension of Hadamard’s real-part theorem for
holomorphic functions in a subdomain of a complex manifold was established by
Aizenberg, Aytuna and Djakov [1].

Real-part theorems embrace a family of sharp estimates for derivative of
arbitrary analytic function. Among them, there is the Lindel6f inequality [15] (see
also Jensen [9])

G < 7 s IRIQ ~ R, (12)

where z is an arbitrary point of the unit disk ID and f is an analytic function on D
with real part bounded from above. There exists also the analogous sharp estimate
(e.g., Ingham [8], Rajagopal [16]), containing £ (0) on the right-hand side instead
of Rf(z):
2
(=) < S sup {Rf(¢) — Rf(0)}. (1.3)

I¢I<1

Furthermore, we mention the Ruscheweyh inequality [17]
2
|f'(2)] < T2 Rf(z) (1.4)

for analytic functions with positive real part on D.

There is a series of sharp estimates for derivative of functions f analytic in
the upper half-plane C; = {z € C: Sz > 0} with different characteristics of the
real part of f in the majorant part (see, e.g., [10]). In particular, it is the Lindel6f
inequality in the half-plane

P <~ sup {RF(C) — RF)} (1.5)
N2 o¢eCy
and two equivalent inequalities
F @< —= sup [RFQ) (1.6)
TSZ2 ¢eCy
and
1
()] < —== Ons(C), (17)

where Ors(Cy) is the oscillation of ®f on C, and z is an arbitrary point in C.
The inequalities for the first derivative of an analytic function just mentioned can
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be restated as estimates for the gradient of a harmonic function. For example,
Lindelof’s inequality (1.2) can be written in the form

[Vu(z)] <

sup {u(() — u(2)}, (1.8)

2
1—1]2]? ¢<1
where wu is a harmonic function in the unit disk.

The collection of real-part theorems, related assertions and their generaliza-
tions on multidimensional cases is rather broad. It involves assertions of various
form (see, e.g., [10] and the bibliography collected there).

The present article is devoted to analogues of sharp estimates (1.2)—(1.7) for
harmonic functions in multidimensional domains.

In the first part we state multidimensional generalizations of (1.2)—(1.5) for
the gradients of bounded or semibounded harmonic functions. In particular, we
present pointwise estimates with sharp coefficients for the gradient of bounded or
semibounded harmonic functions in a multidimensional ball. As a corollary, we
obtain similar sharp estimates in a half-space, as well as improved estimates (in
comparison with the known ones) for the gradient of harmonic functions in an
arbitrary domain G C R".

The second part of the present paper relates the joint work with V. Maz’ya.
We give a representation for the sharp constant in an inequality for the gradient of a
harmonic function in a half-space assuming that function’s boundary value belong
LP. Special case of the three-dimensional situation is discussed. In particular, we

present sharp constants for analogues of real-valued counterparts of estimates (1.6)
and (1.7).

2. Pointwise estimates for the gradient of bounded or semibounded
harmonic functions in multidimensional domains

The sharp inequality for |Vu(z)| in Proposition below is parameter dependent.
The role of a parameter is played by a number A € [0, 1]. A parametric sharp
real-part theorems were treated in [10, 12].

Introduction of the parameter enables one to unify several variants of the
right-hand side. Each variant goes back to a corresponding analogue in the theory
of analytic functions, that is to one of sharp real-part theorems.

We introduce some notation used henceforth. Let |-| be the length of a vector
in the n-dimensional Euclidean space R". Let, further, B, = {:1: ER™: |z] < p}.
We put B = B;.

The proof of the statement given below will be published in Functional Dif-
ferential Equations, vol. 16, 2009.
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Proposition 2.1. Let = be an arbitrary point in B, and let 0 < A < 1. Then, for
any harmonic function u on B, the inequality

o) < (n +(n— 2)@\)(1 ~Az)?
u(z)] <

(1= fa)™(L + Al])
holds with the sharp coefficient in front of Bxz(u). Here By, (u) is either of the

following expressions:

(i) supu(y) — u(Az),
yeEB

(i) u(\e) = inf u(y),

(i) sup,ez [u(y)| — [u(Aa).
In particular,

Az (U)

< n+ (n—2)|z|

1
|Vu(a?)\ — 1— |.T|2 B$(u)7 (2 )
" (n—2)lal
n+(n-—2)|x
Vu(r)] < ———————— Bo(u). 2.2
Vua)| < D B (22)
Remark 2.1. The variant (i) of inequality (2.1) in Proposition 2.1
n+(n—2)|x
V()| < “EE2E S fuy) - ue),
1- |3;‘| ly|<1

is an extension of the Lindeldf estimate (1.8) to the n-dimensional case.

Remark 2.2. Similarly, the variant (i) of estimate (2.2) in Proposition 2.1

nt =2l )
G S ) — ),

is a multidimensional generalization of the Hadamard-Borel-Carathéodory type
inequality (1.3) for the derivative of an analytic function.

[Vu(z)] <

Remark 2.3. Now, suppose that a harmonic function « is positive on B. Then, by
the variant (ii) of (2.1) and (2.2) in Proposition 2.1 we have

-2 -2
n+ (n—2)ll nt (-2l o
1—|zf? (1=l
respectively. The first of these estimates is an extension to the multidimensional
case of the Ruscheweyh inequality (1.4) written for the gradient of a harmonic

function. Note that the estimate |Vu(0)| < nu(0) follows directly from the classical
Harnack inequality in the unit ball.

[Vu(z)] < w(x),  [Vu(z)] <

Remark 2.4. The variant (iii) of inequality (2.2) in Proposition 2.1

V()] < % s uy)] — (O}
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is a multidimensional generalization of one of E. Landau’s type inequalities for
the first derivative of an analytic function (see Kresin and Maz’ya [10], p. 70,
pp. 81-85).

By dilation, we obtain the following statement, equivalent to Proposition 2.1
and involving the ball B with an arbitrary R.

Proposition 2.2. Let © be an arbitrary point in Br, and let 0 < A < 1. Then, for

any harmonic function on Bgr, the inequality

(nR+ (n = 2)lel) (R = Aoy
(R — |z))™(R+ Alzl)

holds with the sharp coefficient in front of Baz r(w). Here By r(u) is either of the

following expressions:

(i) sup u(y) — u(Az),
yEBR

(i) u(Az) — inf u(y),

(iii) sup [u(y)] — [u(Az)].
yEBR

[Vu(z)| < Bz, r(u)

In particular,

nR+ (n — 2)|z|

[Vu(z)| < RZ a2 By r(u), (2.3)
and
Vu(z) nR+ (n — 2)|z|

| < m O,R(U)-

Now, we formulate two corollaries of Proposition 2.2. The first of them con-
tains, in particular, an analogue of the real formulation of inequality (1.5) for an
open half-space H in R™.

We note first that with the notation d, = R — |z|, one can write (2.3) in the
form
nR+ (n—2)(R—d)

d.(2R — d,)

Passing to the limit as R — oo in (2.4) so that d, = const, we arrive at the
following assertion.

|[Vu(z)| < By r(u). (2.4)

Corollary 2.1. Let x be an arbitrary point in an open half-space H C R™, and let
d, = dist(xz, 0H). Then, for any harmonic function on H, the inequality

n—1
dy

holds with the sharp coefficient in front of Hy(u). Here Hy(u) is either of the
following expressions:

[Vu(z)| < Ha(u)
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(i) supu(y) — u(z),

yeH
(i) u(x) ~ inf u(y),
(iii) sup |u(y)| — |u(z)].
yeH

The second corollary of Proposition 2.2 contains an improvement of the in-
terior estimate
n

(Vu(a)| < 7 sup {uly) - u(x)} (25)

z yeG

and similar estimates (see, e.g., Gilbarg and Trudinger [6], Ch. 2) for the gradient
of a harmonic function u on a domain G C R™. Here = € G, and d,, = dist(z, 9G).

The improvement just mentioned of the estimates for the gradient of a har-
monic function in G stems directly from (2.4). It is formulated in the next assertion.

Corollary 2.2. Let x be a fized point in a domain G C R™, and let £, be a point
on OG for which |, — x| = d,. Further, let R be the radius of the largest ball lying
entirely in G with center on the straight line L passing through x and &,. Then,
for any harmonic function u on G, the inequality
nR+ (n—2)(R—d;)
d.(2R — d,)
holds, where G, (u) is either of the following expressions:

(i) sup u(y) — u(z),
G

[Vu(z)| < Ga(u) (2.6)

(i) u(2) ~ inf u(y),
(ii) sup |u(y)| — fu(z)|
yeG

We note that the factor
nR+ (n—2)(R—dy)
2R —d,
before 1/d, in (2.6) tends to n—1, as x — &, x € L, whereas the similar coefficient
in (2.5) is equal to the constant n.

The next section contains joint results with V. Maz’ya. Our paper [11] con-
cerns sharp pointwise estimates for solutions of strongly elliptic second-order sys-
tems with boundary data from LP.

3. Sharp pointwise estimates for the gradient of harmonic
functions in the half-space with boundary data from L?

We introduce some notation used henceforth. Let z € R = {z = (2/,2,) : 2/ =

(T1,.. . @p—1) € R" 1z, > 0} and S ' = {z € R : || = 1}. By || - ||, we
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denote the norm in the space LP(R™"1), that is

1/p
It ={ [ i ar}

if 1 <p < oo, and ||f||ec = ess sup{|f(z’)| : 2’ € R""'}. Further, by h?(R") we
denote the Hardy space of harmonic functions on R, which can be represented
as the Poisson integral
2 n
uw = = [ )y (31)
wn Jro-1 |y — x|

with boundary values in LP(R"~1!), 1 < p < oo, where w, is the area of the unit
sphere in R™ and y = (y/,0) (compare, for example, with [2]) .

Proposition 3.1. Let u € h?(R'}), and let x be an arbitrary point in R’} . The sharp
coefficient Cp(z) in the inequality

[Vu(@)| < Cp(@)]|ulz, =0, (3.2)
is given by
Cpla) = Cp a7 PP, (3.3)
where 5 )
o == (3.4)
Wn
and
9 (r—1)/p
Cp, = — sup {/ Fop(o,2) do} (3.5)
Wn |z|=1 | Js" !

for 1 <p<oo. Here

-1 -1
Fopo,2z) = ‘(en —n(eq,en)es, z)‘p/(p )(eg7 —en)n/(p ), (3.6)
z € R”, and e, s the n-dimensional unit vector joining the origin to a point o on

the lower hemisphere S"™' = {x € R" : |x| = 1,z, < 0}.

Proof. Let x = (2',x,) be a fixed point in R’}. The representation (3.1) implies

ou 2 Oni nay (y; — ;) o
g _ 42 J
ox; wp /Rn,ﬂ Ly —xln + ly — x| 2 u(y')dy',
that is
2 e, nx,(y — x) }
Vu(x = —/ |: + U yl dy/

( ) A |y _ 1:|” |y _ 1:|”+2 ( )

2 n zys En )€z

o e - Jexy u(y')dy',
Wn Jrn-1 ly — x|

where e,, = (y — x)|y — x| ~!. For any z € R",

(Vu(z), z) = 2 /}Rni1 (en — n(ewy, en)esy, 2) u(y')dy'

Wn ly — x|
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and therefore,

2 n xys ©n )Cxy,
[Vua)] = — sup /}R | (enm e enlen: 2) )y

Wn |z]=1 ly — x|

Hence, by the permutation property of suprema,

. q 1/q
Cyla) = = sup {/ e dy'} (37)
Rn—1

Wn |z|=1 ly — x|

for 1 < p < oo, where p~t 4+ ¢ ' =1, and

Cl (1‘) _ l sup sup |(en _ n(efﬁ?ﬁ en)efﬁ?ﬁ Z)l
Wn |z|=1 yeRn—1! |y_x|n
_ 2 sup len = n(eay, e")ew|. (3.8)
Wn yeRn—1 ly — x|

Taking into account the equality

1/2
|en - n(ezya en)ezyl = (en - n(emya en)exya €n — n(emya en)emy)

_ (1+ (n2 — 2n)(eay, 671)2>1/27

by (3.8) we arrive at (3.3) for p = 1 with the sharp constant (3.4).
Let 1 < p < 00. Using

n(g—1)

1 1 n n n

— = ( r ) _In —, and i = (egy, —€n),
ly —afme g ly — x| ly — x| ly — x|

and replacing ¢ by p/(p — 1) in (3.7), we conclude that (3.3) holds with the sharp

constant (3.5). O

Remark 3.1. Formula (3.5) for coefficient C}, can be written with the integral over
the whole sphere S*~! in R”,

1/ (p—=1)/p
Cp= 2P sup {/ |(enfn(eg,en)eg, z)|p/(p71)|(eg,en)|n/(p71) da} .
Sn—l

Wn o |z|=1

Remark 3.2. For p = oo one can write (3.2) in the form

Coo
Vu@)] < €= sup [uly)]. (39)
T yERT
Hence,
Coo
[Vu(z)] < == sup |u(y) — w| (3.10)
T yERT

with an arbitrary constant w. Minimizing (3.10) in w, we obtain

Coo .
Vu(@)| < 5= Ou.(R%), (3.11)
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where O, (Rﬁ) is the oscillation of u on R’ . The last estimate is an analogue of
(1.7) for harmonic functions in n-dimensional half-space.

The next assertion concerns the particular case n = 3 in Proposition 3.1.

Theorem 3.1. Let u € hP(Ri), and let x be an arbitrary point in Ri. The sharp
coefficient Cp(x) in the inequality

V()| < Cyl@)ulesmol], (312)
is given by
Cp(w) = Cpay #1017, (3.13)
where )
Ci=—, (3.14)
T
and

1 1 e (r=1)/p
C,= su / / Fu(p,9;7y) dedd , 3.15
P oir o WE% m { o Jo p(@ ) de } ( )

if 1 < p < oo. Here
Fole,957) =3 cos® 9 — 1) + 3y cosﬂsinﬁcosg0|p/(p71) cos®/ =D 9 sin . (3.16)

In particular,

1 /3 4
Cy= /2 Coo = ——.
2 4 ﬂ" 3\/5

Proof. (i) Let p = 1. The equality (3.14) follows from (3.4).

(if) Let 1 < p < oo. Since the integrand in (3.5) does not change when z is
replaced by —z, we may assume that z3 = (—es, 2) > 0. Introducing the notation
2z = z + z3e3, we see that (2/,e3) = 0 and, hence 23 + |2/|? = 1.

Let 9 stand for the angle between the vectors e, and —e3. Since o € S2, we
have 0 < ¥ < 7/2. Let e = e, + cosves. Then (e ,e3) = 0,|e,| = sind. We
denote the angle between el and 2’ by ¢ with 0 < ¢ < 2.

Let us find the expression for (es — 3(e,, e3)e,, z) on S? in spherical coor-
dinates ¥, ¢:

(es — 3(eq, €3)eq, z) = —z3+3cos ’19(60, z)
—23 + 3cos V(e
—23 + 3cos V[ (e,, z") + z3 cos V]

— cosVes, z' — z3e3)

—23 + 3cosV[|e,| |z'| cos ¢ + 23 cos V]
= (3cos® ¥ — 1)z3 + 3|2'| cos ¥ sin cos .
This implies that the integral in (3.5) with n = 3, that is

/ Fs5 (0, 2) do,

s%
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can be written as

2 pmw/2
cos” 9—1)z3 + 3|2'| cos ¥ sin ¥ cos 7 cos?/ P Ysin
3cos20—1)z3 + 3|2'| cos I sind cos p|”/ P cos¥ @D Ysin 9 dpd
0 0

T /2
:2/ / (3 cos® ¥ —1)z3+3|2| cos ¥ sin ¥ cos <p|p/(p71)cos3/(p*1) Jsindd dpdd,
o Jo

where we took into consideration that the integrand is 2w-periodic and even
function of . Introducing the parameter v = |z’|/z3 and using the equality
|2/|% + 22 = 1 together with (3.5) and (3.6), we arrive at (3.15).

(iii) Let p = 2. By (3.15) and (3.16),

1/2
1 1 T m/2
Cy = su // Falp,¥;7) dedd , 3.17
5 \/§7w>%m{o ; 2(ip,057) dyp } (3.17)

Fa(ip,9;7) = [(3cos® ¥ — 1) + 3y cos ¥ sind cos ] ? cos3 ¥ sin v. (3.18)
The equalities (3.17) and (3.18) imply

where

1 1 1/2
Cy = sup T +~*T, , (3.19
\/§7T761R+ \/1+’Y2{ } )
where
T pm/2
I, = / / (3cos? ¥ — 1)% cos® ¥ sin ¥ dpdd) = %T , (3.20)
o Jo
T pw/2
I, = 9/ / cos® ¥ cos? psin® ¥ dpdd = ?—g (3.21)
o Jo

By (3.19) we have
1
02 = — max {111/271-21/2}7
27
which together with (3.20) and (3.21) gives the expression for Cs, indicated in the
statement of the present assertion.

(iv) Let p = o0. By (3.15) and (3.16),

/2
Coo = % ilg \/%_72 /0 /0 Foolip, 95 7) deod?d, (3.22)
where
Foo(p,957) = |(3cos® ¥ — 1) + 3y cos ¥ sindd cos | sin ¥ (3.23)
We are looking for a solution of the equation
(3cos* ¥ — 1) + 3ycos?sind cosp =0 (3.24)

as a function 9 of p. We can rewrite (3.24) as the second-order equation in tan ¢:

tan? 9 — 3y cos ptand — 2 = 0.
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Since 0 < ¥ < /2, we find that the nonnegative root of this equation is

3 8 + 92 cos?
e )

¥(p) = arctan (

Taking into account that the left-hand side of (3.23) is nonnegative for 0 < ¢ <
I(p), 0 < ¢ <, and using the equality

/ / ((3cos® ¥ — 1) + 3y cos ¢ cos ¥ sin ) sinIdpdd) = 0,
we write (3.22)

1 ™ ®)
Co = 2 supi/ / [(3(:05219—1)+3vcoswcosﬁsin19] sin Ydpdd)

T 120 \/1+’y2 0

2 /7r . . 9
= _sup cos¥(p) + v cos psin ()| sin I(p)dep. (3.26)
'y>0 V14 ’y [ ]
By (3.25),
2 cos2
sind(p) — 3ycosp + /8 + 9% cos? ¢ :
\/4+ (3'ycos<p+ \/8+972c032<p)
2
cos¥(p) =

2
\/4+ (3'ycos<p+ \/8+972c032<p)

Therefore, the integrand in (3.26) can be written as

[cos¥(ip) + 7 cos psind(p)] sin® I(y)

(2+fycos<p(3fycos<p+\/8+9fy cos? )) (37cos<p+ /8 + 9792 cos? )2
o 3/2
(4+ (37cosg0+\/8+972c0s2<p> >
2
(3fycosg0 + /8 + 992 cos? <p)
= oN1/2
6 <4+ (37cos<p+ V8 + 972 cos? <p> >

Hence, (3.26) becomes

2
. 1 1 / 3’ycosgo+ \/8+9'y2c052g0)
oo = = SUp
3T 4>04/1+
= 7 ( (37cos<p+ /8 + 972 cos? ) >

73 de. (3.27)
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Introducing the parameter

-3
2v2
we obtain
2
4 1 (acosg0+ \/1+a2cos24p>
Co = — su / dp. (3.28
WQZIS VI +8a2 Jy 2\ 1/2 e )
1 +2(o¢cosg0+ V1 +a2cos2<p>
The change of variable ¢t = cos ¢ implies
Co = 4 dt (3.29)
© 7T a2 \/9+8a2 \/1—t2 ’ '
where
2
t+v1+ a2t
Plat) = (@ ) (3.30)

N1/2
(1+2(at+m) )

Integrating in (3.29) over (—1,0) and (0,1) and using the equality P(a, —t) =
P(—a,t), we have

é (a,t) + P(—a,t)
™ a>0 \/9+8042 V1—t2

Applying the Schwarz inequality, we see that

1/2
o o4 1 /1 (P(a,t)HD(—a,t))th /{/1 dt }1/2
o S — Su 9
7T a2%\/9+8a2 0 VvV1—1t2 0o V1—1t2

Coo =

dt. (3.31)

2v2 1 L (P(a, t)+P(—a, 1))’ 2
Coo < Nz i‘épo 9+ 8a2 {/ V1-—1t2 dt} ’ (8:32)
v (3.30)

2 (3 + 120212 + 8a*t* + /9 + 8a2t?)
9 + 8a?t? ’

(P(a,t) + P(—a,t))? =

hence, (3.32) takes the form

1/2
4 1 L34+ 120212 + 8a*t* + V9 + 8a212
Coo < —sup dt . (3.33)
T a>0 V9 + 802 (9 + 8a2t2)y/1 — 2
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Since
3+ 12a%? + 8a't + VO + 8212 1 3+ 12a°t? + 8a't?
9+ 8a?t? V9 +8a2t2 9+ 8a2t2
L e B 3 L2 3 L (1 3
L7 R S S P 7 S S (S S
=3 8 8(9+8a2t2) 3 8 24 \24 8(9+8a2t?)
2 L., a?t? 2 28 4,
=P ————— <S4+ a%
3T T30 8az?) 3 T
it follows from (3.33) that
C < A su L {/1 (g + §oz21$2> dt }1/2
¥ S Vmah Vorsa L 372" )T
4 1 2 1/2
= — sup (W(QJF?O‘ )> . (3.34)
\/7_T a>0 \/9 + 80[2 27
Note that
d [(9+7a? 18ax
— (/=) =————= <0 f 0
da (9+8a2> 0t 8a2y2 ~0 O a=b

therefore the supremum in « in the right-hand side of (3.34) is attained for & =0
and

4
Coo < ——. 3.35
33 (3.35)
Besides, in view of (3.27),
1 (™ 8 4
Coo > _/ —— dp = =
3o V2T 3B
which together with (3.35) proves the equality
4
Coo = )
3V3
given in the statement of the assertion. O

Remark 3.3. By Theorem 3.1 with n = 3, inequality (3.11) takes the form

2
\Y < —
| U(l’)‘ - 3\/5 I3

The sharp inequality is a three-dimensional analogue of the real-valued variant
of (1.7).

0. (R) .
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Abstract. In this paper we report on some recent results concerning Hermite
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1. Introduction

In 1991 Maz’ya proposed a new approximation method called approximate approx-
imations, mainly directed to the numerical solution of partial differential equations
(see [7], [8]). The approximate quasi-interpolant on a uniform grid {hm} has the
simple form

—hm
M —pn/2 h (L> €R" 1.1
ou(e) =2 3 uthmn () (1)

where h is the step size and D is a positive parameter; n is sufficiently smooth
and of rapid decay in R™, and it is chosen such that the set of basis functions

{n (z\;%“) ;m € Z™} represents merely an approzimate partition of unity.

The main feature of the method is that, even if M, pu(z) approximates u(z)
accurately, it does not converge to u(z) as the grid size tends to zero. Namely, if
Fn—1has a zero of order N at the origin (F7 denotes the Fourier transform of 7),
then M, pu(x) approximates u(z) with order O(h") plus a non-convergent part
called the saturation error. This lack of convergence is not perceptible in numerical
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computations because the saturation error can be chosen less than the precision
machine or any prescribed accuracy with a proper choice of the parameter D.

On the other hand this approximation process has considerable advantages
due to the great flexibility in the choice of approximating functions n. This flexibil-
ity makes it possible to get simple but accurate formulas for the approximation of
various integral and pseudo-differential operators. For example a cubature formula
for the convolution integral

Kulw) = [ gla = wyuts)dy (1.2

can be defined by

-—hm
KMy, pu(z) = D"/? u(hm)Kn [ —= ) (z). (1.3)
o 2% ”(m@)

Therefore, it is sufficient to choose n such that Kn can be computed efficiently.
More, if Kn is expressed analytically then (1.3) becomes a semi-analytic cubature
formula for (1.2).

Some important applications have been considered in [10, 13, 16] (see also
the book [15] and the review paper [17]) where formulas of various integral and
pseudo-differential operators of mathematical physics have been obtained. Explicit
semi-analytic time-marching algorithms for initial boundary value problems for
linear and non linear evolution equations have been developed in [2, 9, 15].

In this paper we report on some recent results concerning Hermite quasi-
interpolation on uniform grids with interesting applications to the approximation
of solutions to elliptic PDE, quasi-interpolation on nonuniform grids and the cu-
bature of convolutions with radial kernel functions based on the described quasi-
interpolation processes.

2. Quasi-interpolation on uniform grids

Let us assume the following hypotheses concerning the function #:

1. 7 satisfies the decay condition.
n(@)] < col+ |2)™%, 0 >0, K > N +n

II. 7 satisfies the moment conditions

/ zn(x)dz = 00,q, 0 <|a] < N.

It is shown in [11] that, if {0°Fn(vVD-)} € 1L (Z"), then Mj pu defined
in (1.1) approximates a smooth function u € WX (R") with the following error



Cubature of Integral Operators by Approximate Quasi-interpolation 131

estimates

(M, pu(z) —u(z)] < C(h\/_)NIIVNUIILw(Rn)

+Z<h*ﬁ) 'aa;‘f‘”)‘ S 0 Fa(VDy)|.

|a|=0 vezZn\{0}

The constant ¢ depends only on 1 and N.
If, additionally

III. 7 is differentiable up to the order of the smallest integer ng greater than n/2
and satisfies, together with its derivatives 9%n(z), 0 < |a| < ng, the decay
condition I

then
li - =0.
lim > “Fn(VDr)| =0
veZ™\{0}
Consequently, the simple formula (1.1) provides the following approximation
result:

Theorem 2.1. ([14]) If n is subjected to conditions I, I1 and III then for any
€ > 0 there exists sufficiently large D such that (1.1) approzimates u € WL (R") N
CN(R™) with the error estimate

N-1
[Mipu(e) = u(w)] < c(hVD)V||Vnulleny +e Y (WVD)0%u(@)]. (2.1)

|a|=0

The properties of (1.1) have been extensively studied in a series of papers
([7, 8, 10, 11, 12]) and in [15].

The approximation of a smooth function u, when the values of u and of some
of its derivatives are prescribed at the nodes of a uniform grid, has been studied
in [5]. More precisely, consider approximants of the form

My pu(z) = n/QZ (

mezZ"

) P(—hVDO)u(hm), zeR"  (2.2)
where the function P is a polynomial of degree at most N — 1:

Pt) = Zaata, ap =1, teR".
|a]=0

Introduce the following extension of the moment conditions:
IV. 7 satisfies the conditions

a
Z A a/ z*n(x)dr = do3, 0<|B] <N.
a<p "

Under hypotheses IV the approximants of the form (2.2) have the same ap-
proximation properties of (1.1), as expressed in the following
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Theorem 2.2. ([5]) Suppose that n satisfies the Conditions I, III and IV. Then for
any € > 0 there exists D > 0 such that, for all u € WP (R™) N CN(R™)
N-1
My pu(z) —u(z)] <e Z (VD)0 u(x)| + ¢ (VDR)N |V Nul| oo (mry. (2.3)
|B81=0
The constant ¢ does not depend on h, u and D.

We are interested in constructing generating functions satisfying condition
IV. In fact any sufficiently smooth and rapidly decaying function v, with Fourier
transform F1(0) # 0, can be used to construct generating functions 7 satisfying
the above-mentioned conditions.

If A= {A.g} is the triangular matrix with the elements

— a’[jfa (0% S ﬂ B B
Aas = { 0 otherwise ’ laf, 18] =0,...,N —1,

and A~! = {Al(x_ﬁl)} denotes its inverse, then the function

N-1
_ e (-1) (=170 (Fy)1(0)
n<x>—§0<—a>ﬂw<m>dﬁ, dﬁ—agﬁAoJ I

satisfies condition IV.
For radial basis function t(x) = ¢(]z|) formula (2.4) leads to

N-1 an2a —
W) = 3 (O uds dy= Y AGD,, CLEFVO
181=0 %0<h (2a)!(2m)2le

If we apply formula (2.5) to the Gaussian ¢ (z) = ﬂ*”/26*|x|2, then we obtain
the generating function

(z) = /2 ]Vil (*3)’6 67‘1‘2 Z (*1)04./4(—1) (2.6)
K alglal 7 10.6-2a° '

181=0 20<f

In the case N = 2M and P(x) = 1, (2.6) leads to the classical generating
function n(z) = 77_”/2L5\2721)(|:1:|2) e~l#I” with the generalized Laguerre polyno-
mials LEC}/EB (see [12]).

Another interesting example is obtained by assuming N = 2M and

M-1 v
Pty =Y (DY 2y (2.7)

yl=

In this case the generating function satisfying condition IV is exactly the Gaussian
n(z) = 7~"/2e=1=I" and (2.2) can be written in the form

My, pu(z) = (777))_"/2 Z Z_ (h\/5)2j(

mezZm™ j=0

)j |z —hm|2

—1)y .
v Alu(hm)e il (2.8)
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The quasi-interpolant (2.2) can be generalized to the case when the values of
u are given on a lattice {h Cm}, with a real n x n non-singular matrix C. Define

_detC x—hCm
My pu(z) = = > ( ) P(—hVDA)u(hCm), xeR™ (2.9)

mez"

It can be easily seen that the quasi-interpolant My, p provides the same ap-
proximation properties as My, p.

An application of formula (2.9) is the construction of quasi-interpolants on a
regular triangular or hexagonal grid in the plane (see [4]).

The choice N = 2M and ¢ (z) = 7 "/2 ¢=1=” Jeads to the quasi-interpolants
of order 2M

det C (n |z — hCm|?\ lo—hom?
Mh’DU(I) = W (hCm) /2) <T e h2Dp s
mezn
if P=1, and
det C th lz—h Cm|2
My, pu(z) Dy Z Z Ju(hCm) e wo | (2.10)

meZ" j=0
if P is defined in (2.7).
Let £ be the partial differential operator
1,n
Eu=" bi;j0i0ju =< BVu,Vu>, BeR™" (2.11)

2]
with a symmetric and positive definite matrix B. Choosing C' such that B~! =
CT(C, it follows from the approximation properties of (2.10) that the approximate
quasi-interpolant

(det B) —-1/2 T .
My pu(z) = D)z Z Z 143 Ju(hm) e<B ™ (@=hm)a=hm>/(h"D)

meZnr j=0
(2.12)
approximates u(x) and the estimate (2.3) remains true.

2.1. Application to the solutions of elliptic PDEs

The quasi-interpolant (2.8) can be used for the approximation of solutions of har-
monic equations. Suppose that u satisfies the equation

Au(z) =0, x €. (2.13)

If & = R" then M, p has the simple form of the quasi-interpolation formula of
second order

Mypul(z) = (xD) ™2 3" u(hm) el=hml*/(#*P) (2.14)
meZL"

but it provides higher approximation rates. More precisely
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Theorem 2.3. ([5]) If u is harmonic in R™ and, for any y € R™, the series

0Pu(x
Z \/_-

|B81=0

is absolutely convergent, then, for vVDh < 1, the quasi-interpolant (2.14) approxi-
mates u with
My pu(zr) —u(x) = Z (x4 wihDm) e DIvI® g2milfv)
meZm\{0}
Here @ denotes the analytic extension of u(-) onto C™.
A similar effect of higher than second-order approximation for the simple
quasi-interpolation can also be seen for solutions of the equation Eu(x) = 0 with

the PDE (2.11) in a domain 2 C R™. For those functions, extended to zero outside
Q, the quasi-interpolant (2.12) takes the form of the second-order quasi-interpolant

det B)~1/2 -
My, pu(z) = 7( (e D)) 7 E u(hm) elB 1(g”_hm)’”’_hm>/(h2p)7 (2.15)
T n
hmeQ

but approximates u with an improved rate.

Theorem 2.4. ([5]) Suppose that Eu = 0 in a conver domain Q@ C R"™ and, for a
given N =2M,

Cy = Z ||3ﬂu||Lm(Q) H 71) <00

W|:2M [51>0
Then for any € > 0 and for any subdomain ' C Q there exist D > 0 and h > 0
such that the quasi-interpolant (2.15) provides for all x € Q' the estimate
N-1
| M pu(x) — u(z)| < Cu(hVD)Ne+ e Y (hWD)H|0 u(a)], (2.16)
|B8]=0

where the constant ¢ depends only on the space dimension.

3. Quasi-interpolation on more general grids

The extension of approximate quasi-interpolation when the set of nodes is a smooth
image of a uniform grid has been studied in [14]. It was shown that formulas similar
to (1.1) maintain the basic properties of approximate quasi-interpolation. The case
of piecewise uniform grid has been considered in [1].

3.1. Quasi-interpolation with perturbed uniform grid

In [4] formula (1.1) is modified to the case of functions given on a set of scattered
nodes close to a uniform grid. Precisely,
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A. Let X}, be a sequence of grids with the property that there exist a uniform
grid A and a positive k, not depending on h, such that for any y,, € A, the
ball B(hym, hx) N Xy, # 0.

Let us suppose that the quasi-interpolant on the uniform grid h A:

m_hym
Mupu(@) =D 2 3" u(hym)n (7> z €R"
oA hvD

approximates any smooth function u with the error estimate (2.1).

B. Denote by Z,, the node of the grid X}, closest to hy,, and by st(Z,) C Xp
a collection of my = (N — 14 n)!/((n!(N — 1)! = 1) nodes zj such that the
Vandermonde matrix

Vh,m:{(@> } laj=1,...,N—-Lk=1,...,my

is not singular.
There exists kK1 > 0 such that st(Z,,) C B(Zm,hk1) with |V, m| > ¢ > 0
uniformly in h.

If Vhfl = {b } is the inverse matrix of V}, ,,, define the functional

Fom() = u(@n) (1 -y EESEDY bm)

la]=1 ) €st(Tm)
(m) -/fm «
+ Z~ u(wk) bok (ym*T) -
T Est(T,) |a]=1

Theorem 3.1. ([4]) Under the conditions A and B, for any € > 0 there exists D > 0
such that the quasi-interpolant

T — hym
Mppu(z) = D" " Fam(u n<7>
vt hv/D
approzimates any u € W2 (R™) N CN(R™) with

N-1
My pu(e) — u(@)| < chN(|Vyulp @ +€ Y (WD) u(a)],
18]=0

where ¢ does not depend on u and h.

In (3.1) the generating functions are centered at the nodes of the uniform
grid {hym,}. This can be helpful to design fast methods for the approximation of
the convolution integrals (1.2). The value Ku(hyy) is approximated by

/CMh,Du(h yk) =h" Z Fh,m(u)a](gh_)m

Ym EA
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with the coefficients
a’, = / 9(h(yk — ym — VD))(y) dy.

3.2. Quasi-interpolation with scattered grids

By modifying the approximating functions, the method of approximate quasi-
interpolation has been generalized to functions with values given on more general
grids (see [3], [15]). In particular one can achieve the approximation of a smooth
function u with arbitrary order N up to a small saturation error as long as an
approximate partition of unity, centered at the scattered nodes, does exist.

Under some mild restrictions on the scattered nodes, an approximate parti-
tion of unit can be obtained from a given system of rapidly decaying approximating
functions if these functions are multiplied by polynomials.

Conditions on the grid X = {z,,} and on the scaling parameters h,,, which
ensure the existence of polynomials P,, of degree uniformly bounded such that the

function o= S P <x h:m> ; (z h:m> (3.1)

Tm€X

approximates 1, are given in [3] and in [15]. The function 7 is supposed to be
sufficiently smooth, of rapid decay and

Zn<x2$m>20>0, Vo € R".

TmE€X m

For a fixed € > 0, let us assume the existence of polynomials P,, such that © in
(3.1) satisfies the estimate

O(z) — 1| <k, Vo € R™.

Using the function © one can construct quasi-interpolants of high order of approx-
imation rate up to the saturation error, without additional requirements on 7, as
the moment conditions.

For z,, € X, denote by st(x,,) a collection of my nodes in X such that the
Vandermonde matrix

{(xk*IM)a}a |O[| :13"'7N717 Tk 6St(l”m)7

is not singular. The union of the node x,,, and its star st(z,,) is denoted by st(z,).
Let us assume the following hypothesis concerning the grid:

C. For any z,, € X there exists a ball B(2,,hy,) which contains my nodes

Zp € st(xy,) such that
det{(xkh_7xm> }‘ >c>0

with ¢ not depending on z,,.

|th,m| =
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Denote by {bg@} the elements of the inverse of V},, ,, and define the poly-
nomials
N-1

Omi(y) = Z b(m)yo‘P (y), if xp€st(zm);

la]=1
Qum(y) = (1 - > Z bé”?y“) m (Y).
zpEst(zm) |a|=1
Theorem 3.2. ([3]) Let € > 0 arbitrary. The quasi-interpolant

Mu(z) = > () ; Qi <x h:’”) n (z - xm) (3.2)

rreX m

st(zm)dzg
approzimates u € WX (R™) with the error estimate

|Mu(z) — u(@)| < C sup hy||Vvullr g + elu()].

The constant C does not depend on u and €.

For the special case of scattered nodes close to a piecewise uniform grid, a
method to construct polynomials P,, such that the sum

E Pon e —|z—zm|? /h
Ty €X

approximates the function 1 with any given precision, is described in [3] and, more
in detail, in [15].

The starting point is that, for a given bounded domain 2 C R™, there ex-
ist a finite sequence of nodes G = {gi} belonging to a piecewise uniform grid,
parameters D, and numbers a; such that

{ake_l‘”_g’“‘z/p’c D gk € G} (3.3)

forms an approximate partition of unity (see [15]). For € > 0, let us assume that
the approximate partition of unity (3.3) satisfies the condition

1= Y ape oo/ < vz e Q. (3.4)
gLE€EG
Suppose that a finite set of scattered nodes X = {x,,} satisfies the following
condition:

D. For any € > 0, there exist a piecewise uniform grid G and an approximate
partition of unity (3.3) which satisfies (3.4). For some fixed x > 1 and for
each gi € G there exists a subset of scattered nodes ¥(gx) C X such that

if z; € X(gr) then x; € B(gk, s/ Di); UgeeaB(gr) = X.



138 F. Lanzara and G. Schmidt

The method consists in the approximation of each Gaussian e~le—gxl*/Dx
in (3.4) with functions of the form polynomial times Gaussians centered at the

scattered nodes z; € ¥(gx). Hence one has to determine a polynomial ’Pi(k) such

that
S PO (el o lesil/s
z;€X(gx)

A least square method for constructing ’PZ-(k) is used and the approximation is very

accurate provided that the degree of the polynomial is large enough. The choice

of the scaling parameters h; is decisive and has been analyzed in detail in [15].
Therefore the function

Sae ¥ PP
gr€G  mi€X(gk)
is the required approximate partition of unity.

The proposed method for constructing an approximate partition of unity has
the advantage that it does not require to solve a large algebraic system. Instead,
in order to obtain locally an analytic representation of the partition of unity and
consequently of the quasi-interpolant (3.2), one has to solve a small number of
linear systems of moderate size.

4. Application to the computation of integral operators

A direct application of formula (3.2) for (z) = e~!#I” is the computation of integral
operators with radial kernel

Kuta) = | gl —u) uts)dy. (a.1)

to which many important high-dimensional integral operators in mathematical
physics are closely related.
If the density w is replaced by its quasi-interpolant

Mue) = 3 aten) Y G (T el

cX :
Tk st(zm)dzy

then one obtains the cubature formula

ICMU(I) = Z U(Ik) Z h?n Tm,k(hm aa:) L, (z h:rn) (42)

_eX _ m:
Tk st(zm )z

for the integral (4.1). Here 7,, 1 (z) are polynomials defined by the relation
Q7‘rz,/c($)€37‘z‘2 = Tm,k(aw)eimp

and L,, is the action of the integral operator on the Gaussian

Ln(@) = [ glhmlo = yl)e " dy.
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For the applicability of the cubature formula (4.2) efficient methods for com-
puting of the values of

T (B 02) Lo <z h5m> (4.3)

are necessary. The integral £,, can be transformed to a one-dimensional integral
by different ways:

1. Using the Fourier transform of g

2w h
Fot) =t [ 90) Jujas(2mrr) 7 2,
0
one gets
2 e 2
_ n/2 —p 14 )

where J,, is the Bessel function of the first kind.
2. The convolution formula for radial functions with the Gaussian (see [15])
leads to
9 /2 o~ lz|?

> 2
Lo(x) == [ »"?e " g(hmp) Lnja-1(2plx|) dp (4.5)
|z["/ 0

with the modified Bessel functions of the first kind I,,.

In many cases the integrals (4.4) or (4.5) can be expressed by some special
functions and therefore also the terms (4.3) in the cubature formula. Examples
of those analytic formulas are given in [15]. However, from the numerical point
of view it is sometimes more advantageous to use a quadrature method for one-
dimensional integrals with smooth and sufficiently elementary integrands instead
of computing the values of special functions.

As example we list some volume potentials of elliptic partial differential op-
erators which admit one-dimensional integral representations by elementary func-
tions.

3. By solving certain related parabolic or hyperbolic equations the following
formulas have been derived in [15]:
e The operator —A + a?, a € R, has the fundamental solution

1 a \n/2—1

= —=— Ko
9() (2m)/? (|:z:|> nj2-1(alzl),

where K, is the modified Bessel function of the second kind. The volume

potential of the Gaussian can be expressed as

1 00 o—a’hl,p/4 o —|z|?/(1+p)
bR /0 (1+p)n/2
e The fundamental solution of the Helmholtz operator —A — k2, k € R, is
ik o\n/2-1
9@) = 1(5=)  HLoa kel

2m|x|

L () dp. (4.6)
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where Hfll) = J, + 1Y, is the Hankel function of the first kind. Then
7 /OO eik2hip/4e—‘w‘2/(l+ip)

4hp 2 (1414 p)n/2

e The fundamental solution of the three-dimensional Lamé operator

—puA — (A + p) grad div

Lon(z) =

dp.

is the Kelvin-Somigliana matrix ||T'y;||3x3 with

A+ (A—&—Bu% x’“ml>
SeO+ 2\ A ol TP )

where we denote z = (2,22, 23) € R3. The action on the Gaussian is given

by the integral

Lii(x) =

(Em)kl(z) :/]RB Fkl(hm(ﬂj — y)) e*|y|2 dy (47)
o 1 e ()\+3u)p xkajl()\—‘,—u)p e*|x|2/(1+f’)
~ Tl Jo (‘5’”(1 *a0ro) Dol +p>> sz

In any of these examples the computation of

requires again the quadrature of one-dimensional integrals with smooth and suffi-
ciently elementary integrands. One has to replace

Sle—enF/40) by T (1 p)"H20,) e

T—Tm

Y= hm 140

Correspondingly, for the elastic potential the term

(z* — ;35?)(931 ; Tin). o —fo—m|? (42, (1))
h2,(1+p

has to be replaced by the differential expression

T (L + p)7120,) yFy e~V

T— T

Y=g

For the quadrature of the resulting one-dimensional integrals we recommend
their transformation to integrals over R with doubly exponentially decaying inte-
grands and to use the classical trapezoidal rule. It is well known that it is exponen-
tially converging for certain classes of integrands, for example periodic functions
and rapidly decaying functions on the real line. For example, Poisson’s summation
formula yields that

TkaT fozm

k=—o0 Jj=—00

for any sufficiently smooth function, say of the Schwarz class S(R).
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It follows from

\/m f(tydt =7 i F (k) s\fo(@)\w\ > Jkn)
i k=—K J#0

|k|>K

that if f and F f both decay very rapidly, the trapezoidal rule can provide accurate
approximations for moderate values of the step size 7 and the number of terms
2K + 1.

We recommend the procedure proposed by J. Waldvogel [18] to make the
integrand doubly exponentially decaying, i.e., |f(¢)| < cexp(—aexp(|t])) for |t| —
oo with certain constants ¢, > 0.

By the substitution p = e¢ the integration domain is transformed to R. Then
the required decay can be obtained by the (repeated) substitutions £ = v+ e* and
u=v—e Y.

Numerical tests show that due to the fast decay of f this approach is very
efficient for integrals of the type (4.6) and (4.7). The trapezoidal rules require only
a small amount of terms in the quadrature sum, and they are nearly independent
on the differential operators 7,, ;. More details also concerning tensor product
approximation of the action of the integrals operators on Gaussian are given in [6].
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1. Introduction

Let € be a arbitrary bounded domain in R™. The Green function for the polyhar-
monic equation is a function G :  x  — R which for every fixed y € € solves
the equation

(—A:2)"G(z,y) =b0(z —y), z€Q, (1.1)
in the space W™2(9), a completion of C§°(€2) in the norm given by [llyirm2 ) =
[V™ul|12(q)- The case m = 2 corresponds to the biharmonic equation, and respec-
tively, (1.1) gives rise to the biharmonic Green function.

In dimension two the biharmonic Green function can be interpreted as a
deflection of a thin clamped plate under a point load. Numerous applications in
structural engineering, emerging from this fact, have stimulated considerable inter-
est to the biharmonic equation and its Green function as early as in the beginning
of 20th century. In 1908 Hadamard has published a volume devoted to properties
of the solutions to the biharmonic equation [8], where, in particular, he conjec-
tured that the corresponding Green function must be positive, at least, in convex
domains. However, several counterexamples to Hadamard’s conjecture have been
found later on ([5], [6], [7], [12], [20], [3], [9]) and it was proved that the biharmonic
Green function may change sign even in a smooth convex domain, in a sufficiently
eccentric ellipse ([7], [3]). Moreover, in a rectangle the first eigenfunction of the

The first author is partially supported by the NSF grant DMS 0758500.
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biharmonic operator has infinitely many changes of sign near each of the vertices
(12], [9)).

During the past century, the biharmonic and more generally, the polyhar-
monic Green function has been thoroughly studied, and a variety of upper esti-
mates has been obtained. In particular, we would like to point out the results in
smooth domains [4], [11], [18], [19], in conical domains [16], [10], and in polyhe-
dra [17].

The objective of the present paper is to establish sharp estimates on the poly-
harmonic Green function and its derivatives without any geometric assumptions,
in an arbitrary bounded open set.

For example, we show that, whenever the dimension n € [3,2m + 1] NN is
odd, the regular part of the Green function admits the estimate

_n_ 1 -24l ¢
ViV TR (Gly) - D —y)| < ’
| y (G(z,y) (@ =)l max{d(z),d(y), |z — y|}

x,y € Q,

(1.2)
where I'(x) = Cp, p|2[*™ ", 2 € Q, is a fundamental solution for the polyharmonic
operator, d(x) is the distance from z €  to 9Q and the constant C' depends on n
and m only. Hence, in particular,

_n 1 _n 1 C
V' 2+2V;n 2+2G(ac,y)|§ﬁ7 x,y €9, (1.3)
r—y
and similar results are established for the lower-order derivatives.
Furthermore, the estimates on the Green function allow us to derive optimal
bounds for the solution u of the Dirichlet boundary value problem

(A)Mu= > cadfa, ueW™HQ), (1.4)
la|<m—%+3

where ¢, are some constants. Specifically,

vritu@)<c Y /d(y)m—%“a'wdyweﬂ’ (1.5)
Q

o< i1 lz -yl

whenever the integrals on the right-hand side of (1.5) are finite. In particular,
there exists a constant C > 0 depending on m, n and the domain 2 such that

IV 8430 ) < Ca Y. A E ), (16)

la|<m—2+1

for p > 2.

The bounds above are sharp, in the sense that the solution of the polyhar-
monic equation in an arbitrary domain generally does not exhibit more regularity.
Indeed, assume that n € [3,2m + 1] NN is odd and let @ C R™ be the punc-
tured unit ball By \ {O}, where B, = {z € R” : |z| < r}. Consider a function
n € C3°(By/2) such that n =1 on By 4. Then let

u(@) == (@) o ETI0(x) = On(z) 07 E T (jaPm ),z e B\ {0}, (1.7)
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where 9, stands for a derivative in the direction of z; for some i = 1,...,n. It
is straightforward to check that u € W™2(Q) and (=A)™u € C§°(Q). While
Vit s bounded, the derivatives of the order m — 5 + % are not, and more-
over, V™~ ¥34 is not continuous at the origin. Therefore, the estimates (1.5) are
optimal in general domains.

We also derive full analogues of (1.2), (1.3), (1.5), (1.6) and accompanying
lower-order bounds in even dimensions. In that case, the optimal regularity turns
out to be of the order m — 3.

Finally, we would like to mention that the Green function estimates in this
paper generalize the earlier developments in [13], where the biharmonic Green
function was treated, and [15], where the pointwise estimates on polyharmonic
Green function have been established in dimensions 2m + 1 and 2m + 2 for m > 2
and dimensions 5, 6,7 for m = 2.

2. Preliminaries

The Green function estimates in the present paper are based, in particular, on
the recent results for locally polyharmonic functions that will appear in [14]. We
record them below without the proof. Here and throughout the paper B, (Q) and
S(Q) denote, respectively, the ball and the sphere with radius r centered at @
and C; r(Q) = Br(Q) \ B-(Q). When the center is at the origin, we write B, in
place of B, (0), and similarly S, := S,.(0) and C, g := C, r(O). Also, V"™u stands

for a vector of all derivatives of u of the order m.

Proposition 2.1. Let Q be a bounded domain in R", 2 <n <2m+1, Q € R"\ Q,
and R > 0. Suppose

(~A)"u=finQ, feCCQ\Bir(Q), ueW™Q). (2.1)
Then
1 2 c 2
P |u(z)|* doy < o |u(x)|* dx for every p < R,
SP(Q)HQ CR14R(Q)FIQ
(2.2)
where C' is a constant depending on m and n only, and
A=m—n/2+1/2 when n is odd, A=m —n/2 when n is even. (2.3)
Moreover, for every x € Br;4(Q) N
i 2 |z — QA 2 :
Viu(@)® < C—F 55— luy)"dy,  0<i<A, (2.4)

CRr/a,ar(Q)NQ

where X is given by (2.3).
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In addition, using the Kelvin transform, estimates near the origin for solutions
of elliptic equations can be translated into estimates at infinity. In particular,
Proposition 2.1 leads to the following result (also proved in [14]).

Proposition 2.2. Let Q be a bounded domain in R™, 2 <n <2m+1, Q € R"\ Q,
r >0 and assume that

(~A)"u=finQ, feCF(B Q) NQ), ueWm™(Q). (2.5)
Then
p2/\+n+1—4m/ lu(z)[? doy, < Or2/\+n—4m/ lu(z)|? dz,  (2.6)
S,(Q)NQ Crya,r(Q)NQ

for any p > r and X\ given by (2.3).
Furthermore, for any x© € Q\ By (Q)

r2>\+n—4m

Viu(@)? < © e ()P dy.  0<i<A (27)
|x_Q|2>\+2n 4m—+21i Cr)aar(QND

3. Estimates for the Green function

Following [1] we point out that the fundamental solution for the m-Laplacian is a
linear combination of the characteristic singular solution (defined below) and any
m-harmonic function in R™. The characteristic singular solution is

Conn|z|*™™, if n is odd, or if n is even with n > 2m + 2, (3.1)
Crnn|z|>™ " log ||, if n is even with n < 2m. (3.2)

The exact expressions for constants Cy, ,, can be found in [1], p. 8. For the purposes
of this paper we will use the fundamental solution given by
|z|m=" if n is odd,
[(z) =Cmn{ |2[*™ "log %, if n is even and n < 2m, (3.3)

|z|>m=" if n is even and n > 2m + 2.

Theorem 3.1. Let Q C R™ be a bounded domain. Then there exist constants C, C’
depending on m and n only such that for every x,y € Q the following estimates

hold. If n € [3,2m + 1] NN is odd then

m—g+3—i m—g+5—j
. ) )
ViiGy)| < Cumin 1,< (x)) < (y))

lz —yl lz =yl

1
X |£ZJ _ y|n72m+i+j )
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whenever()gi,jgm—%+% are such that i +j > 2m —n, and

m-g i m-g+4-d
ViViG(z,y)) < Cmin L< “)) 7< @)>

lz -yl

1 . T —y T —y n—2m+i+j
Xw—zmﬂﬂ-mm{l P 3 lvl} (3:5)

ifOSi,jgm—%—i—% are such that i + j < 2m —n.
Ifn € [2,2m] NN is even, then

|z —yl
XMMn%HHfm“{du>’aw’
< log (1  min{d(z), dy)} (3.6)
|z —y] ’ ’

Jor all 0 <i,j5 <m— 3.
Furthermore, the estimates on the reqular part of the Green function S(z,y) =

G(z,y) —T(x —vy), z,y € Q, are as follows. If n € [3,2m + 1] NN 4s odd then

C
max{d(z), d(y), & — y[}—2mrit

VeV S(x,y)| < (3.7)

whenever 0 <, <m — 3 +% are such that i +j > 2m —n, and
- c o —yl Jz—y| "
|ViVIS(z,y)| < —————— min{ , 1 , (3.8)
Y |z —y|n 2t d(z) * d(y)

ifOSi,jgm—%—i—% are such that i + j < 2m —n.
Ifn € [2,2m] NN is even, then

ViviS@y)| < —C o {lEoyl lzovly B
e P d(z) " d(y)
diam
xlog 1+ ) 3.9
g( max(d(@), d(y), |7 = o1} (3.9

forallOﬁLjSm—%.

Proof. Let us start with some auxiliary calculations. Let a be a multi-index of
length less than or equal to A, where A is given by (2.3). Then 0 I'(z — y) can be
written as

diam 2
9y T'(z —y) :Pa(m—y)logm+62a(m—y). (3.10)
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When the dimension is odd, P* = 0. If the dimension is even (and less than
or equal to 2m by the assumptions of the theorem) then P¢ is a homogeneous
polynomial of order 2m — n — || as long as |a] < 2m — n. In any case, Q% is a
homogeneous function of order 2m — n — |a/.

Consider a function n such that

neCy(Biyz) and n=1 in Byy, (3.11)
and define
= 9% G(x _ r—Yy &y — N d( ) af,.
Ra(z,y) := 0y G(z,y) n(d(y) ) (P (—y)l Y p— +Q%(z )23712)

for z,y € Q. Also, let us denote
fa(may) = (_Aw)mRoc(xvy)
z—y d(y)
=—|(—A, m,n(—)} (Pa:z: log + Q“ y>. 3.13
a0 ()] (P - mos 4 Q- ) 13)
It is not hard to see that for every a as above

fa('7y) € Cgo(cd(y)/4,d(y)/2(y)) and |fa($ay)| < Cd(y)inim‘a T,y € Q.
(3.14)

Then for every fixed y € € the function x — R, (x,y) is a solution of the boundary
value problem

(—A0)"Ra(z,y) = falz,y) 0 Q,  fa(,y) € CF(Q), Ral,y) € W™Q),

(3.15)
so that
IVERa (Wl 2 = IRa(W)llwm 2y < Cllfal y)llw-m2a), 0<|af <A
(3.16)

Here W~"2(02) stands for the Banach space dual of Von’Q(Q), ie.,

IfaCollw-me@) = sup falz,y)v(z) dz. (3.17)
0EW™2(Q): [0l m 2 gy =1 7

Recall that by Hardy’s inequality

SO V™0 2y forevery wve Wm™2(Q), Qe dN. (3.18)

I=ar
[+ = Q™ |l L2
Then for some yo € 9 such that |y — yo| = d(y) and any v in (3.17)

/ Jalw,y)o()de < C Hli 1 fa G0 - =90l™ [l 20

L2(Q)
< Cd(y)™ ||va||L2(Q) [fa(y )HL2(0d<y)/4,d<y)/2(y))7 (3.19)
and therefore, by (3.14)
IVERa(y)l 20y < Cd(y)™ “lalmnz, (3.20)

Yo|™
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Now we split the discussion into a few cases.

Case I: |x —y| > Nd(y) or |x —y| > Nd(zx) for some large N to be specified later.
Let us first assume that | — y| > Nd(y). As before, we denote by yo some
point on the boundary such that |y—yo| = d(y). Then by (3.14)—(3.15) the function
7+ Ra(z,y) is m-harmonic in Q \ Bsg(y)/2(y0). Hence, by Proposition 2.2 with
r=6d(y)
d(y)2/\+n—4m / ) ) " o1
|z — yo|PA+2n—dm+2i Coatyra.msat (40) Ra(z,9)| , (3.21)

provided that 0 <7 < X and |x —y| > 4r +d(y), i.e., N > 25. The right-hand side
of (3.21) is bounded by

O / [Ra(z,9)[?
|aj - y0|2/\+2n_4m+21 C3d(y)/2,24d(y) (Y0) |Z - y0|2m

d(y)2)\+n72m )
m
<C |2 — yo|2A+2n—4m+2i /Q VI Ra(2,y)|" dz

22 —2| |
<o W :
— |$ _ y|2/\+2n—4m+21’

(3.22)

by Hardy’s inequality and (3.20). Therefore,

d(y)2A72|a\

1 2
IViRa(z,y)|” <C lz — y[Prren—am2i’

when |z—y| > Nd(y), 0<1i,|al <A\

(3.23)
Since for N > 25 the condition |z — y| > Nd(y) guarantees that n (%) =0
and hence, R (z,y) = 9yG(z,y) when |z —y| > Nd(y), the estimate (3.23) with

j := || implies

i i 2 d(y)** % .
VoViG(z,y)| <C PR T T when |z—y| > Nd(y), 0<i,5 <A
(3.24)
Also, by the symmetry of the Green function we automatically deduce that
- ) d(a) =2 o
|VeViG(z,y)|" <C PO T T when |z —y| > Nd(z), 0<i4,j<A
(3.25)
In particular, (3.24) and (3.25) combined give the estimate
ioj c .
|VeViG(z,y)| < W’ when |z —y| > N min{d(z),d(y)}, (3.26)
for 0 <i,j <A
Now further consider several cases. If n is odd, then
P C .
|VoVID(x —y)| £ ————F—— for all x,y €, i,7>0, (3.27)

— |1. _ y|n72m+i+j
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while if n is even, then
diam ()
|z -yl

Vi Vil (z—y)| < Cilz—y| """ log +C [z—y| 72T (3.28)

forall z,y e Qand 0 < i+ j <2m —n.
Combining this with (3.26) we deduce that for n < 2m + 1 odd

PR C .
|V, ViS(z,y)| < =y when |z —y| > N min{d(z),d(y)}, (3.29)

while if n is even, then

(3.30)

AV - diam (€
VLV S(a,y)l < Cla —y|7mH2m=id (C’ +log M)

]
provided that |z — y| > N min{d(x),d(y)} and 0 < i,j < A
Case II: |z — y| < N~td(y) or |z — y| < N~ 1d(z).

Assume that |z —y| < N~1d(y). For such z we have n(%) = 1 and therefore

Ra(r,y) =0, G(z,y) — P*(x — y)log ) Q%(z —y). (3.31)

|z -yl
Hence, if n is odd,
Ra(ma y) = a;x (G(Qﬁ, y) - F(Qj - y)) ’ when |.Z‘ - y| < N_ld(y)a (332)

and if n is even,

diam §2
Ra(ma y) = a:;x (G(Qﬁ, y) - F(l‘ - y)) + Pa(m - y) IOg Wa (333)
when |z —y| < N~1d(y). By the interior estimates for solutions of elliptic equations
» C
ViR (z,y)]? < m/ |Ra(z,9)|?dz, for any i <m, (3.34)
d(y) Bagy s ()

since the function R, is m-harmonic in Bgy,)/4(y) O Ba(y)/s(x). Now we bound
the expression above by

C / |Ra(z,y)? C 2
N Pal® W0 gy < = |V R(,y
d(y)™ 27 I Bayatw) 12— vl agyee | Mezey

C

S d(y)2n74m+2i+2|o¢| ! (335)

with 0 < |a| < A
Let us now focus on the case of n odd. It follows from (3.32) and (3.34)—(3.35)
that

C
0<i<m, 0<j<)\ |z—yl <N ld(y),

Vo ViS(z,y)| < gy i <
(3.36)
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and hence, by symmetry,

o c
VL) y) < -

i ; —1
(@)t 0<i<X 0<j<m, |z—y| <N d).

(3.37)
However, we have
o -yl <NTld(y) = (N -1)d(y) < Nd(@) < (N+1)d(y),  (3.38)
i.e., d(y) ~ d(z) whenever |z — y| is less than or equal to either N~'d(y) or
N~1d(x). Therefore, when the dimension is odd,
C
max{d(z), d(y) }" 2+
provided that |z — y| < N~ !max{d(z),d(y)}, 0 <i,5 <\, i+j > 2m —n, and
V4 S(2,y)| < Cmin{d(w), d(y)}*" ", (3.40)
for |z —y| < N~'max{d(x),d(y)}, 0 <i,j <\, i+j <2m—n.
As for the Green function itself, we then have for |z—y| < N~'max{d(z),d(y)}
C

|1. _ y|n72m+i+j )

IVLVIS(x,y)| < (3.39)

|V;V§G(m, y)| < ifi+j>2m —n, (3.41)

and
i i . 2m—n—i—j LY .
ViVIG(e,y)| < Cmin{d(z), d(y)} Bifitj<2m—n,  (3.42)

with ¢, such that 0 <i,5 < A.
Similar considerations apply to the case when the dimension is even, leading
to the following results:

o C diam
i \7J <—v—F— "+ log — .
|vays($;y)| = d(y)n72m+z+] (C +log d(y) > ’ (3 3)
for 0 <i<m,0<j<A\ [o—yl <N 'd(y), and
o C diam
. . C 14 o 2am 2 44
‘vays(may” = d(gj)n72m+l+‘7 (C +log d(l‘) > 7 (3 )

for 0 <i< )\, 0<j<m,|z—y| <N ld(x). In particular, in view of (3.38), and

the fact that 2m —n —i — j > 0 whenever 0 < 4,5 < A and n is even, we have
diam >

max{d(z),d(y)} )’

(3.45)
for |z —y| < N~'max{d(z),d(y)}, 0 <i,j < A
Passing to the Green function estimates, (3.31) and (3.34)—(3.35) lead to the
bound

ViV S(a,y)| < Cminfd(a), d(y) 2" (c' +log

o o d
IVLVIG(2,y)| < Cd(y)>" " (0' + log iz (_y)y|> , (3.46)
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for 0 <i,7 <\, |x —y| < N~!d(y). Hence, by symmetry,

o o d
|V;V;G(l‘7y)| < Cd(m)2m—n—z—3 (C’ + log E (m)y|> , (3.47)

for 0 <i,j <\, |z —y| < N7ld(z), and therefore,

min{d(z), d(y)}>

VLV}Gla )| < Cmin{aa), )2 (4 1og P

(3.48)
for all 0 < 4,5 < A, and |z — y| < N~ max{d(x),d(y)}.
Finally, it remains to consider
Case III: |z — y| ~ d(y) = d(z), or more precisely, the situation when
N7l'd(z) < |z —y| < Nd(z) and N7'd(y) < |z —y| < Nd(y). (3.49)

In this case we use the m-harmonicity of 2 — G(z,y) in By @~ (). Let
xo € 00 be such that | — 20| = d(x). By the interior estimates,

) C
ViVl ) <~ / VIlG(z, )| dz
Y d(aj) +2 Ba(a)y/2n) () Y

=
< — |V (z — )2 dz
d(@)nt Ba(e)/2n) (2) Y
C ROA ) 2
+ nt2i—2m / Rtz y2)7|n dz
d(.’l’:) Bgd(z)(ibo) |Z - $0|

e |,
< — |V (z — )2 dz
d(z)+2 Ba(z)/@n) (2) Y

C m 2
+W/Q|vz Ra(z,y)|" dz

< C C
— d(m)2n—4m+2i+2|a| + d(x)n—2m+2id(y)n—2m+2|a|’

(3.50)

provided that 0 < ¢ <m, 0 < |a] < X and n is odd. The right-hand side of (3.50)
also provided the estimate on derivatives of the Green function holds when n is
even, upon observing that

c / 2 ¢ 2
< VGG Pl < e [ P2z — )2 dz
d(l‘) +2 Ba(zy/2n) () . d(aj) 2 Ba(z)/2n) ()

C / 9
+ Q% (z —y)|" dz
d(x)n+2 Ba(z)/2n) ()
2
+ ani—Qm / 7'72&(27312)7'71 dz, (3.51)
d(m) Bgd(z)(ibo) |Z - $0|
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since the absolute value of log IZ(;%I
(3.49).

Hence, for z,y satisfying (3.49) we have

is bounded by a constant for z, x, y as in (3.51),

C
min{d(z), d(y), [x — y[}—2m+H

C
max{d(x), d(y), |x —y[}—2m+H

IViVIG(z,y)| <

%

(3.52)

for 0 <i,5 <A
When n is odd, the same argument implies the following estimate on a regular
part of Green function

C
min{d(z), d(y), [z — y[}r—2m++
C
max{d(z),d(y), |z — y[}r—2m+iti’
for 0 < 4,5 < A, and z,y satisfying (3.49). If n is even, however, we are led to a
bound

VeVyS(a,y)l

IN

(3.53)

C
min{d(z),d(y), [z — y[}r—2mFiti
diam 2
max{d(z),d(y), |z — y[}r—2m+iti
C
max{d(z),d(y), |z — y[}r—2m+iti

diam 2
max{d(x),d(y), |z — y|}n—2m+iti >(3.54)

VLV S(a,y)l <

X (C’ + log

Q

X(C’—Hog
for 0 <i,j < A.

The final bounds for the Green function are a combination of estimates
(3.24), (3.25), (3.41), (3.42), (3.48), (3.52). It helps to observe that the regions
of (z,y) € 2 x Q in (3.24), (3.25) are disjoint from those in (3.41), (3.42),
(3.48). The condition |z — y| < N~'max{d(z),d(y)} excludes the possibility of
|z — y| < N~'max{d(z),d(y)}. This is, in particular, due to (3.38). Also, the
bound (3.52) is the same as (3.24), (3.25), (3.41), (3.42) for the case when d(x),
d(y) and |z — y| are all comparable. Hence, it can be suitably absorbed. Finally,
it is straightforward to check that

O 1 log Mintd@).dW)} (1 n
|z =yl
for |z — y| < N~'max{d(z),d(y)}.

Analogously, the desired estimates on the regular part of the Green function

can be drawn from (3.29), (3.30), (3.39), (3.40). (3.45), (3.53), (3.54). O

mind@ ALY (g

|z -y
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4. Applications: estimates on solutions of the Dirichlet problem

Green function estimates proved in Section 3 allow us to investigate the solutions
of the Dirichlet problem for the polyharmonic equation for a wide class of data.

Proposition 4.1. Let Q@ C R™ be a bounded domain and assume that n € [3,2m +
11NN is odd. Consider the boundary value problem
(A= > cadfa EWTTAQ), uweW™(Q). (4.1)
lo|<m—%+43
Then the solution satisfies the estimate
vt se 3 [agrerrie Wy sea
laj<m_ny1”9 |z —y
— 2 2

whenever the integrals on the right-hand side of (4.2) are finite. The constant C
in (4.2) depends on m and n only.

In particular, there exists a constant Cq > 0 depending on m, n and the
domain 0 such that

V" E ey < Ca D0 O™ o), (43)

lo|<m—%+3
for p > =, provided that the norms on the right-hand side of (4.3) are finite.
Proof. Indeed, the integral representation formula
ua)= [ Glz,y) Y.  cadfaly)dy, zEQ (4.4)
Q n1
la|<m—%+35
follows directly from the definition of Green function. It implies that

vt = Y ) [ e ce m a6

la|<m—2+1

Furthermore, due to the estimate (3.4) with i = j =m — % + 1 we have

[l vy ey pwiw <o [ M )
Q alr =yl

while the bounds in (3.5) can be used to show that for every j <m — % — 1

1

m—§+3—j
d(y) )

/‘V?*%+%V§G(m,y)‘|f(y)\dy§0/min 1,
Q Q |z — yl

L fle—yl Jr—yl \FEY
PR e Sy (4D
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We split the latter integral to the cases |z —y| < N71d(y) and |z —y| > N~1d(y)
with N > 25 (as in Theorem 3.1). Recall that according to (3.38) in the first case
d(x) =~ d(y) and therefore

eyl Jr—yl } [z —yl 1
min , 1~ when |z —y| < N d(y), 4.8
e 1) e N, )
while in the second case d(x) < |z —y| + d(y) < (1 4+ N)|x — y|, so that
eyl lz—yl } 1
min , 1~ C when |z—y|>N""d(y). 4.9
Senkr ol N )
Hence, the expression on the right-hand side of (4.7) can be further estimated by
n 1 -
i - y|> 3ot
c - : ( f)ldy
ye: jo—y|<N-1d(y) & —y[FTmHEH L d(y) Sl
mfﬂJr%fj
d(y) i 1
+C ———— - [f(W)ldy
YEQ: [o—y|>N-1d(y) <|93 — |z —y|g—mtats

+C d(y)m—%—&-%—j |f(y)‘ d
yeQ: |z—y|>N—1d(y) |I - y|
SC/ d(y)ymEted O (4.10)
Q |z =yl
as desired.
This finishes the proof of (4.2) and (4.3) follows from it via the mapping
properties of the Riesz potential. (I

Proposition 4.1 has a natural analogue for the case when the dimension is
even. The details are as follows.

Proposition 4.2. Let Q C R™ be a bounded domain and assume that n € [2,2m]NN
is even. Consider the boundary value problem

(A M= Y cadfa €WTTAQ), uweW™Q). (4.11)

n

jal<m—3

Then the solution satisfies the estimate

V" Ru() <O Y /ld(y)m‘%““' log (1+ ) )Ifa(y)ld% (4.12)

|z -y

jal<m—

for all x € Q, whenever the integrals on the right-hand side of (4.12) are finite.
The constant C' in (4.12) depends on m and n only.
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In particular, for every € € (0,1) there exists a constant Cq . > 0 depending
on m, n, € and the domain Q such that

V™ 2wl pe@) < Coae Z Hd(y)m_%_la‘ﬁfa‘

lo|<m—%

(4.13)

Lr(Q)’

for allp > provided that the norms on the right-hand side of (4.13) are finite.

n—e’
Proof. The argument is fairly close to the proof of Proposition 4.1. We write

[V iu@)| <C Y] / VG )| 1wl dy, (4.14)
|| <m—

for every x € €1, and split the 1ntegrals on the right-hand side according to whether
|z —y| < N7d(y) or |z —y| > N~1d(y), N > 25. Then using (4.8) and (4.9) we
bound each term on the right-hand side of (4.14) by

c / 1 (|x—y|>"’”+'“
yeQ: [r—y|<N-1d(y) [ —y| 27l d(y)

x log <1+ 4w) )Ifa(y)ldy

[z =yl
m—2—|al
d ’ 1
N 0/ (v) .
yeQ: |z—y|>N—1d(y) |£L‘*y| |$_y|2 e
min{d(y), d(z
x log (1 + M) |fa(y)| dy. (4.15)
|z =yl
However, if |z — y| > N~1d(y) and hence, d(x) < (N + 1)|z — y|, we have
log (1 + M) ~ C ~log (1 + dly) ) . (4.16)
|z =yl [z =yl
Therefore, both terms in (4.15) are bounded by
n s d
C/ )™ 27 7 log (1—1— o W) |> |fo(y)| dy, (4.17)

which leads to (4.12).
Finally, for every 0 < ¢ < 1 there is C. > 0 such that log(l + z) < C.a€,
x > 0, which implies that
Cna d
R o (2 i, @)

|| <m— |I

forallz € 2, 0<e < 1.
Then, by the mapping properties of the Riesz potential we recover an estimate

||Vm7%u||Loc(Q) <Ca, Hd '*|a\+€faH ,p > ﬁ, (4.19)

|a|<m—%

which leads to (4.13). O



Polyharmonic Green Function 157

References

[1] N. Aronszajn, T.Creese, L. Lipkin, Polyharmonic functions, Notes taken by Eber-
hard Gerlach. Oxford Mathematical Monographs. Oxford Science Publications. The
Clarendon Press, Oxford University Press, New York, 1983.

[2] Ch. Coffman, On the structure of solutions A*u = Au which satisfy the clamped plate
conditions on a right angle, SIAM J. Math. Anal. 13 (1982), no. 5, 746-757.

[3] Ch. Coffman, C. Grover, Obtuse cones in Hilbert spaces and applications to partial
differential equations, J. Funct. Anal. 35 (1980), no. 3, 369-396.

[4] A.Dall’Acqua, G.Sweers, FEstimates for Green function and Poisson kernels of
higher-order Dirichlet boundary value problems, J. Differential Equations 205 (2004),
no. 2, 466-487.

[5] R.J.Duffin, On a question of Hadamard concerning super-biharmonic functions, J.
Math. Physics 27, (1949), 253-258.

[6] R.J. Duffin, Some problems of mathematics and science, Bull. Amer. Math. Soc. 80
(1974), 1053-1070.

[7] P.R. Garabedian, A partial differential equation arising in conformal mapping, Pacific
J. Math. 1, (1951), 485-524.

[8] J. Hadamard, Sur le probléme d’analyse relatif a l’équilibre des plaques élastiques
encastrées, Mémoire couronné en 1907 par 1’Académie: Prix Vaillant, Mémoires
présentés par divers savants & I’Académie des Sciences 33, no. 4 ((Euvres 2, 515—
629).

[9] V.Kozlov, V.Kondrat’ev, V. Maz’ya, On sign variability and the absence of “strong”
zeros of solutions of elliptic equations, (Russian) Izv. Akad. Nauk SSSR Ser. Mat.
53 (1989), no. 2, 328-344; translation in Math. USSR-Izv. 34 (1990), no. 2, 337-353.

[10] V.Kozlov, V.Maz’ya, J. Rossmann, Elliptic boundary value problems in domains with
point singularities, Mathematical Surveys and Monographs, 52. American Mathe-
matical Society, Providence, RI, 1997.

[11] Ju.P. Krasovskil, Isolation of the singularity in Green’s function, Izv. Akad. Nauk
SSSR Ser. Mat. 31 (1967), 977-1010.

[12] Ch. Loewner, On generation of solutions of the biharmonic equation in the plane by
conformal mappings, Pacific J. Math. 3, (1953), 417-436.

[13] S. Mayboroda, V. Maz’ya, Boundedness of the gradient of the solution and Wiener
test of order one for the biharmonic equation, Invent. Math., to appear.

[14] S. Mayboroda, V. Maz’ya, Regularity of solutions to the polyharmonic equation in
an arbitrary domain, in preparation.

[15] V.Maz'ya, On Wiener’s type regularity of a boundary point for higher-order ellip-
tic equations, Nonlinear analysis, function spaces and applications, Vol. 6 (Prague,
1998), 119-155, Acad. Sci. Czech Repub., Prague, 1999.

[16] V.Maz’ya, B.A. Plamenevskii, Asymptotic behavior of the fundamental solutions of
elliptic boundary value problems in domains with conical points, (Russian) Boundary
value problems. Spectral theory (Russian), pp. 100-145, 243, Probl. Mat. Anal., 7,
Leningrad. Univ., Leningrad, 1979.



158 S. Mayboroda and V. Maz’ya

[17] V.Maz’ya, J. Rossmann, On the Agmon-Miranda mazimum principle for solutions
of elliptic equations in polyhedral and polygonal domains, Ann. Global Anal. Geom.
9 (1991), no. 3, 253-303.

[18] V.A.Solonnikov, The Green’s matrices for elliptic boundary value problems. I, (Rus-
sian) Trudy Mat. Inst. Steklov. 110 (1970), 107-145.

[19] V.A.Solonnikov, The Green’s matrices for elliptic boundary value problems. II, (Rus-
sian) Boundary value problems of mathematical physics, 7. Trudy Mat. Inst. Steklov.
116 (1971), 181-216, 237.

[20] G.Szegd, Remark on the preceding paper of Charles Loewner, Pacific J. Math. 3,
(1953), 437-446.

Svitlana Mayboroda

Department of Mathematics
Purdue University

150 N. University Street

West Lafayette, IN 47907-2067
e-mail: svitlana@math.purdue.edu

Vladimir Maz’ya

Department of Mathematical Sciences, M&O

Building, University of Liverpool, Liverpool L69 3BX, UK
Department of Mathematics, Linképing University,
SE-581 83 Linkoping, Sweden

e-mail: vlmaz@mai.liu.se



Operator Theory:
Advances and Applications, Vol. 193, 159-169
© 2009 Birkh&user Verlag Basel/Switzerland

On Elliptic Operators in Nondivergence
and in Double Divergence Form

Robert McOwen

To Viadimir Maz’ya for his 7T0th birthday

Abstract. This work surveys results on the existence and asymptotic behavior
of the fundamental solution for an elliptic operator £ in nondivergence form,
including recent results for operators whose coefficients are continuous with
mild conditions on the modulus of continuity: if the square of the modulus
of continuity satisfies the Dini condition, then there is an integral invariant
which controls the behavior of solutions of £L*u = 0 and whether there is a
fundamental solution for £ that is asymptotic to the fundamental solution for
the associated constant coefficient operator.

Mathematics Subject Classification (2000). Primary 35A08; Secondary 35B40.

Keywords. Elliptic operator, nondivergence form, fundamental solution, mod-
ulus of continuity, Dini condition, square-Dini condition, asymptotics.

1. Introduction

Consider an elliptic operator in nondivergence form
L(z,0z) u(x) := a;;(z) 0;0;u(x), (1.1)

where 9; = 9/0x; and we have used the summation convention for repeated indices.
The coefficients a;; = aj; are bounded, measurable functions defined on R™ for
n > 3. (The case n = 2 can be treated similarly but some technical difficulties
occur in the statement and proofs of results.) For convenience, we assume that the
a;; are real valued, although many results described in this paper (in particular,
those of [12] and [13]) may be generalized to complex-valued coefficients. Under
the assumption of real-valued coefficients, let us introduce the formal adjoint

L(x,05)" u(z) = 0;0;( ai;j(x)u(z)), (1.2)

Thanks to Vladimir Maz’ya for his friendship and collaborative support.
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which might be described as being in “double divergence” form. We are interested
in the fundamental solution F'(x,y) for £, and its asymptotic behavior near x = y,
under weak regularity assumptions on the coefficients a;;. For an open set U, the
fundamental solution is generally defined by the familiar equation

—L(x,04) F(z,y) = 0(z —y) for x,y € U. (1.3)

However, for nonsmooth coefficients, this may not be meaningful: 9;0;F(-,y) is
not in L (U) and the coefficients a;; are not sufficiently regular to allow the
derivatives to be interpreted distributionally.

Recall that these difficulties do not occur when the elliptic operator is in
divergence form: if we let

Lo(z,0z)u = 0;(ai;(x)0ju(x)), (1.4)
then —Lo(z, 0, ) Fo(z,y) = 6(x — y) means
00) = [ as@n)oFaepdio@)de  frocCEE).  (15)

which only requires 9;Fy € L{ (U). In fact, if U = By is the unit ball centered at
the origin and Ly is uniformly elliptic in By, then it is well known (cf. [10]) that
there is a unique Green’s function Go(z,y), i.e., a solution of

—Lo(x,05)Go(z,y) = d(x —y) in By, Go(z,y) =0 for z € 0By, (1.6)

which has the properties that it is nonnegative, satisfies go(z,y) = go(y, x), and
admits the upper and lower bounds

alz —yl " < Golz,y) < calz —y " for z,y € By/a. (1.7)

Moreover, the Green’s operator

God(z) := — / Gola,9)é(y)dy  for ¢ € C5°(U) (18)

defines a left and right inverse for Lo, i.e., GoLo¢ = ¢ = LoGo¢ for ¢ € C§°(U).

For £ in nondivergence form, even if the coefficients are not sufficiently regular
for (1.3) to be well defined, the adjoint condition —L(y, dy)* F(z,y) = §(x —y) is
well defined by

o) = — / F(a,y)C(y,0,)6(y)dy  for 6 € CF(U), (1.9)

which only requires F(z,-) € Li _(U) for fixed . However, there are several com-

plications that did not occur in the divergence form case. For example, let us
consider the Green’s function G(z,y) on U = By, i.e.,

o(x) = — / G(z,y)L(y,0y)d(y)dy for ¢ € C*(B;) with ¢ = 0 on B;. (1.10)

If the coefficients are discontinuous, then g(z, y_) is not necessarily uniquely defined
(cf. [4]). If the coefficients are continuous on Bj, then G(z,y) is uniquely defined
and the Green’s operator defines a left-inverse for £, but G(z, y) need not be locally
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bounded away from the diagonal x = y (cf. [2]). Nevertheless, there are estimates
as y — x that essentially generalize (1.7). To give a more specific statement of
these estimates, let us fix = 0 and let g;(y) = G(0,y). Then Bauman ([3]) found
pointwise estimates for g1 (y) in terms of a solution of £L*W = 0: for |y| < 1/2

L sds Losds

c1 ¥ W (B, W(y) <gi(y) <co ¥ W (B, W(y), (1.11)

where W (y) = g(xo,y) with z¢ fixed in B; and W(B;) = st W (y)dy. If the
coefficients a;; are sufficiently regular, then W is positive and bounded, so c3s™ <
W (Bs) < c48™ and the estimate (1.11) is comparable to (1.7). In general, W need
not be bounded above or away from zero, but W cannot blow up or vanish too
rapidly; Escauriaza ([5]) shows that for every v > 0 there exists N, > 0 such that

oty

<W(B,) < N,r"77. (1.12)
.

Now let us consider conditions under which a fundamental solution for £
exists in the sense of (1.3). Let us review what is known in the classical case that
the coefficients are A\-Holder continuous in a bounded domain U where A € (0,1).
In this case, it is well known (cf.[16]) that F(z,y) exists and is asymptotic as
x — y to the fundamental solution for the constant coefficient operator L(y, d,) =
ai;(y)0;0;, obtained by freezing the coefficients a;; at y. More specifically, we can
write

F(z,y) = Fy(e = y)(1+ H(z,y)), (1.13)
where, letting A, denote the matrix a;;(y) and (,) denote inner product in R",
~ ) <A;11‘7 x> %Tn

F,(z) = 1.14

v(@) (n—2)|Sm~1 /detA, (1.14)
is the fundamental solution for £(y, d,) and the remainder term H(x,y) in (1.13)
satisfies

|H(z,y)| + r[Do H (2, y)| +7*|DIH (2, y)| < er as r=|z—y[—0, (L15)

for all y in a compact subset of U. Using this fundamental solution, the operator

Qi(x) = /U F(z,y)é(y) dy (1.16)

defines a right inverse for £. (In fact, the existence of a local right inverse Q is
true if the coefficients are only continuous, cf. [9], but continuity does not provide
sufficient control for an asymptotic description such as (1.13)—(1.15).)

To generalize the classical case, let us allow the coefficients to have a weaker
modulus of continuity, i.e., a;; € C*(U) where w(r) is a continuous, nondecreasing
function for 0 < r < 1 satisfying w(0) = 0 but vanishing more slowly than r as
r — 0 (i.e., w(r) r~1T* is nonincreasing for some x > 0), and

CYWU)={feC):|f(z) = fy)| <cw(lz—y|) forz,yeU}  (1.17)
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If w satisfies the Dini condition at zero, i.e., fol w(t)t~1dt < oo, then the coefficients
are “Dini continuous,” and there are local regularity results analogous to the case
of Hélder continuity (cf. Proposition 1.14 in Chapter 3 of [17]); there are also
results on the asymptotics of fundamental solutions (cf. Section 3 in [8]) but only
for operators in divergence form. However, we shall assume that the coefficients
have modulus of continuity w satisfying the “square-Dini condition”

1
/ w3 (t) . (1.18)
0 t
Obviously, (1.18) generalizes the Dini condition; for example, w(r) = (1 —logr)~#
satisfies the Dini condition for S > 1 but the square-Dini condition for 5 > 1/2.
In the recent papers [12] and [13], it is found that the condition (1.18) is
sufficient to obtain existence results and asymptotic descriptions for key solutions
of both L(z,0;)*Zy(x) = 0 for |[z—y|<e and L(z, ) F(x,y) =0 for 0<|z—y|<e.
In both cases, the asymptotic behavior as  — y is controlled by the same integral
term I(x,y). This integral term I(z,y) is most conveniently expressed when we
use coordinates x in which y corresponds to « = 0 and a,;(0) = ¢;;; of course, this
latter condition can always be achieved when the coeflicients are real valued. In
this case, we find that I(z,0) = I(|z|) where

1 A,z 2 dz
0= 551 [ e (007 0

If the coefficients are Dini continuous, then it is easy to see that lim,_ g+ I(r)
exists and is finite, but this conclusion could be true even if the coefficients are
not Dini continuous. In general we could have I(r) unbounded as r — 0, but it is
not difficult to see that for every A > 0 there exists C > 0 such that

[I(r)| < Alogr|+Cy for0<r <e. (1.20)

The results of [12] and [13] are both formulated using LP-means. Let us fix
y € R" and p € (1,00) and define

1/p
Mp(w,ryy) == <fA ( )|w(z)|p dx) , (1.21)

where A,(y) = {x : r < |x — y| < 2r}; here (and elsewhere in this paper) the
slashed integral denotes mean value. If y = 0 then we denote M, (w,r;0) simply
by M,(w,r). The main results of [12] can be expressed in the following:

Theorem 1.1. Suppose |a;;(x) — §;;| < w(|z|) as |z| — 0 where w satisfies (1.18).
For p € (1,00) and € > 0 sufficiently small, there exists a weak solution Z €
LY (Be) of
L(x,0;)*Z =0 1in B (1.22)
satisfying
Z(w) = e "D+ ((2)), (1.23)
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where the remainder term ( satisfies

2
M,(¢,r) < cmax (w(r),o(r)) with o(r) ::/0 #dt. (1.24)

Moreover, if u € LY. (B\{0}) is a weak solution of L(x,0;)*u = 0 in Be subject
to the growth condition M,(u,r) < cr? e where eg > 0, then there exists a

constant C' (depending on u) such that
u(z) = CZ(z) + w(x) (1.25)

where the remainder term w satisfies My(w,r) < crl=¢ for 0 < r < € and any
€1 > 0.

If the a;; are real valued, then a;;(0) = d;; can always be achieved by an affine
change of variables, but Theorem 1.1 as stated also holds for complex-valued coeffi-
cients. Moreover, for real-valued a;;, the solution Z may be scaled to coincide with
the function W that occurs in (1.11), so the asymptotic behavior (1.23) implies

W(B,) =ce 1M (1 4 0(1)) asr—0, (1.26)

which is a refinement of (1.12), as can be seen from (1.20).
Now let us turn to the behavior of the fundamental solution as x — y, and
in particular whether (1.3) can be satisfied. For fixed y, this involves finding a
solution of
LZ(x)=0 for0<|z—y|<e (1.27)
with the appropriate singularity at z = y. If we again assume that y = 0 and
a;;(0) = 6;;, then the analysis in [13] shows that there exists a solution

2—n
Zo(z) ~ % ') as || — 0, (1.28)
where I(r) is given by (1.19). The behavior of I(r) as » — 0 not only controls the

leading asymptotic of Zy(x), but whether we can solve (1.3) at y = 0. There are
three important cases to consider:

1. I(0) = lim, 0 I(r) exists and is finite.

In this case, Zy(x) may be scaled by a constant multiple to make it asymptotic to
the fundamental solution for the Laplacian. In fact, the distributional equation

—L(x,0:)20(x) = Co(x), (1.29)

can be solved to find
Co = |S™ 1!, (1.30)

where (1.29) is interpreted to mean
_/| | [(ai]‘ (33) — (5@‘) &@Zo(m) ¢($) — 8iZO(a;) aqu(a:)] dr = CO (25(0) (1.31)
z|<e

for all ¢ € C§°(B.); the convergence of the integral in (1.31) is part of the conclu-
sion. Using Theorem 1.1, note that this case also allows v =0 in (1.12).
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2. I(r) - —oco as r — 0.
We see that Zo(x) = o(|z]>™") as |z| — 0, and we can solve (1.29) to find Cy = 0.
Thus, in this case, we obtain the interesting corollary that

Lu=0 in B. (1.32)

admits a solution u = 2, that is quite singular at = = 0: |Zo(x)| > Cy|z[>~"+*
for every A > 0. In particular, local regularity of solutions of the homogeneous
equation (1.32) does not hold.

3. I(r) > o0 asr — 0.

Now we find Zy(z)|z|""2 — oo as |x| — 0, so this solution grows more rapidly
than the fundamental solution for the Laplacian. Although Zj still satisfies (1.29),
the integrals in (1.31) no longer converge and we can no longer solve for Cj.

In order to use Z, to construct a fundamental solution for £, we need to
allow y to vary. For general coordinates z, we transform (1.19) to find (cf. [13])

I(z,y) = I,(r) where r* = <A;1(z — 1), (x —y)). (1.33)

We now assume that lim,_., I(z,y) = lim,_ I, (r) = I,(0) exists and is finite at
every y € U and that the convergence is uniform:

|1, (r) — I,(0)| < 6(r) forallyeU, (1.34)

where 6(r) is a continuous, nondecreasing function for 0 < r < 1 satisfying #(0) = 0
but vanishing slower than 7 (i.e., (r) 7~ is nonincreasing for some v > 0). The
main result of [13] asserts the existence of a fundamental solution F(z,y) in the
form (1.13) with remainder term H(z,y) = H,(z) estimated using w, o, and 6:

Theorem 1.2. Suppose (1.1) is uniformly elliptic in a bounded open set U, where
the coefficients a;; are continuous functions with uniform modulus of continuity w
satisfying (1.18). Suppose also that I(x,y) satisfies (1.34). Then there is a function
F(z,y) for z,y € U satisfying (1.3) and the asymptotic description (1.13), where
the remainder term H(x,y) may be estimated as follows: for any p € (1,00) and
any compact set K C U we have

My(Hy,r;y) + 2 My(D*H,, r;y) < ¢ max(w(r),o(r),0(r)) asr—0, (1.35)
with constant ¢ independent of y € K.

Taking p > n, the Sobolev inequality implies that we have pointwise bounds on
|H(z,y)| + r|D.H(z,y)| as r = |z — y| — 0, but we no longer have pointwise
bounds on D2H (z,y) as we did in (1.15) when the coefficients a;; were Holder
continuous.

In conclusion, we see that the integral invariant I(z,y) plays an important
role for the existence and asymptotics of the fundamental solution of an elliptic
operator in nondivergence form when the coefficients are square Dini continuous
but not Dini continuous. In particular, the behavior of I(z,y) as © — y determines
whether a local nonnegative solution of £*Z = 0 remains positive or bounded, and
whether (1.3) admits a solution. This subtlety does not occur when the operator
is in divergence form or the coefficients are Dini continuous.
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2. Discussion of the proofs

One basic idea lies behind the proofs of both Theorems 1.1 and 1.2: use a “spec-
tral decomposition” to split the solution u into a radial part h(r) and a spherically
symmetric part v(z). This reduces the partial differential equation to an ordinary
differential equation for h (that also depends on v) and a partial differential equa-
tion for v (that also depends on k). The ordinary differential equation for h can be
solved (in terms of v) and used to eliminate h from the partial differential equation
for v. Estimates for v can then be obtained by comparison with estimates for the
Laplacian (since a;;(0) = d;;). This leads to an operator equation that can be
solved to find v, and from this we obtain h. Now let us give a few more details
behind each proof.
The spectral decomposition is defined using the spherical mean

u(r) fsnlu(rﬂ) ds, (2.1)

where r = |z| > 0, § = z/|z| € S, and ds denotes standard surface measure,
to write

u(z) = h(]z]) + v(xz) where h(r) =u(r) and v(r) = 0. (2.2)

In the analysis of both theorems, we encounter

o (1) ::fsnila“-(rﬁ) ds and «(r) :://Sﬂflaij(rﬂ)ﬁiﬁj ds (2.3)

as well as
R(r) :=n-— 0;7((;;) (2.4)
Notice that
lan(r) = n| + |a(r) = 1|+ |R(r)| < cw(r) for0<r <e. (2.5)

By rescaling, we can assume for convenience that e = 1 and that w(r) < ¢ for
0 < r < 1 where § is as small as necessary. Moreover, let us extend the coefficients
a;j by 6;; for |z| > 1, so that £ is defined on all of R” with a,(r) = n, a(r) =1,
and R(r) = 0 for » > 1. Moreover, the integral invariant I can be written

I(r) = - / R(p) a@)%_ (2.6)

To produce the solution Z in Theorem 1.1, write Z(x) = h(|z|) + v(x) as
above and introduce

y(r) :== a(r)h(r) +f v(r0)(ai; (r0)0;0; — 1) ds. (2.7)
Snfl
The equation £*Z = 0 on R” leads to the ordinary differential equation
1
')+ By = Liur) for v > 0, (2.8)

r
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where K maps functions of z to functions of r and is defined by

Kuo(r) :z/snilv(w)aii(r&) ds — fsnilv(re)aij(rewﬂj ds, (2.9)

which shows that

an(r)

a(r)

Mp(Kv,r) < cw(r) Mpy(v, ). (2.10)
Additional control on v is obtained from the partial differential equation on R™
Av = 0;0;(Bij(v)) — 9;0;(Bi;(v)) + 0:0;(di5y) — 9:0;(9i;y), (2.11)
where
1
B;;(v)(z) = (ai;(x) — §i5) (v(m) — —f v(r6)(a;;(r0)0;0; — 1) ds) (2.12)
a(r) aB,
and 5
Pij (1) = 0iy(®) — 0y (2.13)

a|z])

Using the integrating factor

E(r) = exp ( / TR dt) — exp ( / "Ry dt) (2.14)

to solve (2.8) for y in terms of v, the y in (2.11) can be eliminated. Inverting the
Laplacian results in an operator equation for v, whose unique solution is found in
[12] to satisfy

cw(r) E(r) for 0 <r <1,

cr—™ for r > 1.

Mp(v,r) < { (2.15)

These estimates show that for 0 < r < 1 we have
y(r) = c1 E(r) + (o(r) where |(o(r)] < cmax(w(r),o(r)), (2.16)

where ¢; is a constant. But then (2.5) and (2.7) show that a similar estimate holds
with y replaced by h. Finally, (2.6) shows that

E(r) = Ce_I(T)(l + ¢ (r), where |G1(r)| < co(r). (2.17)

We can now rescale Z = h + v to obtain the desired asymptotic form (1.23).

The “uniqueness” statement (1.25) is obtained using isomorphism theorems
on weighted Sobolev spaces. Of course, we are only interested in the behavior of
solutions in a neighborhood of = 0, but the fact that v was constructed on
R™ enables us to avoid imposing boundary conditions by imposing independent
weights at x = 0 and = = oco. Effectively, this puts the analysis into the theory of
operators on cylinders, as studied in [14] and [11], but for the special case of small
perturbations of the Laplacian, which is quite well understood (cf. [15]).

Now let us consider the proof of Theorem 1.2. This proceeds in three steps:

Step 1. For fixed y we construct a solution Z,(x) of

L(x,0;)Z,(x) =0 for z € B(y)\{y}. (2.18)
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Step 2. For fixed y we investigate when we have
—L(z,0;)Zy(x) = Cyo(xz —y) for z € Be(y) (2.19)
with a computable constant C,,.

Step 3. We construct our fundamental solution in such a way that for x sufficiently
close to y we have

F(m7y) = Zy(.%‘)/cy +U(may)7 (220)
where L(z, 0z )v(z,y) = 0.
The construction in Step 1 is analogous to the construction of the solution in
Theorem 1.1. As before, let us fix y = 0, assume a;;(0) = d;;, and use the spectral
decomposition (2.2) to write our desired solution as Z(z) = h(|z|) + v(z). We find
that h satisfies the ordinary differential equation

an (r) — a(r)

a(r)h” + h' + B;;0;0;v(r) =0, (2.21)

and v satisfies the partial differential equation
—Av = ﬁwﬁﬁjh — ﬂwﬁﬁjh + 51']'81'8]"0 — ﬁijﬁﬁjv, (222)

where (;;(x) = a;j(x) — d;; satisfies |B;;(z)] < w(|z|) for |z| < 1 and S;j(x) = 0
for |x| > 1. The strategy is as before: solve (2.21) for h (in terms of v), substitute
that into (2.22), and invert the Laplacian to obtain an operator equation for v.
However, now we need to control the derivatives of v in LP so we introduce

Mo (v, 1) := r?> M, (D?*v,7) 4+ rMy(Dv,r) + M (v, 7). (2.23)
It is shown in [13] that the unique solution v satisfies

er?mw(r) E7(r) for 0 <r <1,

M, (v,7r) <
2p(057) < {crl_” for r > 1.

(2.24)

In terms of this v, the solution of (2.21) can be written as

h(r) = / 1517%1(5) ds (14 ¢(r)) (2.25)

where M ,(¢,r) < ¢ max(w(r),o(r)). Integration by parts in (2.25) together with
(2.24) and the Sobolev inequality shows that the solution Z = h 4 v satisfies

‘m‘27n61(|a:|)
Z(x) = — (1+¢&(x)) (2.26)
where
rMoo(DE,r) < ¢ max(w(r),o(r)) (2.27)

with My (w,r) defined using essmax in place of LP in (1.21); however, we do not
obtain estimates on the second-order derivatives of & in (2.26). This completes
Step 1.

For Step 2, the above description of Z implies that for every p > 0 we have
M, (0;0;Z,r) < C,r~"" for0<r<1. (2.28)
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Since the a;; are bounded, this implies that £LZ can be regularized at x = 0 to give
a distribution that extends to a continuous linear functional on Hoélder continuous
functions. But £LZ = 0 for 0 < |z| < 1 means that £LZ = Cy ¢ for some constant
Cy, and we can determine C if we can compute

“ / [Cau@) +53)0:0,2(@) ol + 0:2(@)0s(lel))da - (2.29)

for some ¢ € C§°(By) with ¢(0) = 1. In [13] it is shown that if 1(0) = lim,_o I(7)
exists and is finite then the integral in (2.29) converges and we can calculate the
limit to obtain

Co = [S™H|e", (2.30)

which is the value that we expect if Z as in (2.26) is to be asymptotic to the
fundamental solution for A. In fact, the assumption that 7(0) exists and is finite
also allows us to improve the estimate on the error term £ in the asymptotic
description of Z(x) given in (2.26); if we assume that

[I(r) — I(0)] < 6(r) (2.31)

where () is a continuous, nondecreasing function for 0 < r < 1 satisfying 6(0) = 0
and 6(r) r~1*" is nonincreasing for some v > 0, then we can improve (2.27) to
estimate second-order derivatives of £ in LP:

r2M,(D?*¢,r) < ¢ max(w(r),o(r), 0(r)). (2.32)

Finally, for Step 3 we want to allow y # 0 so we need to assume [,;(0) exists
and is finite for every y € U; in fact, the assumption (1.34) enables us to obtain
estimates that are uniform over U. As in [13], it is convenient to construct F' as
the restriction to U of the Green’s function G(z,y) for a smooth bounded domain
V which contains U. In fact, the a;; may be extended to V with the same modulus
of continuity w(r), and for every y € V we can construct Z,(z) and Cy in a small
ball B, where € may be taken independent of y € V. Now define

G(a,y) = ny(lz — y|) 2y (2)/Cy + v(z,y) (2.33)

where 7, (| - —y|) € C§°(V) with n,(r) = 1 for r sufficiently small, and v(x,y) is
the solution of the Dirichlet problem

L(z, 0 )v(x,y) = Y(x,y) forxz eV,

2.34
v(z,y) =0 for z €V, (2:34)

where ¥(z,y) 1= —[L(x,0), ny(2)]Zy(x)/Cy is in LP(V) for fixed y € V. Letting
F(x,y) = G(x,y) for z,y € U defines the desired fundamental solution, completing
the proof.



Nondivergence and Double Divergence Form 169

References

[1] P. Bauman, Positive solutions of elliptic equations in nondivergence form and their
adjoints. Ark. Mat. 22 (1984), 153-173.

[2] P. Bauman, Equivalence of the Green’s function for diffusion operators in R™: a
counterezample. Proc. Amer. Math. Soc. 91 (1984), 64—68.

[3] P. Bauman, A Wiener test for nondivergence structure, second-order elliptic equa-
tions. Indiana Univ. Math. J. 34 (1985), 825-844.

[4] M. Cerutti, L. Escauriaza, E. Fabes, Uniqueness in the Dirichlet problem for some
elliptic operators with discontinuous coefficients. Annali di Matematica pura ed ap-
plicata 163 (1993), 161-180.

[5] L. Escauriaza, Bounds for the fundamental solution of elliptic and parabolic equations
in nondivergence form. Comm. Part. Diff. Equat. 25 (2000), 821-845.

[6] E.B. Fabes, D. Stroock, The LP-integrability of Green’s functions and fundamental
solutions for elliptic and parabolic equations. Duke Math. J. 51 (1984), 977-1016.

[7] D. Gilbarg, N.S. Trudinger, Elliptic Partial Differential Equations of Second Order.
2nd Edition, Springer-Verlag, 1983.

[8] M. Griiter, K.-O. Widman, The Green function for uniformly elliptic equations.
Manuscripta Math. 37 (1982), 303-342.

[9] L. Hormander, The Analysis of Linear Partial Differential Operators III. Springer-
Verlag, Berlin, 1985.

[10] W. Littman, G. Stampacchia, H. Weinberger, Regular points for elliptic equations
with discontinuous coefficients. Ann. Sc. Norm. Super. Pisa 17 (1963), 45-79.

[11] R. Lockhart, R. McOwen, Elliptic differential operators on noncompact manifolds.
Ann. Sc. Norm. Super. Pisa CL Sci. (4) 12 (1985), 409-447.

[12] V. Maz’ya, R. McOwen, Asymptotics for solutions of elliptic equations in double
divergent form. Comm. Part. Diff. Equat. 32 (2007), 1-17.

[13] V. Maz’ya, R. McOwen, On the fundamental solution of an elliptic equation in non-
divergence form. To appear in: Nonlinear partial differential equations and related
topics, Amer. Math. Soc. Transl., (2010).

[14] V. Maz’ya, B. Plamenevski, Estimates in L, and Hoélder classes and the Miranda-
Agmon maximum principle solutions of elliptic boundary problems in domains with
singular points on the boundary (Russian). Math. Nachr. 81 (1978), 25-82.

[15] R. McOwen, The behavior of the Laplacian on weighted Sobolev spaces. Comm. Pure
Appl. Math. 32 (1979), 783-795.

[16] C. Miranda, Partial Differential Equations of Elliptic Type, Springer-Verlag, Berlin,
1970.

[17] M. Taylor, Tools for PDE, Mathematical Surveys and Monographs 81, AMS, 2000.

Robert McOwen
Department of Mathematics
Northeastern University
Boston, Massachusetts, USA
e-mail: mcowen@neu. edu



Operator Theory:
Advances and Applications, Vol. 193, 171-195
© 2009 Birkh&user Verlag Basel/Switzerland

On the Well-posedness of the
Dirichlet Problem in Certain Classes of
Nontangentially Accessible Domains

Dorina Mitrea and Marius Mitrea

Dedicated with great pleasure to Vladimir Maz’ya on the occasion of his 70th birthday.

Abstract. We prove that if @ C R"™ is a bounded NTA domain (in the sense
of Jerison and Kenig) with an Ahlfors regular boundary, and which satisfies
a uniform exterior ball condition, then the Dirichlet problem

Au=0in , = f € L*(89Q,do),

has a unique solution for any p € (1, 00). This solution satisfies natural non-
tangential maximal function estimates and can be represented as

uly) = — / 0 Gle)f(@)do(e).  yeQ

Above, v denotes the outward unit normal to Q and G(-,-) stands for the
Green function associated with €.
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1. Introduction

This paper deals with the issue of the well-posedness of the Dirichlet problem for
the Laplacian in bounded NTA subdomains of R™ satisfying additional properties
(to be specified below). For this problem we seek solutions whose nontangential
maximal functions are pth power integrable, and which attain their boundary data
in the sense of a.e. nontangential convergence. In order to be more precise, we need
some notation.

This work was supported in part by USA NSF grants DMS-0653180 and DMS-FRG 0456306.
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Let Q C R™ (n > 2) be a bounded open set. As surface measure, o, we take
the restriction of the (n — 1)-dimensional Hausdorff measure to 952, the topolog-
ical boundary of . That is, o := H" 1| 99, as a Boreal measure, and we let
LP (09, do), 0 < p < oo, denote the Lebesgue scale on 9. Next, fix £ > 0 and for
each boundary point z € 92 introduce the non-tangential approach region

Iu(z) ={x € Q: |z —z| <1+ k) dist (z,00)}. (1.1)

Generally speaking, given a function u :  — R, define the nontangential trace of
u on 02 by

ul (z):= lim u(z), z € 08, (1.2)
09 IEIF:(Z)

and the nontangential maximal function of u by

(New)(z) :=sup{|u(z)| : z € Tx(2)}, z € 00. (1.3)
Then the Dirichlet problem alluded to above reads
Au =0 in €,
(D), u‘aﬂz f on 09, (1.4)

Niu € LP(09,do).
For this problem, a solution is sought for which

[Nl Lr 00,40y < C(Q, &, D)1 f || Lr(09,do) - (1.5)

We seek to establish the unique solvability of (D), assuming that  is a
bounded NTA domain (cf. Definition 2.6), which satisfies certain additional con-
ditions. The concept of NTA (acronym for nontangentially accessible) domain has
been introduced by D. Jerison and C. Kenig in [14] in order to answer a question
posed by E. Stein who has asked for the identification of the most general class of
domains for which non-tangential behavior (of harmonic functions) is meaningful.

In the case when, in addition to being a bounded NTA domain, 2 has an
Ahlfors regular boundary (cf. (2.5)), it turns out that (D), is uniquely solvable,
and the solution satisfies (1.5), provided p is large enough. More specifically, the
following holds.

Theorem 1.1. Let 2 C R"™ be a bounded NTA domain, with an Ahlfors reqular
boundary. There exists 1 < p, < oo such that for all indices p € (ps,o0), the
Dirichlet problem (1.4) has a unique solution which, in addition, satisfies (1.5).

This is an extension of Theorem 10.1 from [14], which deals with the special case
when 2 is a bounded BMO; domain in R™. This result, essentially due to D.
Jerison, C. Kenig and G. David, is proved in § 4 by combining the approach in
[14] with a result proved in [6], to the effect that the harmonic measure w® of €
with pole at a fixed point x € £ belongs to A (do) (i.e., a scale invariant version
of mutual absolute continuity). See § 4 for a more detailed discussion.
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The main result of this paper regards the well-posedness of the Dirichlet
problem in the class of bounded NTA domains with Ahlfors regular boundaries,
and which satisfy a uniform exterior ball condition (UEBC, for short). The latter
property means that there exists a number > 0 such that at each boundary point
x it is possible to find a an open ball B,. which is contained in the complement of
the domain and such that z € 9B,.. (The concept of uniform interior ball condition
— UIBC, for short — is defined analogously, working with the complement of the
domain.) Specifically, we have the following theorem.

Theorem 1.2. Let Q@ C R™ be a bounded NTA domain with an Ahlfors reqular
boundary, and which satisfies a UEBC. Denote by v the outward unit normal
to Q and let G(-,-) stand for the Green function associated with Q. Then for
any p € (1,00) the Dirichlet problem (1.4) has a unique solution. This solution
satisfies (1.5), with a constant C which depends only on the NTA, Ahlfors and
UEBC character of 1, and can be expressed as

a9
Thus, in the setting of Theorem 1.1, the critical exponent p. € [1,00) can be
taken to be 1 if {2 also satisfies a UEBC. In order to further place this result into
perspective, let us record the following known results:

Q bounded C! domain = p, = 1; [10] (1.7)
Q2 Lipschitz domain = p, = 2 — ¢, for some ¢ =¢(Q2) > 0; [5] (1.8
Q bounded regular SKT domain = p, =1; [13]. (1.9)

In (1.9), a regular SKT (Semmes-Kenig-Toro) domain is a two-sided NTA domain,
Q, with an Ahlfors regular boundary, and such that its unit normal v belongs to
VMO (992, do), Sarason’s space of functions of vanishing mean oscillations.

The uniform (interior/exterior) ball condition has been originally introduced
by Poincaré in [18] and, through the many intervening years, it has proved to be
a natural, useful condition in the study of the boundary behavior of solutions of
large classes of elliptic differential equations. While it can be shown that

Q) C R” satisfies a UIBC and a UEBC <= 0Q € C11, (1.10)

a mere one-sided ball condition permits the boundary of the domain in question
to be quite rough. For instance, any bounded convex domain is NTA, with Ahlfors
regular boundary, and satisfies a UEBC (for every r > 0). Theorem 1.2 also applies
to the class of bounded Lipschitz domains which satisfies a UEBC.

In contrast to [10], [5], [13] where (1.7)-(1.9) have been proved by means
of boundary layer potentials, in this paper we establish the well-posedness result
stated in Theorem 1.2 by relying on the Green representation formula (1.6). A key
ingredient in this regard is the Green function estimate

[V.G(z,y)| < C dist (y, 0Q)|x — y| ™", Va,y €, (1.11)
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proved by M. Griiter and K.-O. Widman in [12], for domains 2 C R" satisfying a
UEBC. The fact that 02 is Ahlfors regular then allows us to use the Poisson kernel-
like behavior of the right-hand side of (1.11) in order to conclude that the function
w in (1.6) satisfies (1.5). This takes care of the existence part in Theorem 1.2. For
the uniqueness part, we combine the approach in [10], [15], [13] with the estimates
for the Green function from [14]. This portion of our analysis does not use the
UEBC and, hence, applies to any bounded NTA domain with an Ahlfors regular
boundary.

The organization of the remainder of the paper is as follows. In Section 2 we
collect a number of useful definitions and background results pertaining to Ahlfors
regularity, uniformly rectifiable domains, nontangential maximal operators, NTA
domains, and a version of Gauss-Green formula recently proved in [13] which is
well suited for the kind of functions we are dealing with here. Next, in Section 3,
we review the construction and properties of harmonic measures in NTA domains,
largely following the exposition in [14]. Here we also discuss the absolute continuity
result of David-Jerison [6] and present a useful Fatou-type result. Section 4 con-
tains a collection of properties of the Green function associated with domains of
increased regularity (arbitrary domains, domains of class S, and domains satisfy-
ing a UEBC). In Section 5 we then present the proofs of Theorems 1.1-1.2. For the
sake of clarity, we choose to treat separately the issues of existence and estimates
(Theorem 5.1) and uniqueness (Theorem 5.3), given that the latter both makes
use of, and holds in greater generality than, the former. Finally, in Section 6 we
collect a number of known, auxiliary results which are used throughout the paper.

2. Analysis in uniformly rectifiable domains

Let Q C R™ be a fixed domain of locally finite perimeter. With 1r denoting the
characteristic function of a set F, recall that this means that

Vg is a locally finite R"-valued measure. (2.1)

Essentially, domains of locally finite perimeter make up the largest class of domains
for which some version of the classical Gauss-Green formula holds for smooth vec-
tor fields with compact support in R™. There are several excellent accounts on this
topic, including the monographs by H. Federer [11], W. Ziemer [24], and L. Evans
and R. Gariepy [9]. Here we wish to mention that if 2 C R" is a domain of locally fi-
nite perimeter, then there exists a suitably-defined concept of outward unit normal,
which we denote by v, and the role of the surface measure on 012 is played by o :=
H" 1 9. Here and elsewhere, H* denotes the k-dimensional Hausdorff measure.
Recall that the measure-theoretic boundary 0,2 of a domain Q2 C R™ is defined by

0.8) == {:Z: € 09 : limsup M S
r—0 rn

lim sup w > 0}.

r—0 rn

0, (2.2)
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As is well known, if € has locally finite perimeter, then the outward unit normal
is defined o-a.e. on 0,(Q. In particular, if

H* 190\ 0.Q) =0, (2.3)

then v is defined o-a.e. on 9. Granted that 2 is a domain of locally finite perime-
ter, the Gauss-Green formula alluded to above reads

/divvda: = /(V,v> dH"Y, Y e CX(R™,R™). (2.4)
Q o

The conditions on the vector field v can be relaxed. For example, it is known that
it suffices to assume that its components are compactly supported Lipschitz func-
tions. However, for the purposes we have in mind, we require an even more refined
version, discussed below in Theorem 2.12. To be able to state it requires a number
of preliminaries.

Definition 2.1. A closed set ¥ C R"™ is called Ahlfors regular provided there exist
0 < (7 < (U3 < oo such that

Crr" ' <H" N (B(z,r)NE) < Cor™ 1, (2.5)

for each z € ¥ and r € (0,00) (if ¥ is compact, (2.5) is required only for r €
(0,1]). The constants Cq, Cs intervening in (2.5) will be referred to as the Ahlfors
constants of 9€2.

Finally, an open set 2 C R” is said to be an Ahlfors regular domain provided
012 is Ahlfors regular.

It should be pointed out that Ahlfors regularity is not a regularity property
per se, but rather a scale-invariant way of expressing the fact that the set in
question is (n — 1)-dimensional. Most of our analysis will be done on Ahlfors
regular domains. Note that if (2.5) holds then (cf. Theorem 4 on p. 61 in [9]),

o :=H""!|¥ is a Radon, doubling measure. (2.6)
Hence fundamental results of [3] (cf. the discussion on p. 624) yield the following.

Proposition 2.2. An Ahlfors reqular surface ¥ C R™ is a space of homogeneous type
(in the sense of Coifman-Weiss), when equipped with the Fuclidean distance and
the measure o = H" Y| X. In particular, the associated Hardy-Littlewood mazimal
operator

r>0

Mos@y=swf I, e (2.7

is bounded on LP (X, do) for each p € (1,00). Here and elsewhere, the barred integral
denotes averaging (with the convention that this is zero if the set in question has
zero measure). Furthermore, there exists C = C(X) € (0,00) such that

o({r €3 Mof(@) > A}) < CA M fllnis.a0), (2.8)
for every f € LY(X,do) and X > 0.
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We further elaborate on the properties of the Hardy-Littlewood maximal
operator in § 5. For now, we briefly review the concept of uniform rectifiability.
Following G. David and S. Semmes [7] we make the following definition.

Definition 2.3. Call XX C R™ uniformly rectifiable provided it is Ahlfors regular and
the following holds. There exist e, M € (0, 00) (called the UR constants of 3) such
that for each = € ¥, r > 0, there is a Lipschitz map ¢ : B*~! — R" (where B!
is a ball of radius r in R"‘l) with Lipschitz constant < M, such that

H Y (SN B(z,r) Np(Br ")) >er™ (2.9)
If ¥ is compact, this is required only for r € (0, 1].

An important class of uniformly rectifiable sets was identified in [6], where G. David
and D. Jerison proved the following result.

Proposition 2.4. Let ¥ C R™ be closed and Ahlfors reqular. Assume ¥ satisfies the
following “two disks” condition. There exists Cy € (0,00) such that for each x € ¥
and r > 0, there exist two (n—1)-dimensional disks, with centers at a distance < r
from x, radius r/Cy, contained in two different connected components of R™ \ X.
(If ¥ is compact, one can pick Ry € (0,00) and restrict attention to r € (0, Ro).)
Then Y is uniformly rectifiable.

Following [13], we also make the following:

Definition 2.5. A nonempty, proper open subset €2 of R" is called a UR domain
provided 0f) is uniformly rectifiable and (2.3) holds.

We impose the last condition to eliminate such cases as a slit disk. Let us emphasize
that, by definition, a UR domain 2 has an Ahlfors regular boundary.

One important class of UR domains is the class of Ahlfors regular domains
with the NTA property, introduced in [14]. We recall the definition here, since
these domains will play a role in subsequent sections.

Definition 2.6. A (bounded) open set Q@ C R™ is called an NTA domain (in the
sense of Jerison and Kenig) provided ( satisfies a two-sided corkscrew condition,
along with a Harnack chain condition.

We say that Q2 C R"™ satisfies the interior corkscrew condition if there are
constants M > 1 and R > 0 such that for each z € 9Q and r € (0, R) there exists

A, (x) € Q, called corkscrew point relative to z,
so that |z — A,.(z)| < r and dist(A,(x), Q) > M ~1r.

Also, Q C R™ satisfies the exterior corkscrew condition if Q¢ := R™ \ Q satisfy the
interior corkscrew condition. Finally, 2 satisfies the two sided corkscrew condition
if it satisfies both the interior and exterior corkscrew conditions.

The Harnack chain condition is defined as follows (with reference to M and R
as above). First, given x1, xo € Q, a Harnack chain from 2 to x5 in ) is a sequence
ofballs By, ..., Bg C Qsuchthat zy € By, 29 € Bx and BjNBj;1 # 0 for1 < j <
K — 1, and such that each B; has a radius r; satisfying M ~1r; < dist(B;,09Q) <

(2.10)
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Mr;. The length of the chain is K. Then the Harnack chain condition on {2 is that if
e > 0and 21,22 € QN B, /4(2) for some z € 9Q, r € (0, R), and if dist(x;, Q) > ¢,
j=1,2, and |z, — 22| < 2Fe, then there exists a Harnack chain By, ..., Bx from
1 to xo, of length K < Mk, having the further property that the diameter of
each ball B; is > M ~! min(dist(z1, Q), dist(z2, 99)).

An open set 2 C R"™ is said to be a two-sided NTA domain if both Q and
R™ \ Q are NTA domains.

It is then apparent from Proposition 2.4 and the above definition that the
following result holds.

Corollary 2.7. If Q C R"™ is a domain satisfying a two-sided corkscrew condition
and whose boundary is Ahlfors reqular, then € is a UR domain.

We now turn to the notion of the non-tangential maximal operator and non-
tangential boundary trace of a function in an open set €2, as defined in (1.1)—(1.3).
It should be noted that, without extra conditions on (2, it could happen that
T (z) = 0 for points z € 9. This point will be discussed further below. Here and
elsewhere in the sequel, we make the convention that N,;u(z) = 0 whenever z € 99
is such that T'x(z) = (). For now, we record a result which shows that the choice of
% plays only a relatively minor role when measuring the size of the nontangential
maximal function in LP (992, do).

Proposition 2.8. Assume Q@ C R™ is open and Ahlfors regular. Then for every
Ko, k1 > 0 and 0 < p < oo there exist Cy,C7 > 0 such that

Col|NuoullLr(09,d0) < N tllLr00,de) < C1lNiotllLr09,do)s (2.11)
for each function u.

A proof can be found in [13]. For further purposes, let us also record here a useful
estimate also proved in [13].

Proposition 2.9. Assume that @ C R™ is an open set with an Ahlfors regular
boundary, and fix k > 0. Then there exists C > 0 depending only on n, Kk, and the
Ahlfors regularity constant on € such that

% /|v| dz < CIIN?oll s oadeys 0 < 6 < diam (), (2.12)
Os
for any measurable function v : Q — R, where
Os :={x € Q: dist (z,00) <4}, VdI>0, (2.13)
and
Nv(x) =sup {|o(y)| : y € Tu(2), & —y| < 26}, (2.14)
with the convention that N2v(x) := 0 whenever the supremum in the right-hand

side of (2.14) is taken over the empty set.
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Generally speaking, given an open set {2 C R™, x > 0 and a function v :
Q — R, recall that the nontangential boundary trace of u is considered in the
sense of (1.2) whenever the limit exists. For this definition to be pointwise o-a.e.
meaningful, it is necessary that

z €Ty(z) for o-ae. z € ON. (2.15)

Definition 2.10. An open domain Q C R" is called weakly accessible if it satisfies
(2.15) above.

This definition has been adopted in [13], where the following result has been es-
tablished.

Proposition 2.11. Let 2 C R™ be an open set with an Ahlfors reqular boundary
99Q. Assume that H"1(0Q\ 8,.Q) = 0 (so that, in particular, Q is of locally finite

perimeter). Then € is a weakly accessible domain.

The above considerations are relevant in the context of the following version
of the Divergence Theorem proved in [13].

Theorem 2.12. Let 2 C R™ be a bounded open set which has an Ahlfors reqular
boundary and which satisfies (2.3). Also, fiz k > 0. Denote by v the outward unit
normal to O and set o := H" 1| 0Q. Then

/divﬁdz = /(1/, 17|69>d0 (2.16)
Q o0

holds for each vector field v € C°(Q) that satisfies
7], dive € L1(Q), WN,T e LY(09,do) and the nontangential
trace 17|8Q exists o-a.e. on 0N), in the sense of (1.2).

(2.17)

3. The harmonic measure

We start by briefly recalling the construction of harmonic measure associated with
some bounded open set  in R™. Our presentation follows closely that in [14]. Given
f: 00 — R, define the upper class of functions associated with f as

U == {fu=ooin O} J{u: Au>0andu>M>0inQ, (3.1)

liminf u(e) > f(y) Yy e o0}
and the lower class of functions associated with f as
Ly:={-u:ueU_s}. (3.2)
Furthermore, define
PIf(x) :=inf{u(z): we Us} and PIf(x):=sup{u(z): ueL;}, (3.3)
i.e., the upper and, respectively, the lower solution of the generalized Dirichlet
problem for f. A function f is called a resolutive boundary function if P1 f(z) =
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Pl f(z) for all x € Q and A(PLf) =0 in Q. If f is a resolutive boundary function
we set PI f(z) := PI f(z), for x € Q. In [23], Wiener proved that every continuous
real-valued function on 0f) is resolutive. This result and the maximum principle
for harmonic functions allows the definition of harmonic measure.

Definition 3.1. Let 2 be a bounded domain in R™ and z € 2 be arbitrary. Then the
harmonic measure of € evaluated at x, denoted by w®, is the unique probability
Borel measure on 92 with the property that

PLf(r) = | fdut, V[EC@Y), Ve (3.4)

Definition 3.2. A bounded domain €2 in R"™ is called regular for the Dirichlet
problem if, given any f € C(99) one has PI f € C'(Q2) and PI f(y) = f(y) for all
y € 0.

Necessary and sufficient conditions for regularity are known. To state one of them,
recall the following concept of capacity.

Definition 3.3. Assume that £ C R™ by a compact set, contained in a ball B C R™
of radius one. Then

cap (F) := inf{/ |Vol?dr: p€ CZ(B), ¢ >1 on E} (3.5)
R
The following Wiener criterion then holds.

Theorem 3.4. Assume that S is an open, relatively compact subset of R™. Then )
is regular if and only if

1
/ cap (B(z,r) \ ) Tgil = 400 for all x € 00. (3.6)
0

In particular, for a bounded open set 2 C R"™,

Q satisfies an exterior corkscrew condition = € is regular. (3.7)

The basic fact that the harmonic measure in an NTA domain is doubling has
been established in [14]. Throughout the paper, we use the notation A(z,r) :=
N B(x,r), x € 9N, r > 0, to denote surface balls.

Lemma 3.5. Let Q be a bounded NTA domain in R™, and assume that x, €  is
fixed. Then the harmonic measure w® is doubling. That is, there exists a finite
constant C = C(Q,x,) > 0 with the property that

w (A(z,2r)) < Cw® (A, 1)), x e o), r>0. (3.8)

Next, recall the concept of corkscrew point from (2.10). The following is a
generalization of a similar result proved by B. Dahlberg in Lipschitz domains in
[4]. It appears as Lemma 4.8 on p. 86 in [14].
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Lemma 3.6. If Q) is a bounded NTA domain in R™, then there exists R > 0 with
the following property. Assume that xo,x1 € 02 and 0 < ro,r1 < R are such that
A(xy,m1) C Ao, 10/2). Then

w¥(A(z1,71))

Ar(0) ~ S5 (A(wo,70))
WAL ) R o))

(3.9)

uniformly for x € Q\ B(zo, 2r9).

Here and elsewhere, Cy ~ C3 means that C;/C5 is bounded above and below by
constants which depend only of the NTA character of 2.

Asremarked in [14], if 1, 22 are two arbitrary points in €, then the measures
w® and w® are mutually absolutely continuous. This can be seen by using Har-
nak’s inequality. As such, the Radon-Nikodym derivative dw®!/dw®? exists and,
hence, the following definition is meaningful.

Definition 3.7. Let 2 be a bounded NTA domain in R™ and fix g € 2. Then the
kernel function associated with 2 is defined as the Radon-Nikodym derivative
dw?®

K(z,-):= 70

on 0f). (3.10)
In particular, if xg € Q is fixed, then for every z € € one has

K(z,y) = lim wi(A')

Jim WA’)’ A" surface ball, (3.11)

for w®-a.e. y € 9. Even though, a priori, K(z,y) is only defined for w*-a.e.
y € 09, it actually turns out that K(z,y) is a Holder continuous function in
the y variable (cf. [14]). We continue by recording several estimates on the kernel
function which are due to D. Jerison and C. Kenig.

Lemma 3.8. Let Q be a bounded NTA domain in R™, and fixz xog € Q and yo € ON.
Then there exists ro > 0 such that

K(A:(y0),y) = 1/(w*(A(y,r))), uniformly for y € 00\ B(yo,r), 0 <1 < 1.
(3.12)

Indeed, estimate (3.12) is a consequence of (3.11) and Lemma 3.6.
We continue with a review of conditions guaranteeing that the harmonic
measure of a domain is absolutely continuous with respect to its surface measure.

Proposition 3.9. Let QQ C R"™ be an open set, with an Ahlfors reqular boundary OS2
which satisfies the “two disks” condition introduced in Proposition 2.4. In addition,
assume that Q0 satisfies an interior corkscrew condition and the Harnack chain
condition (cf. Definition 2.6). Fix x, € 0 and denote by w*> the harmonic measure
on 9 (relative to Q) with pole at .

Then w® belongs to the Muckenhoupt class Ao with respect to o:=H""1| 9.
In particular, w® and o are mutually absolutely continuous.
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With the two disks condition replaced by a two-sided corkscrew condition and
when R™\ 902 has precisely two connected components, this has been first obtained
in [20]. In the current format, the above result appears as Theorem 2 on p. 842 in
[6]. A result of a similar flavor, when the Harnack chain condition is suppressed,
has been established by B. Bennewitz and J. Lewis in [1]. Their Theorem 1 (where
a weak reverse Holder estimate is proved) entails the following:

Proposition 3.10. In the context of Proposition 3.9, the mutual absolute continuity
of w®e and o remains valid even when the assumption that Q) satisfies the Harnack
chain condition is dropped.

The following Fatou type theorem will play a major role in future considerations.
Proposition 3.11. Assume that Q C R™ is an NTA domain with an Ahlfors reqular
boundary and fix k > 0. Then for every 0 < p < oo,

Au =0 in Q and Nyu € LP(0Q,ds) = u|aQ exists o-a.e. (3.13)
in the nontangential pointwise sense (cf. (1.2)).

Proof. Fix xg € . As a consequence of [14, Theorem 6, p. 112], if w is harmonic
in Q and |N.ull1r(90,d0) < 00, then (1.2) exists for w®-a.e. z € 9. Then (3.13)
follows from this and Proposition 3.9. O

We conclude this section by recording Theorem 5.8 from p. 105 in [14], which
provides a way of extending boundary functions (which are absolutely integrable
with respect to the harmonic measure) harmonically inside of an NTA domain.

Theorem 3.12. Suppose Q is an NTA domain in R™ and that x, € Q, k > 0 are
fized. Also, recall the kernel function K(-,-) from (3.10). If for f € L* (99, dw®)

one defines

u(x) = - K(z,y)f(y) dw®™(y),  zel, (3.14)

then u is a well-defined function, which is harmonic in Q and satisfies
u|69: [ at w¥e-a.e. point on 09, and (3.15)
(Nwu)(y) = (Myeo f)(y) uniformly for y € 09, (3.16)

where M=o is the Hardy-Littlewood mazximal function on 02 associated with the
harmonic measure w*°.

Strictly speaking, Theorem 5.8 from p. 105 in [14] only contains the left-pointing
inequality in (3.16), but the opposite one is proved much as in Lemma 1.4.2 on
p. 14 in [15]. More specifically, let f € L'(99Q,dw®), f > 0, and let ry be as in
Lemma 3.8. Then for z € 99, 0 < r < 19 and = € [B(z,2r) \ B(z,7)] NT.(2), we
may write

][ f@) do(y) < C [ K(z,y)f(y) d™(y) < Cu(z) < CNu)(2), (3.17)
A(z,r) oN

by (3.12). This readily yields the desired result.
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4. The Green function

Let Q be an open set in R™. By W*?(Q), 1 < p < oo, k € Z, we shall denote

the classical LP-based Sobolev space of order k in €. Also, we let W*:P(Q) denote
the closure of C>°(2) in W*P(Q). Going further, for a measure space (X, u1) and
0 < p < o0, the weak LP-Lebesgue spaces are defined as

LP>®(X) = {f : X — R measurable : ?\liI()J ()\p,u({a: eX:|f(x) > )\})) < oo}7

equipped with
1l ) = sup(Apu({e € X ¢ [f(@)] > ADYP). (4.1)
A>0

The Green function for the Laplacian in arbitrary open sets is defined in the
theorem below, where we also collect its most basic properties in such a setting
(for proofs, we refer to [12]). In two subsequent theorems we then indicate how
some of these properties improve as the underlying domain becomes more regular.

Theorem 4.1. Assume that 2 is an arbitrary, bounded open set in R™. Then there
exists a unique function G : Q x Q@ — [0, +00] such that

G(-,y) € W1’2(Q \ B(y,r)) N Wol’l(Q), Vye, Vr >0, (4.2)
and
/Q<vma<x7y>,w<x>> dr = o(y), Ve e CX(Q). (4.3)

Furthermore, the Green function also satisfies the following additional prop-
erties:

(i) G(z,y) = G(y,x), for all z,y € Q;
(i) G(x,y) < Cplx —y|*>™, for all z,y € ;
(ili) G(z,y) > Culz —y|*>=", for all x,y € Q with |z — y| < § dist (y,0Q);
(iv) G(-,y) € WHP(Q) for all 1 < p < L=, uniformly in y € Q;
(v) G(-,y) € L#=2°°(Q), uniformly iny € Q;
(vi) VG(-,y) € L71°°(Q), uniformly in y € Q.

From (4.2)—(4.3) we see that
—AG(-,y) =, for each fixed y € Q, (4.4)

so that also

—AG(z, ) =6, for each fixed x € Q, (4.5)
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by (i) above. For further use, let us also remark that if y € Q is fixed, then for
every ¢ € C°(Q) we have, on account of (4.2)—(4.3),

oly) = /S2<VIG(w,y)7Vs0(:v)>dfv: lim (VoG(z,y), Vo()) dz

e—0+ Q\B(y,e)
e=0% JaB(y,e)
given that ¢ vanishes near 9 and G(-,y) is harmonic in a neighborhood of

(supp ) \ B(y,¢e). Consequently,

Ply) = — h%{r Oy ()G (2, y)Y(x) H N (x), VyeQ, Yy € O™ near y.(4.7)
E— OB(y,e)

Before stating the next theorem we make, following [15], a definition.

Definition 4.2. A bounded open set Q@ C R™ is called of class S if there exist
a € (0,1] and 79 > 0 such that

H"(B(zg,r) N Q) > ar” (4.8)
for all g € Q°, 0 <1 < rp.
The result below is contained in [15, Theorem 1.2.8 on p. 7].

Theorem 4.3. Assume that Q C R" is a bounded open set of class S. Then, for
some (typically small) number o = a(Q) > 0, the Green function associated with
Q also satisfies:

(i) G(z,y) < C dist (y,00)%|z — y[>~"= for all x,y € Q;

(i) |G(z,y)=G(z,y)| < Cla—=2|/(Jz—y[> " +|z—y[*7""%) for all z,y, 2 € Q.

In particular, if Q C R™ is a bounded open set of class S, then, for every fixed
y e,
G(-,y) is Holder continuous near 92 and G(-, y)’ém: 0. (4.9)

We continue by recording the following definition.

Definition 4.4. An open set Q C R™ is said to satisfy a uniform exterior ball con-
dition (henceforth abbreviated as UEBC), if there exists > 0 with the following
property: For each x € 91, there exists a point y = y(z) € R™ such that

B(y,r)\{z} CR"\ Q and z € dB(y,r). (4.10)

The largest radius r satisfying the above property will be referred to as the UEBC
constant of €.

For domains satisfying a UEBC, the behavior of the Green function further
improves as indicated in the following theorem due to M. Griiter and K.-O. Wid-
man (see Theorem 3.3 in [12]).



184 D. Mitrea and M. Mitrea

Theorem 4.5. If 0 C R™ is a bounded open set which satisfies a UEBC, then its
associated Green function also satisfies the following five properties for all z,y € Q)
(i) G(x,y) < C dist (z,09)|z —y|'™;
(il) G(z,y) < C dist (z,00) dist (y,00Q)|x —y|™™;
(111) |VZG(Q:7y)‘ < C‘:ZJ - y|1in;
(iv) |VoG(z,y)| < C dist (y,0Q) [z — y[ 7"
(v) [VaVyGla,y)| < Cla—y|™".

We continue by recording Lemma 4.8 from [14].

Lemma 4.6. Let Q be a bounded NTA domain in R™. Then there exist constants
ro > 0, M > 0 which depend only on Q such that if 0 < r < ro/2, y € I, and
x € Q\ B(y,2r), then

N
G, () )]

where G(z,y) is the Green function of Q and A,(y) € Q is a corkscrew point
(relative to y, at scale r; cf. (2.10)), i.e.,

M~ <|A(y) —yl < Mr and dist (A.(y),00) > M~ 'r. (4.12)

M~ < (4.11)

The last result in this section is a version of Theorem 1.7.3 on p. 29 in [15]
(strictly speaking, the latter was stated when the underlying domain is a ball in
R™ but, as remarked at the beginning of [15, Chapter 1, Section 3], essentially the
same proof works for the class of NTA domains).

Theorem 4.7. Let 2 C R" be a bounded NTA domain with Ahlfors reqular bound-
ary. Denote by w™ the harmonic measure with pole at a fixed point xg € 2, and set
o :=H""109Q. Also, fix some k > 0. Then the following statements are equivalent:

(i) There holds w™ € Ax(do);
(ii) There exist 1 < p < 0o and C = C(Q,p, k) > 0 such that if f € C(0Q) and

u 1s the solution of the classical Dirichlet problem

Au=0 in Q,
u € C(Q), (4.13)
“|aQ =1
then
[Nxull Lr09,d0) < CNlf |l Lr69,d0); (4.14)

(iii) The harmonic measure w*™ is absolutely continuous with respect to o and

k= % belongs to the reverse Holder class By (do), for % + 1% =1 (that

/ 1/p'
is, (DCAk:p da) s f Akdo for all surface balls A C 99).
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5. Proofs of main results

In Theorem 5.1 and Theorem 5.3 below we deal, respectively, with the existence
and uniqueness of a solution for the Dirichlet problem.

Theorem 5.1. Let Q@ C R™ be a bounded NTA domain with an Ahlfors reqular
boundary, and which satisfies a UEBC. Denote by v the outward unit normal
to Q and let G(-,-) stand for the Green function associated with Q. Fix k > 0,
1 <p<oo, and f € LP(0N). Then the function u defined as in (1.6) solves the
Dirichlet problem (1.4) and satisfies (1.5).

Proof. Granted that Q@ C R"™ is a domain which satisfies a UEBC, the Green
function satisfies (1.11), where C depends only on n and the UEBC constant of
Q. See (iv) in Theorem 4.5. Then, for each y € 2 and each 0 < r < dist (y, 9Q2)/2
fixed, Q\ B(y,r) 2 x — V.G(z,y) € R™ is a vector field whose components are
harmonic and, by (1.11), also bounded. Thus, by Proposition 3.11, we conclude
that, for each fixed y € Q,

(V.G(z,y)) 0 exists for o-a.e. x € 99, (5.1)
rEe

where the boundary trace is taken in the sense of (1.2). Together, estimate (iv)
in Theorem 4.5 and (5.1) then imply, by allowing x to approach nontangential
boundary points, that for each fixed y € Q,

[V.G(z,y)| < C dist (y, 00|z —y|™", for a.e. x € ON. (5.2)
Note that this further entails
—0,()G(-y) € L*(09Q,do), Yy € Q. (5.3)

As a consequence, if 1 < p < oo and f € LP(99Q,do) is fixed, then u in (1.6)
is a well-defined, harmonic function in € (for the latter claim see (4.5)). At the
moment, our goal is to show that N,,u € LP(99, do), where £ > 0 is fixed. To this
end, we remark that from (5.2) and (1.6) we have
i <c [ T e i), vyen (5.4)
o0 1T =yl

Next, consider an arbitrary boundary point yo € 9€2. We claim that there
exists a constant C' = C(9, k) > 0 such that

|z —yl = Cdist(y, 09Q) + |z — wol), Vy € Lulyo), z € 0Q. (5.5)

Indeed, the fact that |z —y| > dist (y, Q) is immediate. Then, if z € 9T (yo) C Q
is such that dist (z,T'.(yo)) = |x — 2|, we have that |yo — z| = (1 + &) dist (z, 0€2).
Hence we can write
|z —yo| < |x— 2|+ |2 —yo| = |x — 2| + (1 + &) dist (z,00)
< (24 kK)z— 2| (5.6)
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Thus, |z —yo| < (24 k) dist (z,Tx(yo)) < (2+ k&) |z —y|, and (5.5) follows. Making
use of (5.5) in (5.4) we therefore arrive at

dist (y, 00)
oq (dist (y, 09) + [z — yol)
Let us now fix y € T'x(yo) and define r := dist (y, 9). In this setting, we use
a familiar argument based on decomposing 92 into a family of dyadic annuli 92 =
UjZo Rj(wo). where Ro(yo) = Ayo. ) and R;(yo) == Alyo, 2771r) \ A(yo, 2/r) for
0 < j < N — 1. Using that 02 is Ahlfors regular, we can then estimate

r C
— T lf(@]do(z) < 7/ f| do
/Rj(yo) (r+lz— y0|)n| )| do(z) e t2m A(yo,29+1r) /!

027]' Maf(y())a (58)

uniformly in j > 1, where M, denotes the Hardy-Littlewood maximal function
with respect to the surface measure on 99 (cf. (2.7)). Also,

r C
T f@)|do(x) < —= / f|do
/Ro(yo) (T + |I - y0|)n| ( )‘ ( ) rnt A(yo,r) | |

lu(y)| < C

~|f(z)|do(x), Vy€Tx(y).  (5.7)

IN

< OMJf(yO)7 (59)
thus, on account of (5.7)—(5.9), we obtain that
(Nsu)(yo) < C(Mo f)(¥o)s Vyo € 09, (5.10)
where C' = C(Q, k,p) > 0 is a finite constant. Hence, for every 1 < p < oo,
[NsullLro0,d0) < C( 8, D)1 fllLr(50,d0)» (5.11)

by the boundedness of M, on LP(09,ds). Let us also remark that, thanks to
(5.11) and Proposition 3.11,

u|aﬂ exists, belongs to LP (9%, do)

5.12
and Hu|aQHLp(aQ7dg)§ C(Q,p)”f”m(aﬂ,da)- ( )

In summary, in order to conclude that u defined as in (1.6) is a solution of
(1.4) which satisfies (1.5), we are left with proving that its nontangential boundary
trace matches the given datum f for o-a.e. point on 0€2. With this in mind, consider
the linear assignment T : LP(99), do) — LP(0%, do), given by

LP(0Q,do) 3 f — Tf :=u|,,€ LP(0Q, do), (5.13)
with u as in (1.6). Thus, T is well defined, linear and bounded, thanks to (5.12),

so it suffices to show that T'f = f for f belonging to a dense subset of LP(952, do).
In this regard, we make the claim that if 1 < p < oo, then

{¢‘8s2: Y € CP(R™} — LP(00,do)  densely. (5.14)
In light of Lemma 5.2, and given that any Lipschitz function defined on the com-

pact set 9 can be extended to a compactly supported Lipschitz function in R"™,
(5.14) follows by observing that any such function can, in turn, be approximated
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uniformly on compact sets by functions from C2°(R™). Granted these considera-
tions, we are therefore left with checking that if ) € C3°(R™) then
= (y), for o-a.e. y € 002, (5.15)

(7 /a ) G, (@) d"(l’)> bl

To justify formula (5.15), fix a function ¢ € C°(R™) along with an arbitrary
point y € 2, and pick an arbitrary ¢ > 0. We then make use of Theorem 2.12

in the context in which the vector field v is given by v(z) := —¢(2)V,G(z,y) +
G(z,y)(Vy)(x) for x € Q\ B(y,e). Note that, in this case,
divo(z) = G(z, y) Ay(x), x € Q\ B(y,¢). (5.16)

Upon recalling (5.1), (4.9) (clearly, any domain satisfying an exterior corkscrew
condition is of class S), and since N[z — V,G(z,y)] € L>®(8Q,do) by (1.11), it
follows that the hypotheses of Theorem 2.12 are satisfied. Hence, keeping (4.9) in
mind, we may write

/ Gy (A (@) dr = - / By Gla,p)(x) do(z)  (5.17)
Q\ 90

B(y,e)
+ / (), () G2, y) — (0,)(2)G ()] H ().
9B(y,e)

Given (ii) in Theorem 4.1 and (4.7), by passing to limit ¢ — 0T in the above
formula we finally arrive at the conclusion that

- / By ()Gl 9 () dor () = (y) + / Gl y)(A)(x) de, Yy € Q. (5.18)
o0 Q

Thus, in order to finish the proof of (5.15), there remains to show that if ¢ €
C*(R™) then

([ clem@v)a i)

To see that this indeed is the case, fix an arbitrary point y, € 0f2, and select
a sequence y; € €, j € N, such that lim; ,cy; = y.. For each j € N, set
Fi(z) = G(z,y;)(Av)(z) with € Q. Then, for each fixed = € €, we have that
lim;_,o Fj(z) =0 by (4.9) and (i) in Theorem 4.1. Moreover, (i) in Theorem 4.1
can be used to readily justify the fact that for every ¢ > 0 there exists 6 > 0 such
that for every measurable set E C €2,

=0, for o-a.e. y € 9N. (5.19)
y€eoN)

H"(E) <= / |Fj(x)|dz < e for every j € N. (5.20)
E

In other words, the family of functions {F}},;en has uniformly absolutely con-
tinuous integrals and, since H™(Q2) < 400, Vitali’s theorem applies and yields
lim;_.o [, Fj(2)dz = 0. Hence, (5.19) holds, and this finishes the proof of (5.15).

Altogether, the above reasoning shows that, given f € LP(912,do), where
1 < p < o0, the function u given by (1.6) solves (1.4) and satisfies (1.5). O
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Here is the density lemma (see [13]) which has been used in the course of the
above proof.

Lemma 5.2. Assume that 3 is a locally compact metric space and that o is a
locally finite Borel measure on X. Also, denote by Lip, (X) the space of compactly
supported, Lipschitz functions on X. Then for every p € [1,00) the inclusion

Lip, (X) — LP(X,do) (5.21)
has dense range.

Our next result deals with the issue of uniqueness for (D),. In contrast to
Theorem 5.1, note that the (bounded) domain in question is merely NTA, with an
Ahlfors regular boundary.

Theorem 5.3. Let Q@ C R"™ be a bounded NTA domain with an Ahlfors regqular
boundary. Assume that for some fized p € (1,00), a solution u to the problem
(1.4) (with k > 0 fized) can be found which satisfies (1.5). Then, necessarily, this
solution is also unique.

Proof. Our argument combines ideas from [13] and [15, Theorem 1.7.7, p. 30]. As
a preamble, we first note the following useful consequence of the current working
assumptions and Theorem 4.7. Specifically, if ¢ € 2 is fixed and p’ is the conjugate
of p, then w* is absolutely continuous with respect to o and k := d‘;;(] € By (do),
the reverse Holder class (see Section 6). That is,

/ / 1/p'
ke LP (0Q,dos)  and (][ kP da) < ][ k do, (5.22)
A A
for all surface balls A C 9. In particular, if we introduce
zo (A
m(z) := sup wh(A) = sup][ kdo = Myk(2), z € 09, (5.23)
asz o(A) A3ZJ A
then
P’ 1/17/

(f mer o)™ < Clluw i <+ (524

by the boundedness of the Hardy-Littlewood maximal function on L? (8, do).

Continuing to lay the ground for subsequent arguments, we consider the
(one-sided) d-collar of the boundary, i.e., Os := {z € Q : dist (z,00) < §} where
0 < ¢ < diam (2), and pick a family of functions s, indexed by &, where 0 < ¢ <
% dist (xg, 09), with the following properties:

Y5 €CZ(Q), 0= <1, 07| < Cad™®l Vo, (5.25)
Ys=1on Q\Os and s =0on Os/s. (5.26)

Such a family can be constructed by starting with some n € C*(R) with the
property that n = 0 on (—o0,¢1) and n = 1 on (¢2, +00), where 0 < ¢; < ¢3 < ©
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are some suitably chosen constants. Then, if p.s denotes the regularized distance
to R™\ © (in the sense of [21, Theorem 2, p. 171]), we may take

bs(x) = (6" preg (), r e R (5.27)

Conditions (5.25)—(5.26) now follow from
Cy dist (z,09) < preg(x) < Co dist (z, 092), (5.28)
|0 preg ()| < Cy dist (z,00)1 1ol

Turning to the uniqueness part in earnest, denote by G(-,-) the Green func-
tion associated with Q. Also, we let u be a solution of (D), with f = 0. Then, if
0 <6 < dist (o, 99), Ysu € C(Q) and successive integrations by parts give

—u(zo) = —(¥su)(wo) = */<VyG(Iovy),Vy(¢5U)(y)>dy

Q

- /Q G0, y) Ay ($5) (v) dy
—2 / G20, 9) (Vs (y), Vuly)) dy + / G0, y)(Ats) (y)uly) dy
Q Q

. / (VG (@0 y), (Vbs) () uly) dy — / G20, ) (Ads) (y)uly) dy,
Q Q

=T +1I, (5.29)

since Au = 0 in Q and 15 = 0 near 9. In order to be able to estimate I in (5.29)
we need some preparations. To this end, let {I}r be a decomposition of € into
nonoverlapping Whitney cubes and, for each fixed § > 0, set

Ts ={k: I =L, N Os # 0} (5.30)

It follows that the side-length of each I,‘z is comparable with §. Going further,
since 9Q (equipped with the measure o and the Euclidean distance) is a space
of homogeneous type, there exists a decomposition of 92 into a grid of dyadic
boundary “cubes” Q°, of side-length comparable with ¢. For each k € Js, select
one such boundary dyadic cube Qi with the property that

dist (I7,00Q) = dist (I, Q3). (5.31)

Matters can be arranged so that the concentric dilates of these boundary dyadic
cubes have bounded overlap. That is, for every ¢ > 1 there exists a finite constant
C > 0 such that

» 1.g <C on 09 (5.32)
keTs

Next, assume that § > 0 is much smaller than dist (zg, 9€2). Recall (5.23) and
note that every point y € I,‘z is a corkscrew point, relative to any point z € Q% at
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scale . Consequently, (4.11) gives that

w™(A(z,9))
o(A(z,0))

m(z)

> C5 G (x0,y)| for any z € Q and any y € I}.

Thus, for every z € Q3 and gg € (0,00) we have

(£..

k

1/QO
|G (20, )| dy) < Com(z)

so that, ultimately, for any go, q1 € (0, 00),

1/q0 1/q1
(]l |G (2o, y)|™ dy) <Cé <][ m(z)" da(z)> ;
clg CQi

after averaging in z € Qi. We may then write

5[ moEeulwlars 3§ [ 19,06l

5 keTs
2 <dist(y,00) <5

yeqQ

< Z sl <][15|vy(;(z0,y)|dy> <s;15p|U|>

keTs k

1/2
>t (fﬁwyG(mo,y)de) (f Is|u<y>pdy>

keTs

1/p

IN

IN

ke€Js

> < / o m(z)" d0(2)> . ( / o |N,fu|pdo> 1/1,.

keTs

IN

(5.33)

(5.34)

(5.35)

2 o (J[ (M) dy) " (% [ 1 dy>1/p

(5.36)

Above, the third inequality is a consequence of Holder’s inequality for V,G(xo,y)
and the LP-submean inequality for the harmonic function u on [ ]‘2, the fourth
inequality uses Caccioppoli’s estimate for the harmonic function V[G(zo,-)] on
the cube I7, while the last inequality follows from (5.35) with go = 2 and ¢ = p/,

(2.12) and the fact that there exists ¢ > 1 such that

supp N (175u) C Q).

(5.37)
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We therefore obtain

% / IV, G (w0, y)| [u(y)| dy

%gdist(y,amga /9 1/p
m(z)p/ do(z)) </ |./\/',fu|p do)
ch

e > < / o
<C (/m m(z)? do(z)) v </8Q INVulP da) Up, (5.38)

k
by the discrete version of Holder’s inequality and (5.32). Replacing 6 by 2776, with
j >0, in (5.38) then yields

! / IV, G (@0, )| [u(y)] dy (5.39)

2—J—1ls5<dist(y,00)<2—J§

yeo , , 1/p' 1/p
<27/ (/ m(z)P do(Z)) (/ INulP do> ,
o0 o

so that further, by summing up (5.39) for j =0,1,...,
1 , /v 1/p
5 [ <c ([ mer ae) ([ wirds) a0
& oQ oQ
S

This then entails

| <c ( /a . m(z)” do(z)) v ( /8 . w;jmpda) Up. (5.41)

Switching our attention to I we begin by estimating, while retaining notation
introduced above,

g [ eSS 5 [ (6wl

5 1 keTs
3 <dist(y,00)<s

et 1 , 1/p' 1/p
< — p p
<Y 4 ( [, 16w dy) ( o) dy>

keTs

<y ( / C dZ)W (/. I dy)w

k€Ts

<> </cQg m(z)? da(z)> " </CQ2 INV2ulP da) "

keTs

<c ( /8 m(z) da(z)) W ( /8 ) |N,fu|pda> T s

by proceeding much as before (note that, this time, (5.35) is used with go=¢1 =p’).
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The above estimate is the analogue of (5.38). With this in hand, the same
type of argument which has led to (5.41) then yields

, 1/p' 1/p
|[I7| < C (/ m(z)P do(z)) (/ IN2ul? do) . (5.43)
o0 o9
Altogether, (5.24), (5.41) and (5.43) show that

|U(I0)| < C(Q7 Ry D, IO) ||Nrfu||LP(6Q,d0')' (544)

Since limg_ g+ Nou = 0 in LP(99,do) by the assumptions on u and Lebesgue’s
Dominated Convergence Theorem, we may finally conclude that u(zo) = 0. Given
that the point z¢ € 2 was arbitrary, this shows that the problem (1.4) has a unique
solution. The proof of the theorem is therefore finished. ([l

Having established the above two theorems, it is then a simple matter to
present the

Proof of Theorem 1.2. This is an immediate consequence of Theorem 5.1 and The-
orem 5.3. ]

Next, we record the

Proof of Theorem 1.1. The existence part is established much as in the proof of
Theorem 10.1 on pp. 132-133 of [14], which deals with the case of BM O; domains.
However, for the sake of completeness (and since the proof of uniqueness does not
appear to have been explicitly given in [14]), we include Jerison and Kenig’s brief
argument here. Specifically, if z, € Q is fixed and k := dio € By(do), some
q € (1,00), then k € L1(09Q,do) and dw® = kdo. Set p. := ¢, the conjugate
exponent of ¢. Then, if p > p, and f € LP(99Q, do), it follows that f € L*(99, dw®*)
by Holder’s inequality. Granted this, Theorem 3.12 then guarantees that if u is as in
(3.14) then (3.15)—(3.16) hold. Since, in the current context, the Hardy-Littlewood
maximal operator M=, is bounded on LP (952, do), by a theorem of Muckenhoupt
(cf. (vii) in Theorem 6.2), and since w” is mutually absolutely continuous with
respect to o, we may conclude that u solves (1.4) and satisfies (1.5). Finally,
showing that a solution to (1.4) with p > p* is unique can be done by relying on
the above argument and Theorem 5.3. ]

We conclude this section with the following observation.

Remark 5.4. Retain the context of Theorem 1.2. Comparison of (1.6) and (3.4)
yields
dw?
—0y(2)G(7,y) = d—(:z:), Vy € Q, g-ae. x € 0N (5.45)
o

Hence, since for any y € Q the tangential gradient of G(-,y) vanishes on the
boundary, we may conclude that
lim V,G(z,y) = —(dw?/do)(z) v(2), VyeQ, og-ae z€ 9N  (5.46)
z€l0(2)
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6. Appendix

In this appendix we record some background results, pertaining to the theory of
weights, which are relevant for this paper. Consider a space of homogeneous type
(X,d, ). In particular, p is a measure on ¥ satisfying the doubling condition

(A, () < Cp(A, (a)), (6.1)

where A, (z) := {y € ¥ : d(z,y) < r} is the ball of radius » > 0 centered at
x € X. Some of the properties of the Muckenhoupt class A, in this setting are
summarized below.

Definition 6.1. A nonnegative measure i on 3 is in A (dp) if, given € > 0, there
exists a number 6 = d(¢) > 0 such that if E C A,(z), for some arbitrary ball
A, (z), then

u(E) BE)
WA <0 T EAw) (6.2)

The main properties of the class of weights A (du) are summarized in the following
theorem (see [2], [22] and [15, Theorem 1.4.13, pp. 17-18]).

Theorem 6.2. Let (X,d, ) be a space of homogeneous type, and assume that fi is
a nonnegative measure on 3. Then the following are true.

(i) If i € Aoo(dp), then fi is absolutely continuous with respect to .
(il) ot € Aso(dp) if and only if p € Aso(dii). Thus, if i € Aco(dp) then du and
dii are mutually absolute continuous.
(iil) @ € Aoo(dp) if and only if there exist € € (0,1), § € (0,1) such that

W)
W) <0 T Ry <O YA W) (63)

(iv) i € Axo(dp) if and only if there exist C > 0, n > 0, 8 > 0, such that for
every E C A, (y) we have

fi(E) ME) N n(E) A(E) \7
oo <CGiaey) ™ waen <CGaey) ©Y

(v) Aso(dp) = U By(dp), where i € By(du) if i is absolutely continuous with
q>1

respect to p, and the Radon-Nikodym derivative k := %% belongs to L1(X, du),
and verifies the reverse Holder condition

1 ¢ \b 1
(m /My)k ) <Com oy /Ar(y)kdu, (6.5)

for all surface balls A, (y).
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(vi) If i € By(dp) for some g > 1, then there exists € > 0 such that i € Bqic(dp).
(vil) i € Bg(dp) if and only if the Hardy-Littlewood maximal operator
1
Ma(f)(y) =  sup (—/ fd~), 6.6
)W) A3y, A ball \A(A) A| | 60
satisfies
IMiF g < Ol sy B+ =1 (6.7
Acknowledgments
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Abstract. The classical Cwikel-Lieb-Rozenblum and Lieb-Thirring inequal-
ities in their general form allow one to estimate the number of negative
eigenvalues N = #{\; < 0} and the sums S, = X|\;|” for a wide class
of Schrédinger operators. We will present here some new examples (Ander-
son Hamiltonian, operators on lattices, quantum graphs and groups). In some
cases below, the parabolic semigroup has an exponential fractional decay at
t — oo. This makes it possible to consider potentials decaying very slowly (log-
arithmical) at infinity. We also will discuss the case of small local dimension of
the underlying manifold, which is usually not covered by the general theory.

Mathematics Subject Classification (2000). 35P15, 47A75, 47B99, 20P05.

Keywords. Lieb-Thirring inequalities, Schrodinger operator, operators on
groups, quantum graphs, Anderson model.

1. Introduction

Let us recall the classical estimates for the number of negative eigenvalues of
the operator H = —A + V(z) on L?(R%), d > 3. Let Ng(V) be the number of
eigenvalues F; of the operator H that are below or equal to £ < 0. In particular,
No(V) is the number of non-positive eigenvalues. Let N (V) = #{E; < 0} be the
number of strictly negative eigenvalues of the operator H. Then the Cwikel-Lieb-
Rozenblum and Lieb-Thirring inequalities have the following form, respectively,
(see [4], [9]-[12], [15)

NV)<Cq | WE(2)da, (1.1)
Rd

Z | E; | SCd,W/ W%J”(x)dx. (1.2)
Rd

1: ;<0

The authors were partially supported by the NSF grant DMS-0706928.
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Here W = V_ = max(0, =V (x)), d > 3, v > 0. Inequality (1.1) can be considered
as a particular case of (1.2) with v = 0. Conversely, inequality (1.2) can be easily
derived from (1.1) (see [14]). So, below we will mostly discuss the Cwikel-Lieb-
Rozenblum inequality and its extensions.

A review of different approaches to the proof of (1.1) can be found in [17].
The most general form of this inequality has the following form. Let (X, u) be
a measure space with a o-finite measure p = p(dz). Let Hy be a non-negative
self-adjoint operator in L?(X,p) such that for each ¢t > 0 the operator e~ is
bounded and positivity preserving. Let po(t,z,y) be the kernel of e~*Ho, There
is a natural way to define the values po(t,z,x) of the kernel on the diagonal for
almost all x € X. Suppose that there is a function 7(¢) such that for almost all
re X,

po(t,z,x) < w(t). (1.3)

1 ()
ﬁ/o 7 dt/GtW dz), (1.4)

> 1B < s [ [ cew@we e ()

i:E; <0

Then

No(V)

IN

A

for any continuous, convex, non-negative function G which grows not faster than
a polynomial at infinity, and is such that z71G(z) is integrable at zero (hence,
G(0) = 0), and the integral (1.4) is finite. The function g(\), A > 0, is defined by

g(\) = /000 271G (2)e Mz, ie., g(1) = /000 27 G(2)e " dz. (1.6)

Note that 7(t) = (27¢)" % in the classical case of Hy = —A on L2(R%), and (1.1)
follows from (1.4) in this case by substitution t — 7 = tW(z) if G is such that
I 2 178G(2)dz < 0.

The classical Lieb approach [9]-[12] (based on the Kac-Feinman formula)
was extended by I. Daubichies [5] to prove (1.4), (1.5) for some pseudo-differential
operators in R%. It is also mentioned there that the Lieb method works in a wider
setting. A slightly different approach based on the Trotter formula was used by
G. Rozenblum and M. Solomyak [16] (see also [17] and [5]) to prove (1.4) when
X is a measure space. All these papers contain estimate (1.4) for N(V'), not for
No(V). Tts validity for No(V') is shown in [13]. The latter paper contains also a
derivation of (1.4), (1.5) for operators on functions in metric spaces X using the
Lieb method, as well as many examples. Note that verifying assumption (1.3) with
exact bounds for m(¢) can be a challenging problem in some cases.

The inequalities above are meaningful only for those W for which integrals
converge. They become particularly transparent if G(z) =0 for z < 0, G(2) = z—0
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for z > o, 0 > 0. Then (1.4), (1.5) take the form
1 o
M) < s [ W) [ atddn) (1.7)
(o) Jx w5y

Z |E;|7 < TZ)/XW”H(:E) /00 dtu(dz), (1.8)

i:B; <0 W (z)

where ¢(0) =77 [° %.
Inequalities (1.4), (1.5) or (1.7), (1.8) allow one to study negative eigenvalues
of operators for which the function 7(¢) has different power asymptotics as ¢t — 0

and t — oco. Let
po(t,l‘,l‘) < C/ta/27 t < ha po(t,l‘,l‘) < C/tﬂ/27 t> h’a (19)

where h > 0 is arbitrary. The parameters a and 3 characterize the “local dimen-
sion” and the “global dimension” of X, respectively. For example, « = § = d in
the classical case of the Laplacian Hy = —A in the Euclidean space X = R%. If
Hy = —A is the difference Laplacian on the lattice X = Z%, then a = 0, § = d.
If X = S™ x R?% is the product of n-dimensional sphere and R?, then o = n + d,
£ =d.

If a, 8 > 2, inequality (1.4) implies (see [17]) that

No(V) < C(h) [ / W% (2)p(dz) + / W4 (2)u(dz)|. (1.10)
{ {W(z)>h=1}

Note that the restriction 3 > 2 is essential here in the same way as the condition

d > 2 in (1.1). We will show that the assumption on « can be omitted, but the

form of the estimate in (1.10) changes in this case.

The main goal of the paper is a new set of examples. We will consider op-
erators which may have different power asymptotics of m(¢) ast — 0 or t — oo
or exponential asymptotics as ¢ — oo. The latter case will allow us to consider
the potentials which decay very slowly at infinity. This is particularly important
in some applications, such as Anderson model, where the borderline between op-
erators with a finite and infinite number of eigenvalues is defined by the decay of
the perturbation in a logarithmic scale.

We have the following two consequences of (1.7)

W(z)<h~'}

Theorem 1.1. Let Hy be a non-negative self-adjoint operator in L?(X, 1), the op-
erator e ot > 0, be bounded and positivity preserving, and (1.3) hold. Let

m(t) < ¢/tP?, t—o0; w(t) <c/t*? t—0 (1.11)
for some B> 2 and o > 0. Then

Nov) < )| [ W uan + [ ow@merun),

Xy Xy
where X, = {z : W(z) < b7}, X;f ={a: W(z) > h7'}, b=1ifa # 2,
b=In(l+W(z)) if a = 2.
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Remark. In some cases max(«/2,1) can be replaced by a/2, as will be discussed
in Section 2.

Proof of Theorem 1.1. We write (1.7) in the form No(V) < I_ + Iy, where I+
correspond to integration in (1.7) over X7, respectively.
Let z € X, , i.e., W < h™'. Then the interior integral in (1.7) does not
exceed
C(h)/ t=92dt = C(h)ywB/2-1, (1.13)
w

Thus I_ can be estimated by the first term in the right-hand side of (1.12). Simi-
larly, I+ can be estimated from above by

/X+ (/ / ) t)dt < C(h )/}qW(/UhtQ/th+/hootﬁ/2dt>dz,

w

which does not exceed the second term in the right-hand side of (1.12). (]

Theorem 1.2. Let Hy be a non-negative self-adjoint operator in L?(X, ), the op-
erator e 1ot > 0, be bounded and positivity preserving, and (1.3) hold. Let

7(t) <ce ', t—oo; w(t) </t t—0 (1.14)

for some v >0 and o > 0. Then for each A > 0,

No(v) < C )| [

efAW(m)’Vu(dz) Jr/+ bW(;E)max(a/2,1)u(dz):|7 (1.15)
Xh

where X", X,j, b are the same as in the theorem above.

The proof is the same as that of the theorem above. One only needs to replace
(1.13) by the following estimate

C(h)/ e—at’ydt*C W / —a(W) dT<C’( )W 16_%(%)'v/ . Y dT

[ mwt [T e dT}e—%wW,

W
and note that o can be chosen as large as we please.
The next sections contain some applications of the results discussed above.

2. Small local dimension (o =0, 1)

2.1 Operators on lattices and discrete groups. It is easy to see that Theorems 1.1
and 1.2 are not exact if a < 2. We are going to illustrate this fact now and provide
a better result for the case a = 0 which occurs, for example, when operators on
lattices and discrete groups are considered. An important example with o = 1 will
be discussed in the next section (operators on quantum graphs).
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Let X = {x} be a countable set and Hy be a difference operator on L?(X)
which is defined by
(Ho) (@) = Y alz,y)d(y), (2.1)
yeX
where
a(z,x) >0, a(z,y) = a(y,z) <0, Z a(z,y) =0.
yeX
A typical example of Hy is the negative difference Laplacian on the lattice X = Z¢,
ie.,
(Hop)(z) = —Av = > [(x) —d(y), =€ 2% (2.2)
yeZ%:|y—a|=1
We will assume that 0 < a(z,z) < ¢y < oo. Then SpHy C [0,2¢o]. The
operator —Hj defines the Markov chain z(s) on X with continuous time s > 0
which spends exponential time with parameter a(x,x) at each point z € X and

then jumps to a point y € X with probability r(z,y) = Zgizg, Dy T(Ty) = 1.
The transition matrix p(t,z,y) = Py(x; = y) is the fundamental solution of the
parabolic problem

D Hop =0, p(0,2,9) = 3,(z).

Obviously, p(t,z,z) < w(t) < 1, and #(¢) — 1 uniformly in 2 as ¢ — 0. The
asymptotic behavior of 7 (¢) as t — oo depends on operator Hy and can be more
or less arbitrary.

Consider now the operator H = Hy — md,(x) with the potential supported
on one point. The negative spectrum of H contains at most one eigenvalue (due to
rank one perturbation arguments), and such an eigenvalue exists if m > ¢g. The
latter follows from the variational principle, since

(Hoby, 6y) —m(dy, 0,) < co—m <O.

However, Theorems 1.1 and 1.2 estimate the number of negative eigenvalues N (V)
of the operator H by C'm. Similarly, if

V=- Z m;0(z — x;)
1<i<n

and m; > ¢g, then N(V) = n, but Theorems 1.1 and 1.2 give only that N (V) <
C' >~ m;. The following statement provides a better result for the case under con-
sideration. The meaning of the statement below is that we replace max(«/2,1) =1
in (1.12), (1.15) by «/2 = 0. Let us also mention that these theorems can not be
strengthened in a similar way if 0 < a < 2 (see Section 2.1).

Theorem 2.1. Let H = Hy + V(x), where Hy is defined in (2.1). Then for each
h >0,

No(V) < C(h)[n(h) + /000 @ 3 G(W(2)dt], n(h) = #{z € X;'}.

zeX,
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If, additionally, either (1.11) or (1.14) is valid for w(t) as t — oo, then for each
A>0,
No(V) < C(h)[ > W)

T n(hﬂ n(h) = #{z € X},
zGX;

No(V) < C(h,A)[ d e AW 4 n(h)], n(h) = #{z € X;'},

zEX,
respectively.

Remark. This theorem is a simple generalization of a similar statement for operator
(2.2) proved in [16].

Proof. In order to prove the first inequality, we split the potential V(z) = V;(z) +
Va(x), where Va(z) = V(z) for z € X,;7, Va(z) = 0 for z € X, . Now for each
g€ (0,1),

No(V) < No(e™'Vi) + No((1 — ) 7'Va) = No(e7'V1) + n(h). (2.3)

It remains to apply (1.4) to the operator —A + e~ 1V} and pass to the limit as
¢ — 1. The next two inequalities follow from Theorems 1.1 and 1.2. ([

2.2 Operators on quantum graphs. We will consider a specific quantum graph I'¢,
the so-called Avron-Exner-Last graph. Its vertices are the points of the lattice Z¢,
and the edges are all segments of length one connecting neighboring vertices. Let
s € [0,1] be the natural parameter on the edges (distance from one of the end
points of the edge). Consider the space D of smooth functions ¢ on edges of I'?
with the following (Kirchoff’s) boundary conditions at vertices: at each vertex ¢
is continuous and

d
> ¢ =0, (2.4)
=1

where ¢} are the derivatives along the adjoint edges in the direction out of the
vertex. The operator Hy acts on functions ¢ € D as —;—822. The closure of this
operator in L?(I'?) is a self-adjoint operator with the spectrum [0, 00) (see [3]).

Theorem 2.2. The assumptions of Theorem 1.1 hold for operator Hy = 7% on

the graph T'? with the constants o, 3 in Theorem 1.1 equal to 1 and d, respectively.

Proof. One can easily see that there is a Markov process with the generator — Hy.
Thus one needs only to estimate the function pg and find constants «, (.
Let
uy = —Hou, t >0, u|t=o = f,
with a compactly supported f and

v =p(x, ) = / ueMdt, Red < —a < 0, z € T'%
0
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Note that we replaced —\ by A in the Laplace transform above. It is convenient
for future notations. Then ¢ satisfies the equation

(Ho — )¢ = f, (2.5)
and v can be found using the inverse Laplace transform
_ 1 /a+i00 _/\td)\ (2 6)
v (27T)d —a—100 e . .

The spectrum of Hy is [0,00), and ¢ is analytic in A when A € C\[0, 00). We are
going to study the properties of ¢ when A — 0 and A — oo. Let ¢(z) = ¥(z, A),
z € Z%, be the restriction of the function oz, N), x € I'?, on the lattice Z%. Let e
be an arbitrary edge of I'? with end points 21,22 € Z% and parametrization from
z1 to z2. By solving the boundary value problem on e, we can represent ¢ on e in
the form

: . 1
o= ¥(z1)sink(l — s) + ¥(z2) sinks - /0 G(s,t)f(t)dt,  (2.7)

sin k
where k = v\, Imk > 0, and
1 sinkssink(l —t), s <t
~ ksink | sinktsink(l —s), s>t
Due to the invariance of Hy with respect to translations and rotations in Z¢, it
is enough to estimate pg(t, 2, z) when z belongs to the edge eg with z; being the
origin in Z¢ and zo = (1,0,...,0). Let f be supported on one edge eg. Then (2.7)

is still valid, but ¢pe, = 0 on all the edges except eg. We substitute (2.7) into (2.4)
and get the following equation for :

A —2dcosk —11'k1ttdt6 11'kttdt5 Z4
(A —2dcos )w(z)—E/O sink(1 —¢t)f(¢) 1+E/O sin ktf (t)dtdy, z € Z°.

Here A is the lattice Laplacian defined in (2.2) and o, d; are functions on Z¢
equal to one at z, y, respectively, and equal to zero elsewhere. In particular, if f
is the delta function at a point s of the edge eg, then

(A —2dcosk)y = % sink(1 — s)d1 + % sin ksdp. (2.8)

Let R, (z—z0) be the kernel of the resolvent (A—u) ™! of the lattice Laplacian.
Then (2.8) implies that

1. I —
P(z) = 7 sin VAsR,(2) + 7 sin VA(1 — 8) R, (2 — 22), p=2dcosVA. (2.9)

Function R, (z) has the form

i(a,z)d
e o
R z:/ , T = [—m, n]
w2 T (Z1gjgd2cos‘7j) — K [ ]
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Hence, function sin(vAs)R,(2), s € (0,1), u = 2d cos v/\, decays exponentially as
[Tmv/A| — oo. This allows one to change the contour of integration in (2.6), when
z € Z and rewrite (2.6) in the form

(o t) = —— / Dn(z)e M\, = € 2%, (2.10)
(2m)e Ji
where contour ! consists of the ray A\ = pe~"™/4, p e (00, 1), a smooth arc starting
at A = e~ /4, ending at A = ¢/, and crossing the real axis at A = —a, and the
ray A = pe'™/* p e (1,00). It is easy to see that [1h(z,\)] < C/|VA| as A € 1
uniformly in s and z € Z%. This immediately implies that |u(z,t)| < C/+/t. Thus,
(1.3) and the second of estimates (1.11) hold with o = 1.

From (2.10) it also follows that the asymptotic behavior of u as t — oo is
determined by the asymptotic expansion of (2, \) as A — 0, A ¢ [0, 00). Note that
the spectrum of the difference Laplacian is [—2d,2d], and p = 2d — d\ + O(\?) as
A — 0. From here and the well-known expansions of the resolvent of the difference
Laplacian near the edge of the spectrum it follows that the first singular term in
the asymptotic expansion of R, (z) as A — 0, A ¢ [0,00), has the form

caA¥? 114 0()), dis odd,
caA?>TInA(14 0())), dis even.

Then (2.9) implies that a similar expansion is valid for ¥(z, A) with the main term
independent of s and the remainder estimated uniformly in s. This allows one to
replace [ in (2.10) by the contour which consists of the rays arg A\ = +m/4. From
here it follows that for each z € Z% and uniformly in s,

u(z,t) ~ Y2t — .

Hence, 8 = d. O

As we discussed in the beginning of this section, Theorem 1.1 is not exact if
a < 2. Theorem 2.1 provides a better result in the case o« = 0. The situation is more
complicated if & = 1. We will illustrate it using the operator Hy on quantum graph
I'? perturbed by a potential. Two specific classes of potentials will be considered.
In one case, inequality (1.12) is valid with max(«/2,1) = 1 replaced by «/2 = 1/2.
However, inequality (1.12) can not be improved for potentials of the second type.
The first class consists of potentials which are constant on each edge.

Theorem 2.3. Let d > 3 and V' be constant on each edge e; of the graph: V(z) =
—v; <0, x € e;. Then

NO(V)Sc(h)< oo+ Y \/v_>
i v;<h—1 it v;>h—1

Proof. Put V(z) = Vi (x) + Va(x), where Vi (x) = V() if [V(z)] > h~t, Vi(z) =0
if [V(z)| < h~1. Then (see (2.3))

No(V)) < No(2Vi) + No(2V2).
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One can estimate N (V7) from above (below) by imposing the Neumann (Dirichlet)
boundary conditions at all vertices of I'. This leads to the estimates

> Eiwmms ¥ (ei)zan X vE

™

i v;>h—1 i vy >h—1 i vy >h—1
which, together with Theorem 1.1 applied to Ny(2V2), justifies the statement of
the theorem. O

The same arguments allow one to get a more general result.

Theorem 2.4. Let d > 3. Let I'? be the set of edges e; of the graph T'* where
W <hl, F‘i be the complementary set of edges, and
SupwEen W(Q?) d
— =2 = < kg =ko(h), v €I'%,
mingee, W(z) = 0 oh), @

where W = V_. Then

No(V) < ¢(h, ko) < W (z)?dx + / VW dx) .

Example. The next example shows that there are singular potentials on I'¢ for
which max(a/2,1) in (1.12) can not be replaced by any value less than one. Con-
sider the potential V(z) = =AY, §(z — z;), where z; are middle points of some
edges, and A > 4. One can easily modify the example by considering § -sequences
instead of §-functions (in order to get a smooth potential.) Then

rd

W (z)dx =0
Td
for any o < 1, while N(V') > m. In fact, consider the Sturm-Liouville problem on
the interval [—1/2,1/2] :

=y’ = Ad(z)y = Ny, y(—1/2) =y(1/2) =0, A>4.
It has a unique negative eigenvalue which is the root of the equation
tanh(vV—XA/2) = 2v/—=\/A.

The corresponding eigenfunction is y = sinh[v/—A(|z|+1/2)]. The estimate N (V) >
m follows by imposing the Dirichlet boundary conditions on the vertices of I'%.

3. Anderson model

3.1 Discrete case. Consider the classical Anderson Hamiltonian Hy = —A+V (z,w)
on L?(Z%) with random potential V (z,w). Here

Ap(a) = Y ) - 2dy(a).
x|z’ —z|=1

We assume that random variables V(x,w) on the probability space (2, F,P)
have the Bernoulli structure, i.e., they are i.i.d. and P{V(:) = 0} = p > 0,
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P{V(:) =1} =¢=1—p > 0. The spectrum of Hy is equal to (see [2])
Sp(Hp) = Sp(—A)® 1 =1[0,4d + 1].

Let us stress that 0 €Sp(Hp) due to the existence P-a.s. of arbitrarily large
clearings in realizations of V, i.e., there are balls B,, = {z : |[x — z,| < r,} such
that V(z) = 0, x € By, and r,, — o0 as n — oo (see the proof of the theorem
below for details).

Let

H = Hy—W(x), W(x)>0.
The operator H has discrete random spectrum on (—oo, 0] with possible accumu-
lation point at A = 0. Put No(—W) = #{\; < 0}. Obviously, No(—W) is random.
Theorem 3.1.
(a) For each h >0 and v < ﬁ,

ENo(-W) <ci(W#{z € Z9:W(z) > h Y +ealhyy) Y. e Wi,

z:W(z)<h—1
(3.1)
In particular, if W(z) < ﬁ, || — oo, with some o > d%:z, then
ENo(—W) < 00, d.e., No(—W) < o0 almost surely.
(b) If
W(x) > ¢ |z] = 00, and o< 2 (3.2)
- - z )
log” |x|’ ’ d’

then No(—W) = o0 a.s. (in particular, ENo(—W) = 00).

Proof. Since W > 0, the kernel po(t, z,y) of the semigroup exp(¢(A + W)) can be
estimated by the kernel of exp(tA), i.e., by the transition probability of the random
walk with continuous time on Z?. The diagonal part of this kernel po (¢, z, z,w) is
a stationary field on Z%. Due to the Donsker-Varadhan estimate (see [6], [7]),

Epo(t,z,z,w) = Epo(t, =, x,w) %8 exp(fcdtd%?), t — 00,
ie.
log Epg ~ fcdtdiﬁ, t — oo.

On the rigorous level, the relations above must be understood as estimates from
above and below, and the upper estimate has the following form: for each § > 0,
Epg < C(9) exp(fcdtﬁ_‘s), t — oo. (3.3)

Now the first part of the theorem is a consequence of (1.4) and Theorems 1.2.

The proof of the second part is based on the following lemma which indicates
the existence of large clearings at the distances which are not too large. We denote
by C(r) the cube in the lattice,

Cry={zxez%: |z <r 1<i<d}.
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Let’s divide Z¢ into cubic layers L,, = C(a"*1)\C(a™) with some constant a > 1
which will be selected later. One can choose a set (") = {zl(") € L,} in each layer
L,, such that

|zi(n) - z](n)| > 207 + 1, d(zi(n),(?Ln) > nid,
and

n(d—1) ,n+1
T > c(2a) a > ca, n— oco.

2 gy 2
Let C(n'/?,i) be the cube C(n'/?) with the center shifted to the point zi(n).
Obviously, cubes C1/a; do not intersect each other, C(n'? i) c L, and
|C(n'/?,0)] < .

Consider the following event A, ={each cube C(n'/¢,i) C L, contains at
least one point where V' (z) = 1}. Obviously,

. n n nl/d ; n n &/ \n
P(An) =(1 _p\c(nl/dﬂﬂ)w( )| < 6_|F( )p!c( = < e—ca depm _ e—c(adp "

We will choose a big enough, so that ap® > 1. Then > P(A,) < oo, and the
Borel-Cantelli lemma implies that P-a.s. there exists ng(w) such that each layer
Ly, n > ng(w), contains at least one empty cube C(n'/4,4), i = i(n). Then from
(3.2) it follows that

C
¥

W(x) > =, wxeCm/i), i=i(n).

YN

n

One can easily show that the operator H = —A — ¢ in a cube C C Z¢ with
the Dirichlet boundary condition at JC has at least one negative eigenvalue if
|Cle?? is big enough. Thus the operator H in C(n'/4 i(n)) with the Dirichlet
boundary condition has at least one eigenvalue if n is big enough, and therefore
N(=W) = . O

Remark. We expect to get a better result than (3.1) using a modification of Sznit-
man’s estimates for the principal eigenvalue of the Dirichlet problem for the Ander-
son operator in a cube of size L — co. Inequality (3.1) will be valid for No(—W) P-
a.s. (not for ENo(—W)), and with v < 2/d, i.e., the decay W (z) ~ log?? |z|, |a| —
00, is a borderline between a finite and infinite number of eigenvalues. This result
will be published elsewhere.

3.2 Continuous case. Theorem 3.1 is also valid for Anderson operators in R?. Let
Hy = —A + V(z,w) on L?(R?) with the random potential

V(z,w) = Z enlg, (), € RY, n=(ni,...,n4),
nezd

where Q, = {r € R*:n; <x; <n; +1,i=1,2,...,d} and ¢, are independent
Bernoulli r.v. with P{e, =0} =p, P{e, =1} =q=1-p. Pt H = Hy—W(x) =
A+ V(z,w) —W(x).
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Theorem 3.2.
(a) Ifd >3, then for each h > 0 and v < %

d+2°
ENo(-W) gcl(h)/ W(x)d/2dx+cQ(h,7)/ e T dy.
W(z)>h—1 W (z)<h—!
In particular, if W(z) < ﬁ, || — oo, with some o > d%:z, then

ENo(—W) < 00, d.e., No(—W) < o0 almost surely.

(b) If
C

2
() > ——, |z]| = 00, and o< -,
Tog? 7]

d
then No(—W) = o0 a.s. (in particular, ENo(—W) = 00).

The proof of this theorem is identical to the proof of Theorem 3.1 with the
only difference that now pg(t,0,0) is not bounded as t — 0, but pg(¢,0,0) <
c/t4? t — 0.

4. Continuous and discrete groups

Some applications of Theorems 1.1, 1.2 will be given concerning left invariant
operators Hyg = —Ar on the groups X = I'. A Markov process with generator Ar
can be defined in a natural way in examples below, and therefore the operator
e!Ar is positivity preserving. Estimate (1.3) obviously holds, since operator Ar is
invariant and p(¢,z,z) does not depend on x. Thus it remains only to estimate
7(t) at zero and infinity. We will do it in detail in the first example (free groups)
and we only state the results in other cases.

4.1 Free groups. Let X be a group I" with generators ay, as, ..., aq, inverse elements
a—_1, G_2,...,a_g, the unit element e, and with no relations between generators
except a;a_; = a—_;a; = e. The elements g € I' are the shortest versions of the
words g = a;, - -+ - a;, (with all factors e and aja_; being omitted). The metric
on I' is given by
d(g1,92) = d(e, g1 'g2) = m(g; 'g2),
where m(g) is the number of letters at; in g. The measure p on T' is defined by
wu({g}) = 1for each g € I'. It is easy to see that |{g : d(e,g) = R}| = 2d(2d—1)%~1,
i.e., the group I' has an exponential growth rate.
Define the operator Ar on X =TI by the formula

Arg(g) = Y [(ga:) — v(g)]. (4.1)
—d<i<d, i#0

Obviously, the operator —Ar is bounded and non-negative in L?(T, u). In fact,
[|Ar|| < 4d. As it is easy to see, the operator Ar is left-invariant:

(Arv)(gz) = Ar(¥(gz)), v €T,
for each fixed g € I'. Thus, in order to apply Theorem 1.1, one only needs to find
the parameters o and (.
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Theorem 4.1.

(a) The spectrum of the operator —Ar is absolutely continuous and coincides
with the interval lg = [v,v+ 4v2d — 1], v =2d — 24/2d — 1 > 0.
(b) The kernel of the parabolic semigroup mr(t) = (e!2r)(t,e,e) on the diagonal
has the following asymptotic behavior at zero and infinity
e 1t

~C2 gy 8S t — oo. (4.2)

7r(t) — ¢1 as t — 0, 7p(t)

Since the absolutely continuous spectrum of the operator —Ar is shifted (it
starts from v, not from zero), the natural question about the eigenvalues of the
operator —Ar + V (g) is to estimate the number Np (V) of eigenvalues below the
threshold v. Obviously, Np(V') coincides with the number N (V) of the negative
eigenvalues of the operator Hy + V(g), where Hy = —Ar — vI. The following
statement immediately follows from (4.2) and Theorem 2.1

Theorem 4.2. Estimate (1.11) with o = 0,8 = 3 s valid for operator Hy =
—Ar —~I, and
Ne(V) <))+ S W@, n(h) = #{g €T W(g) > b1},
geT:W(g)<h~1
Proof of Theorem 4.1. Let us find the kernel Ry(g1, g2) of the resolvent (Ar —\)~1.

From the T-invariance it follows that Ry (g1, g2) = Ra(e, g7 *g2). Hence it is enough
to determine ux(g) = Rx(e, g). This function satisfies the equation

S urlgas) — (244 Nurlg) = ~e(o), (43)

i#0
where §.(g) =1 if g = e, d.(g) = 0 if g # e. Since the equation above is preserved
under permutations of the generators, the solution uy(g) depends only on m(g).
Let a(m) = ux(g), m = m(g). Obviously, if g # e, then m(ga;) = m(g) — 1 for
one of the elements a;, i # 0, and m(ga;) = m(g) + 1 for all other elements a;,

i # 0. Hence (4.3) implies
2dipA(1) = (2d + N (0) = —1, (4.4)

Ya(m —1)+ (2d — D)pa(m + 1) — (2d + N)pa(m) =0, m > 0.
Two linearly independent solutions of these equations have the form ¢ (m) =
v’ where vy are the roots of the equation

v i 4 (2d— 1) — (2d+ \) = 0.

Thus
2+ A£/(2d+ N2 —4(2d 1)
vET 202d 1) '
The interval [; was singled out as the set of real A such that the discriminant above
is not positive. Since vyv_ =1/(2d — 1), we have

: for A € lg; |vy| > lv_]| for real A ¢ I4.

1 1 1
vi| = ——— —_— <
i V2d — V2d -1 V2d - 1
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Now, if we take into account that the set A,,, = {g € T, m(g) = mo} has exactly
2d(2d — 1)™° =1 points, i.e., u(Am,) = 2d(2d — 1)™°~1 we get that

y™9) e LT, 1), VT(Q) ¢ L*(T, u) for real \ ¢ I, (4.5)
and

/ v | 2™ 1u(dg) ~ mg as mg — oo for A ¢ 4. (4.6)
rn{g:m(g)<mo}

Relations (4.5) imply that R\l4 belongs to the resolvent set of the operator Ap
and that Ry (e, g) = cv™ . Relation (4.6) implies that l; belongs to the absolutely

continuous spectrum of the operator Ar with functions (V_T(g) — )) being the
eigenfunctions of the continuous spectrum. Hence statement (a) is justified.
Note that the constant ¢ in the formula for Ry (e, g) can be found from (4.4).
This gives
1

R — m(g)
N9 = Gy —2a
Thus )
R =
ME€) = g )~ 2an
Hence, for each a > 0,
1 a+1i00 NV 1 a+1i00 \ dA
7r(t) = % /aﬂ'oo e Ry(e,e)d\ = 7 /aﬂ'oo e —(2d—|— N =2

The integrand here is analytic with branching points at the ends of the segment
lg, and the contour of integration can be bent into the left half-plane ReA < 0 and
replaced by an arbitrary closed contour around l4. This immediately implies the
first relation of (4.2). The asymptotic behavior of the integral as ¢ — oo is defined
by the singularity of the integrand at the point —v (the right end of l4). Since the
integrand there has the form e*[a + by A+~ + O\ +7)], A+ — 0, this leads
to the second relation of (4.2). O

4.2 General remark on left invariant diffusions on Lie groups. There are two stan-
dard ways to construct the Laplacian on a Lie group. A usual differential-geometric
approach starts with the Lie algebra AI" on I', which can be considered either as
the algebra of the first-order differential operators generated by the differentia-
tions along the appropriate one-parameter subgroups of I', or simply as a tangent
vector space TT to I' at the unit element I. The exponential mapping AI' — T’
allows one to construct (at least locally) the general left invariant Laplacian Ar on
I" as the image of the differential operator Zij aijD;D;j + >, biD; with constant
coefficients on 2AI'. The Riemannian metric ds? on I and the volume element dv
can be defined now using the inverse matrix of the coefficients of the Laplacian
Ar. It is important to note that additional symmetry conditions are needed to
determine Ar uniquely.

The central object in the probabilistic construction of the Laplacian (see, for
instance, McKean [8]) is the Brownian motion g; on I'. We impose the symmetry
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condition g faw g, ! Since AT is a linear space, one can define the usual Brow-
nian motion b; on A" with the generator Zij a;jD;D; + %, b;D;. The symmetry
condition holds if (I + db) o (I 4 db;)~1. The process g; (diffusion on I') is given
(formally) by the stochastic multiplicative integral

t

g = [ [ +aby),

s=0

or (more rigorously) by the Ito’s stochastic differential equation

dgr = grdby. (4.7
The Laplacian Ar is defined now as the generator of the diffusion:
. Ef(g(I +bat) — f(g) 2
=1 D). 4.
Arflg) = lim Af , fedi () (4.8)

The Riemannian metric form is defined as above (by the inverse matrix of the
coefficients of the Laplacian). We will use the probabilistic approach to construct
the Laplacian in the examples below, since it allows us to easily incorporate the
symmetry condition.

4.3 Heisenberg group I = H? of the upper triangular matrices

1 = =z
g=10 1 y|,(x,y,2) € R, (4.9)
0 0 1

with units on the diagonal. We have

0 a v
A=SA={0 0 8|, (0B €eR,
0 0 0
10474-0‘—2[3
ed=10 1 I}
0 0 1

Thus A — exp(A) is a one-to-one mapping of AI' onto I'. Consider the following
Brownian motion on A" :

0 Ut oWt
bt = 0 0 V¢ s
0 0 0

where o is a constant and wug, v, wy are (standard) independent Wiener processes.
Then equations (4.7), (4.8) imply that

(Apf)(z,y,z) = %[fzz + fyy + ((72 + z2)fzz + 20'93fyz]

This operator is self-adjoint with respect to the measure dV = dxdydz.
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Denote by p, (¢, x,y, z) the transition density for the process g; (fundamental
solution of the parabolic equation u; = Aru). Let 7, (t) = p,(¢,0,0,0).
Theorem 4.3.
(1) Function w,(t) has the following asymptotic behavior at zero and infinity:
Co C
7To-(t)Nt37, t—>0, Wg(t)Nt—2,

i.e., Theorem 1.1 holds for operator H = Ar + V (z,y, 2) with a =3, 5 = 4.
(2) Similar result (with o = 0, = 4) is valid for the Heisenberg discrete group
I =ZH3.

t — 00, ¢=po(1,0,0), (4.10)

4.4 Group Aff (Rl) of affine transformations of the real line. This group of trans-
formations x — ax + b, a > 0, has a matrix representation:

I‘Aff(Rl){g[g H a>0, (a,b) e R?}.

We start with the Lie algebra for I' = Af f(R!):

mr:{[g‘ g} (a,ﬁ)eRQ}

wy +at vy
be = 0 0

and the diffusion

on AT, where (w,v;) are independent Wiener processes. Consider the matrix-

valued process g; = [ %t ylt } , go = [ (1) (1) } , on I' satisfying the equation

(4.7). Then dx; = x¢ (dwt + adt) , dy: = xrduy, i.e., (due to Ito’s formula),

t
_1
xt:ew‘Jr(a 2)t, yt:/ Tsdvg.
0

We impose the following symmetry condition: (g;) " e gt One can show

that it holds if a = %, and that the generator of the process g; has the form
2 192 2
Arf:x [3]‘ 8f}+a:8f

2 |022 T 0y?] " 202

Theorem 4.4.
(1) Operator Ar is self-adjoint with respect to the measure x = dxdy. The func-
tion m (t) = p(t,0,0) has the following behavior at zero and infinity:

€o

7r(t)~7,tﬂ(); ﬂ(t)Nﬁ%7 t— o0 . (4.11)



On Negative Spectrum of Schrodinger Type Operators 213

(2) Let H = Ar+V, where the negative part W = V_ of the potential is bounded:
W < h~t. From (4.11) and Theorem 1.1 it follows that

) ) /2 T
No(V) gC(h)L /0 dedy.

T
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ACL-homeomorphisms in the Plane
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To Vladimir Maz’ya on the occasion of his TOth birthday

Abstract. We study planar homeomorphisms f : Q C R? M QY R2,
f = (u, v), which are absolutely continuous on lines parallel to the axes (ACL)
together with their inverse f~'. The main result is that v and v have almost
the same critical points. This generalizes a previous result ([8]) and extends
investigation of ACL-solutions to non-trivial first-order systems of PDE’s. The
main ingredients are (N) and co-(V) properties of such mappings that we call
ACL-homeomorphisms.
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1. Introduction

In [8] bisobolev homeomorphisms f : © C R 2% ' ¢ R have been defined
as those homeomorphisms such that f and f~! belong to VV&DC1 . In case n = 2,
in [7] it is shown that bisobolev homeomorphisms have finite distortion, that is
the differential D f(x) is zero a.e. on the zero set of the Jacobian J;. See also [3],
Theorem 4.5.

Our aim here is to generalize this result to the case that f and f~! are
ACL-homeomorphisms in the plane, i.e., absolutely continuous on lines.

As a corollary we prove that the components of a ACL-homeomorphism f
have the same critical points a.e., generalizing our previous result ([8]).

Notice that we cannot use coarea formula, which makes sense only for Sobolev
maps. However, we will use the so-called co-(N) condition which holds for ACL
mappings (see Section 3).

This work was completed with the support of PRIN 2006-2008 “Elliptic and parabolic equations
and systems” and Regione Campania grant.
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The Gehring-Lehto Theorem guarantees that ACL-homeomorphisms are a.e.
differentiable in the plane (Lemma 2.1) and we will use the fact that the Lusin
condition (N) and the area formula hold in the set where f is differentiable and
thus in particular, the image of the set of all critical point has zero measure (Sard’s
Lemma).

In this paper we also point out in the general setting of ACL-homeomorphisms
f = (u,v) the relevance of non-isotropic first-order degenerate elliptic systems of

the form
0 1
(1 0) Vv = A(z)Vu.

Here A = (aij) : © — R?*? is a measurable symmetric matrix-valued function
such that

‘A(x) = A(x) detA(z) =1 a.e.
under the ellipticity bounds

€
K(z)

< (A@)6,€) < K@)E*  ae

for all £ € R? and for a Borel function K : Q — [1, +00).

2. Preliminaries

Let © C R? be a bounded domain. Fix ¢t € R. Since R x {t} is a copy of R, the
Hausdorff measure on it can be identified with the Lebesgue measure and we can
write dz instead of dH!(z).

Given a 2 x 2 matrix D we define the norm |D| as the supremum of | D&| over
all vectors ¢ € R? of unit Euclidean norm.

A mapping f : Q — R? is said to satisfy the Lusin condition (N) on the
measurable set E C Q if |f(A)| = 0 for every A C E such that |A| = 0.

A function v = u(x1,x2) continuous in € is said absolutely continuous on
lines in Q if for every rectangle

la,b[x]e, d[CcC Q

u is absolutely continuous as a function of the real variable z; on a.e. segment
I, =la,b[x{z2} and as a function of x5 on a.e. segment {x1}x]c, d|.

It is well known (see [11], Lemma II.3.1 and [6]) that a continuous function
u : 2 — R which is absolutely continuous on lines (ACL for short) in 2, possesses
finite partial derivatives a.e. in 2.

In the following we will assume that f = (u,v) : Q CR? - Q' C R?is a
homeomorphism with w and v ACL together with the components of the inverse
f~1 and call such a mapping an ACL-homeomorphism.
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Lemma 2.1. (Gehring-Lehto) If f: Q MO is an ACL-homeomorphism, then
fori,j € {1,2} the partial derivatives 8af;;) () exist and are finite for a.e. x € Q.

Moreover f is a.e. differentiable in ) in the classical sense.

For the proof see [11] Theorem III.3.1.

From Lemma 2.1 it follows that if f is an ACL-homeomorphism, then either
Jr(x) >0 or Jp(z) <0 a.e. We will assume from now on Jy(z) > 0 a.e.

If E and F are measurable subsets of R? we will write
E=F ae if |[(FUF)\(ENF)| =0.
In [8] the following definition was introduced

Definition 2.2. Let ©Q and @’ be bounded domains in R” and 1 < p < oco0. A

homeomorphism f : Q 9 () is said to be a W1P-bisobolev map if f belongs

to the Sobolev space W,-7(Q; V') and its inverse g = f~! belongs to W,27(V; Q).

If p = 1 we say that f is bisobolev. If p = oo the W!*-bisobolev maps are
bilipschitz.

It is well known that Wli’cl functions are absolutely continuous on lines (see
[11], Sect. I11.6.1), whence bisobolev maps are particular ACL-homeomorphisms.

A sufficient condition for a homeomorphism f : Q 2 O’ to be a bisobolev map
is given by the following ([7])

Proposition 2.3. If the homeomorphism [ : oo ¢y belongs to V[/licl (©;Q) and
its Jacobian is strictly positive a.e., then f~' € Wl’l(Q’;Q), hence f is bisobolev.

loc

Notice that in general, for a ACL-homeomorphism, it may happen that the
zero set Zy of the Jacobian J; = detD f

Zf = {.Z’ EDf : Jf(ﬂj) = 0}
has positive measure. Hence, by Sard’s Lemma, which guarantees that

[F(Z5)] =0,
it follows that the (IV)-property of Lusin may be violated (see [16]).
Therefore, in general

/ Ji(x)de < |£(B)
B

where the equality may be unattainable on certain Borel sets B ([11], p. 137).
However the (IV)-property takes place if f € Wéf ([11], p. 158). Observe
then that, for Wh2-homeomorphisms f = (u,v), i.e., if f and f~1 are of class
VVli)f, Sard’s Lemma and the (IV)-condition on f~! imply that the critical sets of
u and v have both zero measure.
Let us finally adopt a recent terminology; we say that an homeomorphism

such that |[Df(x)| = 0 on the zero set of J; has finite distortion.
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3. Properties of ACL-homeomorphisms
In what follows, we will denote by

pi: t€R? > H; ={x eR*:a; =0}
the orthogonal projection to Hj, i.e.,

pi(z) = (0, z2)
p2(z) = (21, 0).

We denote by p? the projection to the jth coordinate p’(z) = z;.
The following co-(IN) property, which is an adaptation of coarea formula to
ACL-mappings, can be proved exactly as Theorem 4.4 in [3].

onto

Proposition 3.1. Let Q C R? be a bounded domain and f : Q == Q' C R? be an
ACL-homeomorphism. Then, for any measurable set E C Q such that |E| =0 we
have

/H_ HYEN (pio f)~'(2))dz = 0.

The following Lusin N property on lines is crucial in the proof of Proposition
3.1 and has independent interest

Proposition 3.2. Let g :]a, b[x]c, d[— R? be an ACL-homeomorphism. Then, for
a.e. Yz €le,d[ if A Cla,b[x{y2} verifies H(A) = 0, then

H'(9(4)) = 0.
The main result of this paper is the following
Theorem 3.3. Let f : Q C R? M  R? be an ACL-homeomorphism. Then

the differential matriz of its inverse Df~'(y) vanishes a.e. on the zero set of the
Jacobian determinant Jp-1.

Proof. Suppose by contradiction that there exists a set A C f(£2) with positive
Lebesgue measure such that

Ji-1(y)=0 and  |[Df '(y) >0 Vy € A.

Since f~!is ACL, we may assume without loss of generality that f~! is absolutely
continuous on all lines parallel to coordinate axes that intersect A.

If we represent f~! by mean of its components f~1(y) = (s(y),t(y)) we can
suppose

Js _
P >0 Yye A 3.1
=) y )
or
t _
0 (y)‘ >0 Yy € A. (3.2)

dys
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Otherwise if (3.1) and (3.2) fail both, then we can replace f~! with g(y) =
(t(y), s(y)) and then we have necessarily

ot

— >0 Yy € A
an () y

or
0s _
— >0 Yy € A.
9 () y

So we assume (3.1). The proof in case (3.2) is similar.

Since in view of Lemma 2.1 f~! is differentiable a.e. in ¥, there exists a
Borel set A C A such that |A| > 0 and f~! is differentiable at every point of A.
Hence we are legitimate to apply the area formula on A to find that

A = [ X, (@) de = /f I @A =0 33)

where we used that Jy-1(y) = 0 on A. Notice that (3.3) is a version of Sard’s
Lemma. Since f~! is an ACL-homeomorphism, f~! is of bounded variation on
lines. Hence (p; o f)~!(2) is a rectifiable curve for i = 1,2. By co-(N) property we
can write

HY (A N fﬁl(pl_l(z))) dz = 0.

Hy
Thus the curve (p; o f)~!(2) has zero one-dimensional measure for a.e. z € Hy,
and its two projections to the axis have zero one-dimensional measure as well.
Therefore

H (p;(fTH(A) N (pro /)7 (y) =0=H(p;({z € fT(A) s pro f(z) = 2}))
for a.e. z € H; and for j = 1, 2. Using the Fubini Theorem, we have

4] :/ IANp ()| dz > 0. (3.4)
Hy

Hence there exists zy € H; such that
HY(ANpy (20) > 0
but
H(pj({z € f7H(A) i pro f(z) = 20})) = 0. (3.5)

Applying the one-dimensional area formula for the absolutely continuous function
5(-,20) : T € p(A) — s(z0 + Te1) we have

0< /
Anp;*(20)

s
5_1/1 (ZJL Zo)

d’Hl(y):/RN(S,Aﬂpfl(zo),o)do

/ N(s, AN p; (z0), ) dor (3.6)
f=r(A)N(piof)~1(z0)

where N (s, ANp; *(20), ) is the number of preimages of o under s in ANp; *(20).
The last integral in (3.6) is zero by (3.5) and this is a contradiction. (]
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By symmetry, we can rewrite Theorem 3.3 as follows

Theorem 3.4. Let f: Q C R? 2O C R? be an ACL-homeomorphism. Then its
differential matriz D f(x) vanishes a.e. on the zero set of the Jacobian determi-
nant Jy.

According to well-known terminology, an homeomorphism g : Q — €' is said
of finite distortion if Dg(x) vanishes a.e. on the zero set of Jy(x). Theorems 3.3
and 3.4 claim that ACL-homeomorphisms have finite distortion.

As a consequence we have the following

Corollary 3.5. Let f = (u,v): Q C R? M Q) R be an ACL-homeomorphism.
Then the components of f have the same critical points, i.e.,

{reQ: Vu=0}={ze€Q: Vo=0} a.e.
Proof. By Theorem 3.4, we have that
{zeQ: Jp(x) =0} C{zeQ: |Df(z)| =0} a.e.

Hence
{Vu(z) =0} c {Js(z) =0} Cc {|Df(x)| =0} C { Vo(z) =0} a.e.
The other inclusion is completely analogous. (I

Remark 3.6. Notice that for ACL-homeomorphisms the two conditions
Ji(x)=0 = |Df(z)|=0 a.e. (3.7)

and
{reQ: Vu=0}={zeQ: Vuv=0} a.e. (3.8)
are equivalent. The equivalence between (3.7) and (3.8) is false when f is not one-
to-one. For example if we choose f = (u,u) then (3.8) holds but (3.7) does not
hold.
This means that in order to prove (3.8) = (3.7) one needs properties of f~1.

Remark 3.7. Corollary 3.5 fails if we relax the AC-condition on f = f(x1,x2) with
respect to one of the two variables into BV-condition. We give an example of a
homeomorphism

f=f(z1,22) = (h(z1),22) (3.9)
where f = f(-,x2) is a function of bounded variation for a.e. zo but the two
components v and v of f do not have the same critical points a.e. ([7]).

Define ¢ : (0,1) — (0,1) as the ternary Cantor function, which is an in-
creasing homeomorphism, and set g(t) = t + c(t), so that h = g—! maps (0,2)
homeomorphically onto (0,1), h € VVli)’COO but g ¢ I/Vli)c1 Hence the inverse homeo-
morphism of f given by (3.9)

S w1 w2) = (9(1), 2)
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is not ACL, but only BVL (of bounded variation on lines). If we set f(z) =
(u(x),v(z)) we see that

|[Vu(z)| =0 a.e.

|Vo(z)| =1 a.e.

hence the critical sets of u and v disagree a.e.

Remark 3.8. The result of Corollary 3.5 does not hold for n > 2. In [8] an example
is given of a bisobolev map f : Q C R® — ' C R3 whose three components do
not share the same critical set (a.e.)

4. ACL-homeomorphisms and first-order systems of PDE’s

The interplay between planar elliptic PDE’s and Function Theory has been known
since pioneering work of C.B. Morrey [14]. In this section we will obtain a far
reaching generalization of some results from [14]. We will show that for each ACL-

homeomorphism f :  C R? MO0 ¢ R?, f = (u,v), the functions u and v are
very weak solutions to a non-trivial degenerate elliptic system

{ Voo (2) = 11 (2)tz, () + a12(2)tg, (2)

for a.e. z € . .
0o, () = @12 )uig, () + a2 @)z, (2) c (1)

where A = (a;;) : © — R?*? is a measurable matrix-valued function such that
a;j = aj;, detA(z) =1 and for a.e. x € Q

|17
K(x)

for a Borel function K : ©Q — [1,+00). Here it is crucial that u and v have the
same set of critical points. In fact we have the following

< (A(2)€,€) < K(x)[¢f Vé € R? (4.2)

Theorem 4.1. To each ACL-homeomorphism [ : Q — Q') f = (u,v), there cor-
responds a measurable function A = A(x) valued in symmetric matrices with
det A(x) = 1 such that for a.e. x € Q and for all £ € R? we have (4.2) for
a Borel function K(x) : Q — [1,4+00) and the components of f are very weak
solutions to the system (4.1) with finite energy, i.e.,

/(A(:E)VU,VU> < oo and /(A(a:)Vv,VU) < o00.
Q Q

Proof. In this proof we follow some ideas of [9] where the case of W12 solutions

was studied. Let us set

Ve, (@) +uf, (x) vz, (@) + ug, (2)
Jp(x) Jp(x)

Uz, (2)V2, (%) + Us,y (T) g, (2)

Jy ()

all(z) = QQQ(I) =

(4.3)

012(13) = 0,21(1‘) =
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if x € Q is such that Jy(x) # 0. For the points « € Q such that J(x) = 0, we set
aij (:Z?) = 51]
It can be easily checked that the matrix A = Ay = (a;;) is symmetric, det A(x) =
and (4.2) holds for a suitable Borel function K (x).
The equations in (4.1) can be verified by a direct computation for every
point such that Js(xz) # 0. If Jy(z) = 0 then |Df(x)| = 0 by Theorem 3.4 and

therefore (4.1) is clearly satisfied. From (4.1) we see that (A(x)Vv, Vv) = Jy(x)
and therefore we can use area formula to conclude

/(A(a:)Vv(z),Vv(m)) dx = / Ji(z) de < |f(Q)] < oco.
Q Q

Analogously we can check that u is a very weak solution with finite energy ([8]).
O

Remark 4.2. 1f we introduce the distortion function of the ACL-homeomorphism

f: Q=
DI for g 0
Kp(@)=4 i@ (z) > (4.4)
1 for Jy(x) = 0.
We immediately see that As(x) satisfies (4.2) with K = K.

Remark 4.3. Let us note that previous device for generating linear elliptic equa-
tions from ACL-mappings is reminiscent of De Giorgi’s construction of linear el-
liptic systems with discontinuous coefficients and unbounded solutions [4], [18]. In
fact, after the famous solution to the problem of Hélder continuity of solutions of
elliptic equations with measurable coefficients ([5], [15], see also [13]) De Giorgi
in [4] gave a counterexample in case of systems, starting with a function and
constructing an adapted system. In case f = (u,v) is bisobolev, the components
u,v € W'licl are very weak solutions to the divergence type equations

divA¢(z)Vu =0 divAs(z)Vo = 0.
In other words, f is a solution to the linear elliptic degenerate system
Div(Af(x)'Df) =0
where for M € L'(Q; R?*?2) we define

2
(DivM (z Z 3z]
Jj=1

Remark 4.4. In case of homeomorphisms with bounded or exponentially integrable
distortion K, that is there exists A > 0 such that fﬂ exp( Kz) ) dr < oo, the
properties of the operator f — Ay have been studied by [19] and [2] respectively

(see also [17]). It turns out that if f; — f locally uniformly then Ay, — Ay in the
sense of I'-convergence ([12]).
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5. Mappings with integrable distortion

The study of properties of bisobolev mappings f :  C R2 2% () ¢ R? such that
the distortion function K¢ belongs to L' (£2) was performed in [1], [7], [10] and the
outcome was that the inverse f~! has WH2(Q); Q) regularity.

Our aim here is to generalize this result to ACL-homeomorphisms. Following
closely [7] we will prove the following for sake of completeness.

Theorem 5.1. Let f: Q C R? M Q)  R? be an ACL-homeomorphism such that
Ky e LY(Q). Then f~1 € W22 (Q; Q).

oc

Proof. We claim that there exists a Borel set A C f(Q2) such that f~! is dif-
ferentiable on A with Jy-1(y) > 0 for all y € A so that [Df~'(y)| = 0 a.e.
on f(Q)\ A. In fact, f~! has finite distortion by Theorem 3.3 hence we have
Jr-1(y) =0 = |Df~'(y)|> = 0 and therefore we will restrict our care to the set

A={y: Jp(y) >0} ~
Let us introduce the following subsets of A
R={yc A: fis differentiable at f~'(y) and J;(f'(y)) > 0}
Z={yc A: fis differentiable at f~!(y) and J;(f '(y)) = 0}
E={yeA: fisnot differentiable at f~'(y)}.
By Sard’s Lemma we have that |Z| = 0. By the area formula we deduce

/ngfl(y) dy <|f7H(E)| = 0.

Since Jy-1 > 0 on & this implies that |£] = 0. So we can take A = R.

Since f is differentiable at every point of f~1(A) and J; > 0 we deduce that
f~! differentiable in A. We recall also that J¢(z) = 0 a.e. in Q\ f~(A), hence by
finite distortion for f, |[Df(z)] =0 a.e. in Q\ f~(A). Finally we have

/ D ()2 dy = / IDF ()2 dy (5.1)
f() A

:/ |IDf'(f(x))? d
iy J(f(x)

— [ Ds@) ) da
f=1(4)

|Df(x)?
- e A
/fl(A) Jy(z) v
< | K¢(x)dx. O
Q

The following result seems interesting as well

Proposition 5.2. Let f be an ACL-homeomorphism f : Q — Q' such that f~! €
WE2(Q;Q). Then Ji(x) >0 a.e. z €.

loc
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Proof. By the Gehring-Lehto Theorem we know that f is a.e. differentiable. Let
us define the Borel set

E={zecQ: fisdifferentiable at z and J¢(x) = 0}

We claim that |E| = 0. Assume the contrary |E| > 0 then necessarily |f(E)| > 0,
otherwise f 1 (f(E)) would have zero measure, because f~! verifies the (N) prop-
erty ([11], I11.6.1). Actually |f(E)| > 0 would imply that f~! is not differentiable
on the positive set f(E): a contradiction. (This is a version of Sard’s Lemma.) So
we have |E| =0 and J¢(z) > 0 for a.e. z € Q. O
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Crack Problems for Composite Structures
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Abstract. We investigate three-dimensional interface crack problems (ICP)
for metallic-piezoelectric composite bodies with regard to thermal effects. We
give a mathematical formulation of the physical problem when the metallic
and piezoelectric bodies are bonded along some proper parts of their bound-
aries where interface cracks occur. By potential methods the ICP is reduced
to an equivalent strongly elliptic system of pseudodifferential equations on
manifolds with boundary. We study the solvability of this system in different
function spaces and prove uniqueness and existence theorems for the origi-
nal ICP. We analyze the regularity properties of the corresponding thermo-
mechanical and electric fields near the crack edges and near the curves where
the boundary conditions change. In particular, we characterize the stress sin-
gularity exponents, which essentially depend on the material parameters, and
show that they can be explicitly calculated with the help of the principal
homogeneous symbol matrices of the corresponding pseudodifferential opera-
tors.

Mathematics Subject Classification (2000). Primary 35J55; Secondary 74B05,
74F05, 74F15.

Keywords. Elliptic systems, thermoelasticty theory, thermopiezoelasticity, po-
tential theory, boundary-transmission problems, interface crack problems.

1. Introduction

In this paper we investigate a mathematical model describing the interaction of
the elastic, thermal and electric fields in a three-dimensional composite consisting
of a piezoelectric (ceramic) matrix and metallic inclusions (electrodes) bonded
along some proper parts of their boundaries where interface cracks occur. Modern
industrial and technological processes apply widely such type composite materials.
Therefore investigation of the mathematical models for such composite materials
and analysis of the corresponding thermo-mechanical and electric fields became
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very actual and important for fundamental research and practical applications
(for details see [6], [8], [9] and the references therein).

Here we consider a general three-dimensional interface crack problem (ICP)
for an anisotropic piezoelectric-metallic composite with regard to thermal effects
and perform a rigorous mathematical analysis by the potential method.

In the piezoceramic part the unknown field is represented by a 5-component
vector (three components of the displacement vector, the electric potential function
and the temperature), while in the metallic part the unknown field is described
by a 4-component vector (three components of the displacement vector and the
temperature).

As it is well known from the classical mathematical physics and the clas-
sical elasticity theory, in general, solutions to crack type and mixed boundary
value problems have singularities near the crack edges and near the lines where
the types of boundary conditions change, regardless of the smoothness of given
boundary data. The same effect can be observed in the case of our interface crack
problem, namely, singularities of electric, thermal and stress fields appear near the
crack edges and near lines, where the boundary conditions change and where the
interfaces intersect the exterior boundary (the so-called exceptional curves).

We apply the generalized potential method developed in the references [3],
[5], [7], and reduce the ICP to the equivalent system of pseudodifferential equations
on a proper part of the boundary of the composed body. We analyze the solvability
of the resulting boundary-integral equations in Sobolev-Slobodetski (W), Bessel
potential (H; ), and Besov (B;yt) spaces and prove the corresponding uniqueness
and existence theorems for the original ICP. Moreover, our main goal is a detailed
theoretical investigation of regularity properties of thermo-mechanical and electric
fields near the exceptional curves and qualitative description of their singularities.
In particular, we show the global C®-regularity results with some a € (0, 1] de-
pending on the eigenvalues of a matrix which is explicitly constructed with the
help of the homogeneous symbol matrices of the corresponding pseudodifferential
operators. These eigenvalues depend on the material parameters, in general, and
actually they define the singularity exponents for the first-order derivatives of so-
lutions. Consequently, the important result is that the stress singularity exponents
essentially depend on material parameters. We recall that for interior cracks the
stress singularity exponents do not depend on the material parameters and equal
to —0.5 (see, e.g., [3], [4], [9]).

2. Formulation of the problem and uniqueness result

2.1. Geometrical description of the composite configuration. Let (™) and Q be
bounded disjoint domains of the three-dimensional Euclidean space R? with C°-
smooth boundaries 9Q("™) and 9, respectively. Moreover, let 9 and 9Q™) have
a nonempty, simply connected intersection I'(m) with a positive measure, i.e.,
AN NN =T () measT (™ > 0. From now on I' ™) will be referred to as an
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interface surface. Throughout the paper n and v = n (™ stand for the outward
unit normal vectors on 9 and on Q™) respectively. Evidently, n(z) = —v(z)
for x € T (™),

Further, let I'(m) = F%m) U Fém), where Fém) is an open, simply connected
proper part of I' ™) Moreover, F%m) N Fém) =@ and OT' "™ N Fém) =g.
We set S]S,m) = 00\ T(m) and §* := 9Q \ T (M), Further, we denote by

Sp some open, nonempty, proper sub-manifold of S* and let Sy := S*\ Sp. Thus,
we have the following dissections of the boundary surfaces (see Figure 1)

o =rmuri™MusSyusy, 9t =rimuri™us.

Throughout the paper, for simplicity, we assume that 9Q (™), 9Q, 95 ]glm)’ 8F¥n),
3Fém), 8Sp, SN are C*®-smooth and dQ™ NSy = @.

Let € be filled by an anisotropic homogeneous piezoelectric medium (ceramic
matrix) and Q™) be occupied by an isotropic or anisotropic homogeneous elas-
tic medium (metallic inclusion). These two bodies interact to each other along
the interface I' ™) where the interface crack Fém) occurs. Moreover, it is assumed
that the composed body is fixed along the sub-surface Sp (the Dirichlet part of
the boundary), while the sub-manifolds S](Vm) and Sy are the Neumann parts of
the boundary. In the metallic domain Q (™) we have a four-dimensional thermoe-
lastic field described by the displacement vector u (™) = (ul(m), uz(m) ug(m))‘r and

temperature distribution function uim) =9 (™) while in the piezoelectric domain
Q) we have a five-dimensional physical field described by the displacement vector
u = (u1,uz,us) ", temperature distribution function 14 = 1 and the electric poten-
tial us = @. We set U (™ := (v (™) 9 ™)T and U := (u,9, ). The superscript
()T denotes transposition operation. Throughout the paper the summation over
the repeated indices is meant from 1 to 3, unless stated otherwise.

2.2. Field equations in (™). Components of the mechanical thermo-stress tensor
read as ai(jm)
the heat flux vector read as qi(m) = —%i(lm) 99 (M) i = 1,2, 3. Here and in what
follows we employ the notation 0 = (91, 92, 93), 9; = 0/0z;.

The vector U (™) = (4, (™) 9 (™) T solves the system of differential equations
in the metallic domain Q™) (for details see [7], [8])

= cl(]%) Glulgm) - yi(jm) 9™ 4 j =1,2,3, while the components of

e 9o u ™ — oM r2u (™M — 5 M g9 m =0, j=1,23, 2.1)
-7 T, %gm) alui(m) + %i(lm) 3i3119(m) —ram gim) — '

or in matrix form
A™ (@, 1)U ™ (z) =0, (2.2)

where A (™)(9, 1) is the nonselfadjoint 4 x 4 matrix differential operator generated
by equations (2.1).
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Ficure 1. Composite body

Here cl(]kl) are the elastic constants, o (™ is the mass density, %k(]m) are the

(m)

thermal conductivity constants, Vij  are the thermal strain constants, Ty is the

initial reference temperature, « (m) = oM (M) with (™) as the specific heat per
unit mass, 7 = ¢ + i w is a complex parameter.
Constants involved in the above equations satisfy the symmetry conditions:

ci(]?qIZl) - CJ(ZZI) - clglw)’ %gm) /y](lm)’ %i(jm) (lm)7 i gkl =1,2,3

and for all &; = &;; € R, 4,j =1,2,3, and & = (&,&;,&;) T € R3 there are positive
constants C’o(m) and Cl(m), such that
e €36 > OV & &y, VG > O 2.
Further, we introduce the following generalized thermo-stress operator
T (@0,v) = [T (@.0) Jaxa,

where
71/) = z]lk Vl 617 T]é(lm) (8 V) ’ngm) Vi,
) =0, 4 (3,1/) :%i(l v; O, 7,k=1,2,3.

For a vector U(m) = (u™, 9T we have
TMym = (g (1m) v;, O’i(Qm) vi, UZ-(3 v, % ” o)’ (2.3)

The components of the vector 7 (™) U (™) given by (2.3) have the physical sense:
the first three components correspond to the thermo-mechanical stress vector act-
ing on a surface element with a normal v = (11, 9, v3), while the forth one is the
normal component of the heat flux vector (with opposite sign).
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2.3. Field equations in 2. The constitutive relations in the piezoelectric domain 2
read as
0ij = Cijkl O1uk + €135 O — Vi U,
Dj = ejm Our —eudip+9;9, ¢j = =200, i,j=1,2,3,
where o}; is the mechanical stress tensor in the theory of thermoelectroelasticity,
D = (Dy,Dq,D3)" is the electric displacement vector, E = (E, Eq, E3)T =
—grad ¢ is the electric field vector, ¢ = (g1, ¢2,q3) " is the heat flux vector, g is the
mass density, c;;x; are the elastic constants, ey;; are the piezoelectric constants, ey
are the dielectric (permittivity) constants, vx; are thermal strain constants, g are
thermal conductivity constants, o := o ¢ with ¢ as the specific heat per unit mass,
g; are pyroelectric constants characterizing the relation between thermodynamic
processes and piezoelectric effects.
The constants involved in these equations satisfy the symmetry conditions:
Cijkl = Cjiki = Cklijs €ijk =E€ikjs €ij =Ejis Vij =Vji» #ij = %jis 4, J, k0 =1,2,3.
Moreover, from physical considerations it follows that for all &; = &;; € R, n =
(7717772a773) € C?)’ and C eC (See7 c.g., [8])
cijit &ij S > Co &5 &igy eigmiTly; = Culnl® s se5mim; > Co|nf?,
_ « _
i 7 7 | P = 2R (o) 2 Co(1CP + Inf?)
where Cy, C1, Cy and Cs are positive constants.

The vector U = (u,1, )T solves the following system of differential equations
in the piezoelectric domain Q (for details see [7], [8])

Cijik 05 Opug, — 07 uj — 7ij 00 + ey Adip =0, j=1,2,3,

—7 Ty vir Oyu; + 3¢5 0; 9 — Tad + 714 g Osp = 0, (2.4)

—eikt 0;0uk, — g; 070 + €41 0,01 = 0,
or in matrix form

A0, 7)U(z) =0 in Q, (2.5)
where A(9,7) is a nonselfadjoint 5 x 5 matrix differential operator generated by
equations (2.4).
Let us introduce the generalized stress operator

7(0,n) = [T(0,n) |55
Tik(0,n) = cijieni O, Tja(0,n) = —vijni, Tj5(0,n) = eyjn; O,
T (0,m) =0, T34(0,n) =3¢y n; 0y, Tu5(0,m) =0,
T51(0,m) = —eikin; Oy, Ts4(0,n) = —ging, Ts5(0,n) =eun; 0, j,k=1,2,3.
For a vector U = (u,¢,9)" we have
T(9,n)U = (0114, Gizni, 0izni, —qing, —Ding ). (2.6)

The components of the vector 7 U given by (2.6) have the physical sense: the
first three components correspond to the mechanical stress vector in the theory
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of thermoelectroelasticity, the forth and fifth ones are the normal components of
the heat flux vector and the electric displacement vector (with opposite sign),
respectively.

2.4. Formulation of the interface crack problem. Let us introduce some notation.
Throughout the paper the symbol {-}* denotes the interior one-sided limit on
99 (respectively 9Q (™)) from Q (respectively Q (™). Similarly, { -}~ denotes the
exterior one-sided limit on 99 (respectively 92 (™)) from the exterior of  (respec-
tively (™)),

By Lp, Wy, Hy, and B , (with r > 0, s € R, 1 <p < 00,1 < ¢ < o0)
we denote the well-known Lebesgue, Sobolev-Slobodetski, Bessel potential, and
Besov function spaces, respectively (see, e.g., [11]). Recall that Hy = W3 = By ,,
Hs = Bs,, W} = B} ,, and H;j = W]f, for any r > 0, for any s € R, for any
positive and non-integer ¢, and for any non-negative integer k.

Let Mg be a smooth surface without boundary. For a smooth sub-manifold
M C M, we denote by ﬁ;(M) and Eg’q(/\/l) the subspaces of H;(My) and
B (M), respectively,

Hy(M) ={g:g€ HS(Mo) suppg C M},
Bs (M) ={g: g€ B (M), suppg C M},
while Hj3(M) and Bj (M) denote the spaces of restrictions on M of functions
from H;(Mp) and B, (M), respectively,
Hy(M) ={rf: feH,(Mo)}, By (M)={r,f : feB,, Mo},

where r,, is the restriction operator on M.
Now we formulate mathematically the mixed interface crack problems when
the crack gap is assumed to be thermally insulated and electrically nonpermeable.

Problem (ICP-A): Find solution vector functions U (™) € [V[/I}(Q(m))]4 and U €
(W, (Q)]° with 1 < p < oo of the systems (2.1) and (2.4), respectively, satisfying

(1) the boundary conditions:

1"5157m>{[7(m)(3, WU =@ on S, j=T4, (27
rsni[T(0,n)Ul}T=Qr on Sy, k=1,5, (2.8)

rsplur}™ =fx on  Sp, k=1,5, (2.9)

rF}m){ug,}*‘ = f5(m) on F}m)7 (2.10)

(ii) the transmission conditions (j = 1,4):
Tpgm {uj}+ —Tpgm {u.(m)}+ = fj(m) on F%m), (2.11)
TF}m,){[T( } + 7 (m>{ (0, v)U M, } Fj(m) on F%m), (2.12)
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(iii) the interface crack conditions:

m m + ~(m m .
rrém>{[7< @, U™} =@ on TYY, j=T1, (213)

Trém){[']—(a7n) U];g}+ =Qr on Fém), k=1,5, (2.14)
where n = —v on I' ("),
~p (m) ¢ g r(g(m 1-y
Qr € Bpy (SN) Q;" € Bpy (Sy'")s  fr € Bpyp"(Sp),
_1
f(m) € Bpp (r (m)) Fj(m) € Bpy (F7(1 ))7 Q( s Bpp( ((J ))a (2.15)
Qr€ By (E), k=T5. j=T4

2.5. Green’s formulas and uniqueness theorem. Green’s identities for vector func-
tions

U = (™, uf™)T, VO = (™M) e [WH Q)4
U = (U17...,U5)T, V = (’Ul,...,,’U5)T S [W;(Q)]S
with A (MU () € [Ly(Q™)]* and AU € [Lo(Q20™)]%, read as (cf. [7])

< {T(m)(a V)U (m)}+, {v (m)}+>

:/ A (9, )07 () .y (m) gy
a9 (m) D) (m)

+/Q(m> |:E(m)( (m) (m)) Q(m) 72 uj(m)vj(m) + %j(lm) ajuim) alvzl(m)

+7am u4(m) vy (m) + ’y](;n) (TToﬁ-ul(m) vim) — uim) 3jvl(m))} dx,

{T@,mUY*, {V}T) 0 / AU - de+/sz

+v51 (7 To 05w U1 — ua 3jvl ) + 5251 Ojua Ovs + T us UL + €1 0jus Ojvs

{E(u,ﬁ) +o7? u;0;5

+ei4 (8lU5 aﬂ}j — &-uj (9[1)5) — g (TTO Oyus Ug + Uy (91’05):| dx,

where E(m)( (m) v(m)) *c(m) 0; u(m) 3 v ) and E(u,v) = cijir Oiu; Avi. Here
the central dot denotes the scalar product in (CN =4,5,and (-, - )gn m) (respec-
1
tively (-, -)aqn) denotes the duality between the function spaces [B, 5 (092 (m))]4
and [BZ,(0Q(™)]* (respectively [B; 2 (99)]° and [B, (99)]%) which extends the
usual Lo scalar product.
Now we formulate the following uniqueness result.

Theorem 2.1. Let 7 = o +iw with o > 0. The interface crack problem (ICP-A) has
at most one solution in the space [W3 (™))% x [WH(Q)]°, provided the measure
of Sp is positive.

Proof. Tt follows from the above Green’s formulas and the positive definiteness
properties of material parameters described in Subsections 2.2 and 2.3. (I
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3. Existence and regularity results for Problem (ICP-A)

3.1. Layer potentials. Denote by W™ (. 7) = [\11,5?)(,7')}4)(4 and U(-,7) =
[Wri(-,7)] 5y 5 the fundamental matrix-functions of the operators A (m)(9,7) and
A(9,7) and introduce the single layer potentials (see [1], [7]):

V) (1,0 () = / WO (2 — g, 7) KO (y) dy S,
o9 (m)

Vee) = [ =) i) dy S,
where h(™) = (h{™ RS RS ™Y and b = (hy, ha, hs, ha, hs) T are den-
sities of the potentials. For the boundary integral (pseudodifferential) operators
generated by the layer potentials we will employ the following notation:

T

H (B ) (z) == / O™ (z —y,7) R (y)d,S, x € dQ ™),

o (m)
I (n ) () = / [T @y, (@)U ™) (& — y, )] L™ (y)d, S, = € 900,
o (m)
H-(h)(z) := /\I/(as —y,7) h(y) dyS, € 09,
o0
Kr(h)(z) = / [T (0psn(2))¥(x —y,7)] h(y)dyS, x €N
o0

The layer boundary operators HT(m) and H, are pseudodifferential operators of

order —1, while the operators ICT(m) and I, are singular integral operators, i.e.,
pseudodifferential operators of order 0 (for details see the [1], [7]).
In [7] it is shown that if R7 =0 > 0 and 1 < p < oo, then

(i) an arbitrary solution U (™) € (W, (© (m))]% to the homogeneous equation
(2.2) can be uniquely represented by the single layer potential

U (z) = V,(™)( [pT(m)]*lx(m) )(z), =€,
where
P = 27 [+ K™ and x™ = {TM™U ™} € [B, aQ (m)]*,
Moreover, PA™ [B;yt(ﬁﬁ (m))} — [Bz’t(ﬁﬁ (m))] is an invertible operator for
seER, 1 <p<oo,and 1 < g < oo;

(ii) an arbitrary solution U € [W,(Q)]® to the homogeneous equation (2.5)
can be uniquely represented by the single layer potential U(x) =V, (’P; ! X)(a:),

where x = {TU} +8 {U}" € [ Byg (09)]° and P, := ~271 I+ K+ H, with
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[ being a smooth real-valued scalar function which does not vanish identically and
8>0 and suppB C Sp. (3.1)

The properties of the single layer potentials and the corresponding boundary op-
erators are described by the following theorems (see [7]). Below we assume that
l<p<oo,1<t< oo, and s €R.

Theorem 3.1. The operators V™ [ B} (09 (m))]4 — [Hp

v, [ B3, 00)] - [HT

Q)] ® are continuous.

1 1
Theorem 3.2. Let h (™) ¢ B,/ (09 (m))]4 and h € [B,} (39)]5. Then

{V(m) h(m) } — {V(m) h(m) }* =H/ (m) p, (M) on (‘)Q(m)7

(T @, )V, (RN = [ F 2 L+ MR on 90 ™,
{VT(h} ={V:(h)} =H.h on 09Q,

(T@ Vo) =[F 2 L+ K] h on 09,

where I, stands for the k X k unit matrix.

Theorem 3.3. The operators

™ [Bs (090 — (Bt @0,
K™ 2 [BsL, (0 Q<m>)} — [Bs,(00™)]",
He o [B;.(00)]° — [B3i(09)]’,

K, : [B5(09)]" — [Bs.(09)]°,

are continuous. Moreover, the operators H,ﬁm), H, and f% I4+IC,(rm) are invertible
if o > 0, while the operator —% I5+ I is Fredholm with zero index for any T € C.

3.2. Reduction to boundary equations. Here we derive the equivalent boundary
integral formulation of the interface crack problem (ICP-A). Keeping in mind
(2.15), let

GIZ{ 5 o S](Vn’z) gtm .= ] QM on STV,
Q on T, Q™ on F(m)

_ 1 _ 1
G e[Bpp (SNUTI P, G e [By g (SyY uriM).

Let Go = (Gou,-..,Gos) " and G(()m) = (Gé1 ye - G(m)) be some fixed extensions
of the vector functions G and G("™) respectlvely onto 9Q and 9™ preserving

_1 Z1
the space, i.e., Go € [ Bp £ (09)]° and Gém) € [ By g (0904, Tt is evident that
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arbitrary extensions of the same vector functions can be represented then as G* =
Go+ 1+ hand G™* = G{™ + h(™) | where

1

Y= (Y1,...,5)" € [_5( )]
h:=(hi,...,hs)T €[B E( (’”))}

R = (h{™ )T € [Byg (0]

are arbitrary vector functions.

We develop here the so-called indirect boundary integral equations method
and look for a solution pair (U ™), U) of the interface crack problem (ICP-A) in
the form of single layer potentials,

U(m>:V(m)([pT(m>} (G +h™]) in Q) (3.2)
U=V, (P;'[Go+v+h]) in Q,

where ’PT(m) and P, are defined above.

Due to (3.1) and the properties of the single layer potentials we can easily
verify that the homogeneous differential equations (2.2) and (2.5), the boundary
conditions (2.7)—(2.8) and crack conditions (2.13)—(2.14) are satisfied automati-
cally.

The remaining boundary and transmission conditions (2.9)—(2.12) lead to

the simultaneous pseudodifferential equations with respect to the unknown vector
functions 1, h and h (™

re, [H-P7 (¢ +h)],=fc on Sp, k=175, (3.4)
P [P (041 ] = B on T4, (3.5)
- m m -1 m

g [prrl(dﬂrh)b e (R [P Rl )]j
=7 on T, j=T4,  (36)

T hj(m) T hj = Fj(m) on Fém), j=1,4. (3.7)

where

~ 1—1 R
Je = fx — Tsp [HT ,P;l Go]k € BP,PP(SD)’ k=1,5,

> (m m 1*% m
B = 137 =1 g [P Gol s € By” (),

[Hm [Pm] ™ G,

J

Fm) _ p(m)
f_j = f_j + Tr%m

o) [H P GO} EBpp (Féfn))’ Jj=
T

N~
2

~ ~_1
F(m) = F(m) - GOj T GO(]m) er Bp,zl; (F

j j P m) rgm) rgm)

), j=1,4. (3.8)



Crack Problems 237

The last inclusions are the compatibility conditions for Problem (ICP-A). In what

follows we assume that F j( ™) are extended from F ) t0 9™ U N by zero, i.e.,

~ 1 o
F™eB, @™, j=1.3.

Let us introduce the Steklov-Poincaré type 5 x 5 matrix pseudodifferential
operators

A =H, P! Bm) . ™ [Pf(m)]_lhxzt [0]axa

[0]1x4 [0]1x1 55
and rewrite equations (3.4)—(3.7) as
re, A- (¥ +h)=f on Sp, (3.9)
T gm Ar (4 +h) + g BMh =g on T\™, (3.10)
rr%m) h; + TF;M hj(m) = ﬁj(m) on F(m) j=T1,4, (3.11)
where f € [Bap? (Sp), F™ € [Byz (DU, and 5™ € [Bay? (TI™))° with

gm = fjm>+r [HT”‘) [P™]t Fm 1],.i=114, g = f5(m>.

We note here that since the unknown vector function h is supported on
F(Tm), the operator B{™h is defined correctly provided & is extended by zero on

r}’")

S’J(\,m) U F(C,m). For this extended vector function we will keep the same notation h.
So, actually, in what follows we can assume that h is a vector function defined on

9Q U Q™) and is supported on F(Tm).

3.3. Existence theorems and regularity of solutions. Here we show that the sys-
tem of pseudodifferential equations (3.9)—(3.11) is uniquely solvable in appropriate
function spaces. To this end, let us put

TS AT TSD AT TSD [0]5><4
N = | A A + B L [0]5xs (3.12)
T T
Fém) [0]axs Trém) Laxs TF}M ha 14x14
with Iyxs = [1s, [0]ax1]yy5-

Further, let @ := (¢, h, h(m))T, Y = (ﬁ ﬁ(m)7 ﬁ(m))T7 and

X; = B} ,(Sp))® x [B} ,(T{™))° x [B; (0™,

Y= (B33 (S0)I° x [By () < By, (D))",
X}y 1= 1B} 4(Sp))° x [By (D™ x [By ,(Df™ )",

Y;, = (B (Sp)l® x [Byh (™) x [By (D41,
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ForseR, 1 <p<ooand 1< q< oo we have the following mapping properties
A) . s s s s
NT( b X, =Y, [Xp,q — Y,
Evidently, we can rewrite the system (3.9)—(3.11) as
NA G =,

where ® € X7 and Y € Y, are the above-introduced unknown and given vectors,
respectively.

Theorem 3.4. Let the conditions

2
be satisfied with v’ and v" given by (3.18), (3.19), and (3.21). Then the operators

1 1 1 1 ,
l<p<oo, 1<qg<o00, —-—-14+9"<s+=-<-+4% (3.13)
p p

A S S S S
NYLX -y (X, o Y] (3.14)
are invertible.
Proof. We prove the theorem in several steps. First we show that the operators
(3.14) are Fredholm with zero index and afterwards we establish that the corre-

sponding null-spaces are trivial.
Step 1. First of all let us remark that the operators

TSDA [BS T (m))] [B;:ZI(SD)]S;
Tr(m>AT : [ p’q(SD)]S — [B;:Zl(rém))]S’ (315)

are compact since Sp and 1"; ™) are disjoint, Sp Ny rim — = &. Further, we establish
that the operators

oA [HyVP(Sp)P — [HY P (Sp)P,
A+ B [HYP@P - =P E))P (3.16)

r
ol

are strongly elliptic Fredholm pseudodifferential operators of order —1 with in-
dex zero. We remark that the principal homogeneous symbol matrices of these
operators are strongly elliptic.

Using Green’s formula and the Korn’s inequality, for an arbitrary solution
vector U € [H3(Q)]® = [W4(2)]° to the homogeneous equation A(d, 7)U = 0 in
Q by standard arguments we get

RA(TUIF, U)o 2 [|UIF [Hi(Q)> — €2 I U||[2Hg(sz)]5-
Substituting here U = V,.(P;1() with ¢ € [H, 1/2(39)] we arrive at the inequality
—1 2
i <<’ TSDHTPT C>8Q 2 CH || C ||[H*1/2 Sp)]s - 02 || < ||[f[;3/2(SD)]5 . (317)
From (3.17) it follows that the operator
ro, Ar =7 HPTH L [Hy V2(Sp)P — [Hy*(Sp)P

Sp
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is a strongly elliptic pseudodifferential Fredholm operator with index zero. Then
the same is true for the operator (3.16) since the principal homogeneous symbol

matrix of the operator BT(m) is nonnegative.

Therefore, due to the compactness of the operators (3.15), the operator (3.14)
is Fredholm with index zero for s = —1/2, p =2 and ¢ = 2.

Step 2. With the help of the uniqueness Theorem 2.1 via representation for-
mulas (3.2) and (3.3) with Go(m) = 0 and Gy = 0 we can easily show that the
operator (3.14) is injective for s = —1/2, p = 2 and ¢ = 2. Since its index is
zero, we conclude that it is surjective. Thus the operator (3.14) is invertible for
s=-1/2,p=2and ¢ =2.

Step 3. To complete the proof for the general case we proceed as follows. We
see that the following blockwise upper triangular operator

re, Ar 75, [0]5x5 Tsp [0]5x4
(m)
NT(A’O) — rF}m) [0]5x5 Tr}"” [A: + B-"] Trém [0]5a
TF}m) [0]4X5 Trq(,m) I4><5 Tl“q(jm 14 14x14

is a compact perturbation of the operator (3.12). Therefore we have to investigate
Fredholm properties of the operators

re, Ar ¢+ [BS,(Sp]® — [BEH(Sp))’,

D

(A + B o (B, (08P — (BT,

r
F}m)

Let o1(x,&1,&) := o(A;)(x,&1,&2) be the principal homogeneous symbol matrix
of the operator A, and )\j(l) (x), j = 1,5, be the eigenvalues of the matrix D; (z) :=
[o1(x,0,+1)]7t o1(x,0,—1) for z € dSp.

Similarly, let oa(z,&1,&2) = o(Ar + Br(m))(a:,&,gg) be the principal homo-
geneous symbol matrix of the operator A, + B{™ and )\;2) (x), 7 = 1,5, be the

eigenvalues of the corresponding matrix Do(z) := [02(x,0,+1)] 7! o2(z,0,—1) for
T € 3Fr}m). Recall that the curve 8F¥n) is the union of the curves where the

interface intersects the exterior boundary, dI' ™), and the crack edge, 6Fém).

Further, we set

: 1 (1)
. L (
= xeasér}ggjg5 21 arg A; (@),

1
vy = sup — arg )\]-(1)(:1:), (3.18)
2€dSp, 1<j<5 2T

1
vh 1= inf — arg /\j(z) (x),
zeari™ 1<j<5 2m

1
vy = sup — arg /\j(z) (x). (3.19)
zeari™ 1<i<5
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In can be shown that one of the eigenvalues is real and equals to 1. Therefore

v, <0, ~v{ > 0. (3.20)
Note that v} and 77 (j = 1,2) depend on the material parameters, in general, and
belong to the interval (—% %) We put
Vii=min{yg, )l 9" = max{y, '} (3.21)
In view of (3.20) we have
—%<7’§0§7”<%. (3.22)

Due to the general theory of pseudodifferential equations on manifolds with bound-
ary (see, e.g., Theorem 8.1 in [7], [10]) we conclude that if the parameters r1,72 €
R, 1<p<oo,1<q< oo, satisfy the conditions
1

/ 1 1" 1
<-+m oo ldwe<ntg
p p

L
p 1 <n B

<1+’
2 P 727

then the operators

re, A o [Bi(Sp)]® — [BiH(Sp))P,

Sp

oA+ B s B (0P — (B ()

are Fredholm operators with index zero.

Therefore, if the conditions (3.13) are satisfied, then the above operators are
Fredholm with zero index. Consequently, the operators (3.14) are Fredholm with
zero index and are invertible due to the results obtained in Step 2. (I

Now we can formulate the basic existence and uniqueness results.

Theorem 3.5. Let the inclusions (2.15) and compatibility conditions (3.8) hold and
let

<p< (3.23)

Then the interface crack problem (ICP-A) has a unique solution which can be
represented by formulas (3.2) and (3.3), where the densities 1, h, and h (™ are to
be determined from the system (3.4)—(3.7) (i.e., from the system (3.9)—(3.11)).

Moreover, the vector functions Go + ¢ + h and Go(m) + ™) are defined
uniquely by the above systems and do not depend on the extension operators.
Proof. For p satisfying (3.23) and s = 71—1) it immediately follows that the pair
(U™, U) € WHQM)* x [WH(Q)]° given by (3.2)(3.3) represents a solution to
the interface crack problem (ICP-A). Now we show the uniqueness of solutions.

Due to the inequalities (3.22)

*26( 4 4 )
P= 32y 1_2v)

Therefore the unique solvability for p = 2 is a consequence of Theorem 2.1.
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To show the uniqueness result for all other values of p from the interval (3.23)
we proceed as follows. Let a pair
(U™, 0) € Wy (™)) x Wy ()P

p

with p satisfying (3.23) be a solution to the homogeneous interface crack problem
(ICP-A). Then, it is evident that

(UMY e (aQ e, (U € By’ )P,
{Tmy m>} BRI, (TUY € (B oo,
and the vectors U ™) and U in Q™) and Q respectively are representable as
Um — V(m)( [pT(m)]_l h(m)) in QM) with ™ = {T(m)U(m) }""
U=V, (P 'x) in Q with x= {70} +p{U}".

Moreover, due to the homogeneous boundary, transmission and crack conditions,
and since supp 8 C Sp, we have

1

B € (Byf (), x=h+v, ¢ [Bpf(Sp)]° he [Bppri™)]’
By the same arguments as above we arrive at the homogeneous system
NA & =0 with ®:= (¢, h, R € X, 7.

Due to Theorem 3.4, it follows that ® = 0 and we conclude U (™ = 0 in Q™) and
U=0in Q.

The last assertion of the theorem is trivial and is a ready consequence of the
fact that if the single layer potentials (3.2) and (3.3) vanish identically in Q™)
and (Q, respectively, then the corresponding densities vanish as well. O

Finally, we formulate the following regularity result.
Theorem 3.6. Let o > 0 be noninteger and
Qu € BLL(Sw). fr € C*(5p), £ € C (D), Qu € BE AL,
F™ e Bl ("), @ € BEArEY), " e Bso-,;ow]sm)),
where k = 1,5, j = 1,4, and the compatibility conditions

ﬁj(m) = Fj(m) —r Go; —r Go(;n) eEr

1_,’1(‘7)1) I‘j(,WL)

(m)Ba . ( :/(“m))a j: 1a4;

be satisfied. Then the solution vectors have the following reqularity property
vme (N 1Cv Q) Ue ()10,
a’'< K a’'< kK

where k = min{a, v’ + 1} > 0.
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A more detailed analysis based on the asymptotic expansions of solutions (see
[2]) shows that for sufficiently smooth boundary data (e.g., C°°-smooth data say)
the principal dominant singular terms of the solution vectors U (™) and U near the
exceptional curves 9Sp and 6F1(1m) can be represented as a product of a “good”
vector function and a singular factor of the form [In o(z) ]™* [ o(z) ]**+* P+, where
o(z) is the distance from a reference point x to the exceptional curves. Therefore,
near these curves the dominant singular terms of the corresponding generalized
stress vectors 7 (™) U (™) and TU are represented as a product of a “good” vector
function and the factor [In o(z)]™* [ o(x)] 2?8 The exponents ay + i G
are related to the eigenvalues )\kl (z) and )\,52) (2) of the above-introduced matrices
Di(x) and Dy(z) by the equalities

1 arg A\

w =g+ Tk g - K

Here A\, € {)\1(1)(95)7...,)\5(1)(95)} for x € 0Sp, and A, € {)\1(2)(95)7...,)\5(2)(:1:)}
for x € BFém). The numbers fj are different from zero, in general, and describe
the oscillating character of the stress singularities. In the above expressions the
parameter my denotes the multiplicity of the eigenvalue \.
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Dedicated to Viadimir Maz’ya on the occasion of his 70th birthday

Abstract. Let Q be a domain in R%, d > 2, and 1 < p < co. Fix V € L5.(Q).
Consider the functional @ and its Gateaux derivative Q' given by

Q(u) 1:% /(|Vu|p + VjuP)dz, Q'(u):=-V- (|Vu|p72Vu) + V|u|p72u.
Q

In this paper we discuss a few aspects of relations between functional-analytic
properties of the functional @ and properties of positive solutions of the equa-
tion Q' (u) = 0.

Mathematics Subject Classification (2000). Primary 35J60; Secondary 35J20,
35J70, 49R50.

Keywords. Quasilinear elliptic operator, p-Laplacian, ground state, positive
solutions, comparison principle, minimal growth.

1. Introduction and preliminaries

Properties of positive solutions of quasilinear elliptic equations, and in particular
of equations with the p-Laplacian term in the principal part, have been extensively
studied over the recent decades, (see, for example, [3, 4, 28, 32] and the references
therein). Fix p € (1, 00), a domain © C R? and a real-valued potential V € L (Q).

The p-Laplacian equation in ) with potential V' is the equation of the form

—Ap(u) + V|uP2u=0 inQ, (1.1)
where Ap(u) := V- (|Vu[P72Vu) is the celebrated p-Laplacian. This equation, in
the semistrong sense, is a critical point equation for the functional

1 p Py dz U >
Q) = Qu(u) == E/Q(|Vu| V) d € C(Q). (1.2)

Y. P. acknowledges the support of the Israel Science Foundation (grant No. 587/07) founded by
the Israeli Academy of Sciences and Humanities, by the Fund for the Promotion of Research at
the Technion, and by the Technion President’s Research Fund.
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So, we consider solutions of (1.1) in the following weak sense.

Definition 1.1. A function v € W2P(Q) is a (weak) solution of the equation

loc
Q'(u) == —A,y(u) + V|u[f2u=0 in Q, (1.3)
if for every ¢ € C§°(£2)

/(|Vv|p72Vv~Vgo—|—V|v|p72w) dz =0. (1.4)
Q

We say that a real function v € CL _(Q) is a supersolution (resp. subsolution) of
the equation (1.3) if for every nonnegative ¢ € C§°(2)

/(|Vv|p*2Vv -V + Vu|P~2vp)dz > 0 (resp. <0). (1.5)
Q

Next, we mention local properties of solutions of (1.3) that hold in any smooth
subdomain ' € Q (i.e., ' is compact in Q).

1. Smoothness and Harnack inequality. Weak solutions of (1.3) admit Hélder con-
tinuous first derivatives, and nonnegative solutions of (1.3) satisfy the Harnack
inequality (see for example [14, 32, 34, 35, 38]).

2. Principal eigenvalue and eigenfunction. For any smooth subdomain Q' € Q

consider the variational problem

(|Vul? + Vul?) d
Mp@) = S dVul A Vi) de
’ wewi () Jo lul? da

(1.6)

It is well known that for such a subdomain, (1.6) admits (up to a multiplicative
constant) a unique minimizer ¢ [9, 13]. Moreover, ¢ is a positive solution of the
quasilinear eigenvalue problem

{Q'«o) = M)l 2p  in QY

1.7
=0 on 09. (L.7)

A1,p(Q) and ¢ are called, respectively, the principal eigenvalue and eigenfunction
of the operator Q" in .

3. Weak and strong maximum principles

Theorem 1.2 ([13] (see also [3, 4])). Assume that Q C RY is a bounded C1+-
domain, where 0 < « < 1. Consider a functional Q of the form (1.2) with V €
L>(Q). The following assertions are equivalent:

(i) Q' satisfies the mazimum principle: If u is a solution of the equation Q'(u) =
f =0 in Q with some f € L>®(Q), and satisfies u > 0 on O, then u is
nonnegative in ).

(il) Q' satisfies the strong maximum principle: If u is a solution of the equation
Q'(u) = f 2 0 in Q with some f € L>®(Q), and satisfies u > 0 on 0N, then
u >0 in Q.
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(iii) A p(€2) > 0.
(iv) For some 0 S f € L™(Q) there exists a positive strict supersolution v satis-
fying Q' (v) = f in Q, and v =0 on .
(iv') There exists a positive strict supersolution v € W1P(Q) N L*°(Q) satisfying
Q'(v) = f 2 0 in Q, such that v|sq € CT(0Q) and f € L=(Q).
(v) For each nonnegative f € C*(2) N L>=(2) there exists a unique weak non-
negative solution of the problem Q'(u) = f in Q, and u =0 on 9.

4. Weak comparison principle. We recall also the following weak comparison prin-
ciple (or WCP for brevity).

Theorem 1.3 ([13]). Let Q@ C R? be a bounded domain of class C1®, where 0 <
a < 1, and suppose that V. € L*°(Q). Assume that A1 ,(Q) > 0 and let u; €
WLP(Q) N L>®(Q) satisfying Q' (u;) € L®(Q), ui|loq € C1T(0Q), where i = 1,2.
Suppose further that the following inequalities are satisfied

Q' (u1) < Q(u2)  in €,
Q' (uz) > 0 in Q,
up < ug on 0L, (1.8)
us > 0 on 0f.
Then
ur < ug in Q.

5. Strong comparison principle

Definition 1.4. We say that the strong comparison principle (or SCP for brevity)
holds true for the functional @ if the conditions of Theorem 1.3 and possibly some
additional conditions imply that u; < us in € unless u; = uo in .

Remark 1.5. Tt is well known that the SCP holds true for p = 2 in any dimension,
and for p-harmonic functions in the plane. For sufficient conditions for the validity
of the SCP see [2, 5, 7, 16, 32, 37] and the references therein. In [5] M. Cuesta and
P. Takac present a counterexample where the WCP holds true but the SCP does
not.

Throughout this paper we assume that
Qu) >0 Yu € C§°(Q). (1.9)

The following Allegretto-Piepenbrink-type theorem, links the existence of positive
solutions with the positivity of Q).

Theorem 1.6 ([28, Theorem 2.3]). Consider a functional Q of the form (1.2). The
following assertions are equivalent:

(i) The functional Q is nonnegative on C° ().

(ii) Equation (1.3) admits a global positive solution.

(iil) Equation (1.3) admits a global positive supersolution.
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In this paper we survey further connections between functional-analytic prop-
erties of the functional () and properties of its positive solutions. In particular, we
review the following topics:

e A representation of the nonnegative functional () as an integral of a nonneg-
ative Lagrangian density and the existence of a useful equivalent nonnegative
Lagrangian density with a simplified form (Section 2).

e The equivalence of several weak coercivity properties of Q). The characteriza-
tion of the non-coercive case in terms of a Poincaré-type inequality, in terms
of the existence of a generalized ground state, and in terms of the variational
capacity of balls (Section 3).

e The identification of ground state as a global minimal solution (Section 4).

e A theorem of Liouville type connecting the behavior of a ground state of one
functional with the existence of a ground state of another functional with a
given ‘decaying’ subsolution (Section 5).

e A variational principle that characterizes solutions of minimal growth at in-
finity (Section 6).

e The existence of solutions to the inhomogeneous equation Q’(u) = f in the
absence of the ground state (Section 7).

e The dependence of weak coercivity on the potential and the domain (Section
8). In particular, in Theorem 8.6, we extend the result for p = 2 proved in
[30, Theorem 2.9].

e Properties verified only in the linear case (p = 2), in particular, the definition
of a natural functional space associated with the functional @ (Section 9).

2. Positive Lagrangian representations

Let v € CL () be a positive solution (resp. subsolution) of (1.3). Using the positive
Lagrangian representation from [3, 4, 6], we infer that for every u € C§°(2), u > 0,

Qu) = / L(u,v)dz, resp. Q(u) < / L(u,v)dz, (2.1)
Q Q
where
1 » uP » uP—1 p—2
L(u,v) := ; [Vul? + (p — l)v—p|V11| — P Vu - |[VoP~=Vu] . (2.2)

It can be easily verified that L(u,v) > 0 in Q [3, 4].
Let now w := u/v, where v is a positive solution of (1.3) and u € C§° (),
u > 0. Then (2.1) implies that

1
Qvw) = 5/ [[wVv + vVw|? — wP|VolP — pwP~ | VoP*Vu - Vol dz. (2.3)
Q

Similarly, if v is a nonnegative subsolution of (1.3), then

1
Qvw) < —/ [[wVv + vVwl? — w?|VolP — puw?~ | VolP2Vu - Vol dz. (2.4)
P Ja
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Therefore, a nonnegative functional () can be represented as the integral of a
nonnegative Lagrangian L. In spite of the nonnegativity of the integrands in (2.1)
and (2.3), the expression (2.2) of L contains an indefinite term which poses obvious
difficulties for extending the domain of the functional to more general weakly
differentiable functions. The next proposition shows that Q admits a two-sided
estimate by a simplified Lagrangian containing only nonnegative terms. We call
the functional associated with this simplified Lagrangian the simplified energy.

Let f and g be two nonnegative functions. We denote f =< g if there exists a
positive constant C such that C~'g < f < Cg.

Proposition 2.1 ([26, Lemma 2.2]). Let v € CL () be a positive solution of (1.3).
Then
Qvw) =< /1}2|Vw|2 (w|Vo| + 0| Vw|)P "2 dz Vw € CH(Q),w > 0. (2.5)
Q
In particular, for p > 2, we have

Q(vw) = /(vp|Vw|p +0?|VoP 2P 2| Vw?)dz  Vw € Cj(R2),w > 0.  (2.6)
Q
If v is only a nonnegative subsolution of (1.3), then for 1 < p < oo we have

Qvw)<C 02| Vwl? (w|Vo| + o|Vw|)P *dz Vw € CL(Q),w > 0.
QN{v>0}

In particular, for p > 2 we have
Qvw) < C’/(vp|Vw|p + 0?|VoP2wP 2| Vw?)dz  Vw € CH(Q2), w > 0.
Q

Remark 2.2. Tt is shown in [26] that for p > 2 neither of the terms in the simplified
energy (2.6) is dominated by the other, so that (2.6) cannot be further simplified.

3. Coercivity and ground state

It is well known (see [21]) that for a nonnegative Schrédinger operator P we have
the following dichotomy: either there exists a strictly positive potential W such
that the Schrodinger operator P— W is nonnegative, or P admits a unique (gener-
alized) ground state. It turns out that this statement is also true for nonnegative
functionals of the form (1.2).

Definition 3.1. Let @ be a nonnegative functional on C§°(f2) of the form (1.2). We
say that a sequence {ur} C C§°(Q) of nonnegative functions is a null sequence of
the functional @ in €, if there exists an open set B € 2 such that fB |ug|P de =1,
and

Jim Q(uy) = lim /(|Vuk|p + V|ul?) d = 0. (3.1)
— 00 — 00 Q

We say that a positive function v € CL_(Q2) is a ground state of the functional Q
in Q if v is an LY (Q) limit of a null sequence of Q. If Q > 0, and Q admits a

loc
ground state in €2, we say that Q is critical in 2.
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Remark 3.2. The requirement that {uz} C C§°(€2) can clearly be weakened by
assuming only that {ug} C VVO1 P(Q). Also, as it follows from Theorem 3.4, the
requirement [, |ug|P dz = 1 can be replaced by [, |ug|P dz < 1orby [, updz =< 1.

The following statements are based on rephrased statements of [28, Theo-
rem 1.6], [29, Theorem 4.3] and [36, Proposition 3.1] (cf. [21, 27] for the case

p=2).
Theorem 3.3. Suppose that the functional @ is nonnegative on C§°().

1. Any ground state v is a positive solution of (1.3).

2. Q admits a ground state v if and only if (1.3) admits a unique positive su-
persolution.

3. Q s critical in Q if and only if Q admits a null sequence that converges locally
uniformly in €.

4. If Q admits a ground state v, then the following Poincaré type inequality
holds: There exists a positive continuous function W in €, such that for
every ¢ € C§°(Q) satisfying [Yvdx # 0 there exists a constant C > 0 such
that:

Qu)+C || Yudx

Q

The following theorem slightly extends [28, Theorem 1.6] in the spirit of [36,
Proposition 3.1].

p
zc*/ W ([VulP + [uP) dz Yu e C5P(R).  (3.2)
Q

Theorem 3.4. Suppose that the functional Q is nonnegative on C§°(Q). The fol-
lowing statements are equivalent.

(a) @ does not admit a ground state in ).
(b) There exists a continuous function W > 0 in Q such that

Q(u) > A W (x)u(z)|P dz Yu € C5°(9). (3.3)

(¢) There exists a continuous function W > 0 in Q such that
Qu) > / W(z) (|Vu(z)P + |u(z)?) dx Yu € C5°(9). (3.4)
Q
(d) There exists an open set B € Q and Cp > 0 such that

/B u(z) dz ’

Suppose further that d > p. Then @ does not admit a ground state in ) if and
only if there exists a continuous function W > 0 in Q such that

Qu) > Cx Yu € C5°(Q). (3.5)

p/p”
Q(u) > ( W () |u(z) P d:z:) Yu € C§°(Q), (3.6)

where p* = pd/(d — p) is the critical Sobolev exponent.

Q
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Definition 3.5. A nonnegative functional @ on C§°(€2) of the form (1.2) which is
not critical is said to be subcritical (or weakly coercive) in Q.

Ezample 3.6. Consider the functional Q(u) := [;. [Vu[P dz. It follows from [20,
Theorem 2] that if d < p, then @ admits a ground state ¢ = constant in R?. On
the other hand, if d > p, then

(p—d)/p
u(gj) = |14+ |x|17/(17_1):|

) v(x) := constant

are two positive supersolutions of the equation —Apu = 0 in R?. Therefore, Q is
weakly coercive in R?.

Ezample 3.7. Let d > 1, d # p, and Q := R%\ {0} be the punctured space. The
following celebrated Hardy’s inequality holds true:

Qx(u) ::/ <|Vu|p— : || ) dz >0 u € C5(Q), (3.7)
Q

whenever A < ¢, = [(p—d)/p[P. Clearly, if A < ¢} ,;, then Qx(u) is weakly

coercive. On the other hand, the proof of Theorem 1.3 in [31] shows that Qx

with A = ¢ ; admits a null sequence. It can be easily checked that the function

v(r) == |r|(p 4)/P is a positive solution of the corresponding radial equation:

d—1 |v|P~2v
1\p—2 1" !/
—'|P [(p —1)v" + - v} —c, dirp =0 r € (0,00).

Therefore, ¢(x) := |z|(P~4/P is the ground state of the equation

p—2
—Apu— g |“||I|p “—0 mo. (3.8)

Note that ¢ & I/Vl P(R?) for p # d. In particular, ¢ is not a positive supersolution
of the equation Ayu = 0 in RY,

In [39, 40] Troyanov has established a relationship between the p-capacity
of closed balls in a Riemannian manifold M and the p-parabolicity of M with
respect the p-Laplacian. We extend his definition and result to our case.

Definition 3.8. Suppose that the functional @ is nonnegative on C§°(2). Let K € Q
be a compact set. The Q-capacity of K in € is defined by

Capg (K, Q) == inf{Q(u) | u € C5°(2), u>1 on K}.

Corollary 3.9. Suppose that the functional Q is nonnegative on C§°(2). Then Q
is critical in Q if and only if the Q-capacity of each closed ball in ) is zero.
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4. Ground states and minimal growth at infinity

Definition 4.1. Let Ky be a compact set in €. A positive solution u of the equation
Q'(u) = 0in 2\ Ky is said to be a positive solution of minimal growth in a
neighborhood of infinity in Q (or u € Mg g, for brevity) if for any compact
set K in 2, with a smooth boundary, such that Ky € int(K), and any positive
supersolution v € C((Q \ K) U 9K) of the equation Q'(u) = 0 in Q \ K, the
inequality u < v on 0K implies that v < v in Q\ K.

A (global) positive solution u of the equation @’(v) = 0 in €, which has
minimal growth in a neighborhood of infinity in Q (i.e., u € Mqg) is called a
global minimal solution of the equation Q'(u) =0 in Q.

Theorem 4.2 ([29, Theorem 5.1], cf. [28]). Suppose that 1 < p < oo, and Q s
nonnegative on C§° (). Then for any xo € Q the equation Q'(u) = 0 has a positive
solution u € Mq (4.} -

We have the following connection between the existence of a global minimal
solutions and weak coercivity.

Theorem 4.3 ([29, Theorem 5.2], cf. [28]). Let 1 < p < oo, and assume that Q
is nonnegative on C° (). Then Q is subcritical in Q if and only if the equation
Q' (u) =0 in Q does not admit a global minimal solution of the equation Q'(u) =0
in Q. In particular, u is ground state of the equation Q'(u) =0 in Q if and only u
is a global minimal solution of this equation.

Consider a positive solution u of the equation Q’(u) = 0 in a punctured
neighborhood of zy which has a nonremovable singularity at 2o € R%. Without
loss of generality we may assume that xo = 0. If 1 < p < d, then the behavior of u
near an isolated singularity is well understood. Indeed, due to a result of L. Véron
(see [28, Lemma 5.1]), we have that

a(d,p) d
u(z) ~ o1 p=d as x — 0, (4.1)
- 10g|.’17| b= d7
where a(d,p) := (p—d)/(p — 1), and f ~ g means that
im 18 _
=0 g(x)

for some positive constant C'. In particular, lim,_,o u(z) = oco.

Assume now that p > d. A general question is whether in this case, any
positive solution of the equation Q'(u) = 0 in a punctured ball centered at xy can
be continuously extended at xo (see [17] for partial results).

Under the assumption that u < 1 near the isolated point the answer is given
by Lemma 5.3 in [29]:

Lemma 4.4. Assume that p > d, and let v be a positive solution of the equation
Q' (u) = 0 in a punctured neighborhood of xo satisfying u < 1 near xo. Then u can
be continuously extended at xg.
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The following statement combines the second part of [28, Theorem 5.4], where
the case 1 < p < d is considered with [29, Theorem 5.3] which deals with the case
p > d.

Theorem 4.5. Let xg € §), and let u € Mg (4,y- Then Q is subcritical in §2 if and
only if u has a nonremovable singularity at xg.

5. Liouville theorems

In [26] we use some of the positivity properties of the nonnegative functional @
discussed in the previous sections to prove a Liouville comparison principle for
equations @’ (u) =0 in Q (see Theorem 9.1 for the case p = 2).

Theorem 5.1. Let Q be a domain in R?, d > 1, and let p € (1,00). For j = 0,1,
let V; € L2 (), and let

loc
Qj(u) = /Q (IVu(@)[? + Vi(z)|u(@)[?) dz u e C5°(Q).

Assume that the following assumptions hold true.

(i) The functional Q1 admits a ground state @ in ).
(il) Qo > 0 on C§°(Y), and the equation Qi(u) = 0 in £ admits a subsolution

Y€ V[/lif(Q) satisfying ¥y # 0, where ¥4 (x) := max{0,vy(x)}.
(iii) The following inequality holds in
where C' > 0 is a positive constant.
(iv) The following inequality holds in Q
VY P72 < CIVplP~2, (5.2)
where C' > 0 is a positive constant.

Then the functional Q¢ admits a ground state in ), and v is the ground state. In
particular, ¥ is (up to a multiplicative constant) the unique positive supersolution
of the equation Qi(u) =0 in .

Remark 5.2. Condition (5.2) is redundant for p = 2. For p # 2 it is equivalent to
the assumption that the following inequality holds in 2:
{|V¢+I <Oyl if p>2,

5.3
Vil > OVl if p<2, (5:3)

where C' > 0 is a positive constant.
Remark 5.3. This theorem holds if, in addition to (5.1), one assumes instead of
|V |P~2 < ClVp|P~2 in Q (see (5.2)), that the following inequality holds true
in

VLIV P72 < Cp? VP72, (5.4)
where C' > 0 is a positive constant.
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Remark 5.4. Suppose that 1 < p < 2, and assume that the ground state ¢ > 0 of
the functional )1 is such that w = 1 is a ground state of the functional

BY(w) = [ &vupda, (5.5)

that is, there is a sequence {wy} C C§°(Q2) of nonnegative functions satisfying
EY(wy) — 0, and [, |wg|? =1 for a fixed ball B € Q with volume 1 (this implies
that w, — 1in LY (€2)). In this case, the conclusion of Theorem 5.1 holds if there
is a nonnegative subsolution ¢, of Q{(u) = 0 satisfying (5.1) alone, without an

assumption on the gradients (like (5.2) or (5.4)).

Remark 5.5. Condition (5.2) is essential when p > 2, and presumably also when
p < 2. When p > 2, Q = R% and V is radially symmetric, Proposition 4.2 in [26]
shows that the simplified energy functional is not equivalent to either of its two
terms that lead to conditions (5.1) and (5.2), respectively.

Example 5.6. Assume that 1 < d < p < 2,p > 1, Q = R? and consider the
functional @1 (u) := fRd |VulP dz. By Example 3.6, the functional (); admits a
ground state ¢ = constant in R.

Let Qo be a functional of the form (1.2) satisfying Qo > 0 on C5°(R%). Let
(NS Wli)’Cp(Rd), Y4 # 0 be a subsolution of the equation Qj(u) = 0 in RY, such
that ¢y € L>®(R?). It follows from Theorem 5.1 that 1 is the ground state of
Qo in R?. In particular, v is (up to a multiplicative constant) the unique positive
supersolution and unique bounded solution of the equation Q) (u) = 0 in R%. Note
that there is no assumption on the behavior of the potential V{, at infinity. This
result generalizes some striking Liouville theorems for Schrédinger operators on
R that hold for d = 1,2 and p = 2 (see [24, Theorems 1.4-1.6)).

Example 5.7. Let 1 < p < oo, d > 1, d # p, and Q := R?\ {0} be the punctured
space. Let Qg be a functional of the form (1.2) satisfying Qo > 0 on C§°(2). Let
(NS VVﬁ)Cp(Q), ¥+ # 0 be a subsolution of the equation Qf(u) = 0 in {2, satisfying

Yo (x) < Clz|P=D/P x € Q. (5.6)
When p > 2, we require in addition that the following inequality is satisfied
Ui ()| Vi (@) P2 < Claf~? 2 eQ. (5.7)

It follows from Theorem 5.1, Remark 5.3, Remark 5.4 and Example 3.7 that v is
the ground state of @y in ). Let ¢ be the ground state of the Hardy functional.
The reason that (5.7) is stated only for p > 2 hinges on the property that for
1 < p < 2 the functional

Ef(w) = / P~ Veol? da (5.8)
Q
admits a ground state 1, so Remark 5.4 applies.

Next, we present a family of functionals Qg for which the conditions of Ex-
ample 5.7 are satisfied.
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Example 5.8. Let d > 2,1 <p<d, a >0, and Q :=R?%\ {0}. Let
dp)’” adp/(d — p) + |z

p \P :
p <a+ |m|ﬁ)

Note that if @ = 0 this is the Hardy potential as in Example 3.7. If Qg is the
functional (1.2) with the potential V; := W, then

Wa(z) = — (

_(d=p)(p—1)

Ya(r) = (Ot+ |z|ﬁ> »?

is a solution of Qf(u) = 0 in 2, and therefore Qp > 0 on C§°(Q2). Moreover, one
can use Example 5.7 to show that ¢, is a ground state of y. Note first that
1 = 1, satisfies (5.6). If d;fl < p < d, then v, satisfies also (5.7) and therefore,
it is a ground state in this case. In the remaining case p < % < 2, Example 3.7
concludes that 9, is a ground state from the property of the functional (5.8).

6. Variational principle for solutions of minimal growth and
comparison principle

The aim of this section is to represent positive solutions of minimal growth in a
neighborhood of infinity in 2 as a limit of a modified null sequence.

Theorem 6.1 ([29, Theorem 7.1]). Suppose that 1 < p < 0o, and let Qv be nonneg-
ative on C§°(Q). Let Q1 € Q be an open set, and let u € C(2\ Q) be a positive
solution of the equation Q% (u) =0 in Q\ Qq satisfying |Vu| # 0 in Q\ Q.

Then u € /\/IQ’Q—1 if for every smooth open set Qs satisfying 11 € Qo € (Q,
and an open set B € (Q\Q_g) there ezists a sequence {uy} C C§°(R), up, > 0, such
that for all k € N, [ |ux? dz =1, and

lim L(ug,u)dz =0, (6.1)
k—oo Jo\ T,

where L is the Lagrangian given by (2.2).

Conjecture 6.2. We conjecture that for p # 2 a positive global solution of the

equation Qy (u) = 0 in Q satisfying u € Mg, - for some smooth open set 1 €
is a global minimal solution.

Remark 6.3. The validity of Conjecture 6.2 seems to be related to the SCP. We
note that if Conjecture 6.2 holds true, then the condition of Theorem 6.1 is also
necessary (cf. Section 9.3).

Finally, we formulate a sub-supersolution comparison principle for our sin-
gular elliptic equation.
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Theorem 6.4 (Comparison Principle [29]). Assume that the functional Qv is non-
negative on C3°(Q). Fiz smooth open sets Q € Qo € Q. Let u,v € WLP(Q\
Q) NCQ\ Q1) be, respectively, a positive subsolution and a supersolution of the
equation Q' (w) =0 in Q\ Q1 such that u < v on 9s.

Assume further that Q% (u) € L (Q\ ), [Vu| # 0 in Q\Q1, and that there

exist an open set B € (Q\ Q2) and a sequence {ux} C C5°(Q), uy > 0, such that

/ luglPde =1 Vk>1, and  lim L(ug,u)dz = 0. (6.2)
B k—oo Q\ﬁl

Then u <v on Q\ Qs.

7. Solvability of nonhomogeneous equation

In this section we discuss some results of [36] concerning the solvability of the
nonhomogeneous equation

Qylu)=f  inQ, (7.1)

where Qv is the nonnegative functional (1.2). In some cases, e.g., V > 0 or p = 2,
the nonnegativity of QQy implies that Qv is convex. In general, however, Qv might
be nonconvex. For p > 2, see the elementary one-dimensional example at the end
of [8], and also the proof of [13, Theorem 7]. For p < 2, see Example 2 in [12].

If Qv is convex and weakly coercive, then (7.1) can be easily solved by defin-
ing a Banach space X as a completion of C§°(2) with respect to the norm Qv (-)*/?
(see the discussion of the analogous space for p = 2 in Section 9 below). Such space
is continuously imbedded into V[/lif (Q) by (3.4). It follows that for every f € X*
the functional

ur— Qv(u) — (f,u) ue X,
has a minimum that solves (7.1).

Note that the requirement of weak coercivity cannot be removed. Indeed, if
p =2, Q is smooth and bounded, and V' = 0, then the corresponding ground state
@ is the first eigenfunction of the Dirichlet Laplacian with an eigenvalue \g, and
there is no solution u € Wy"*(R2) to the equation

(A= X)u=f in Q (7.2)

unless [, p(x) f(z)dz = 0.

In order to address the nonconvex case, we use the following setup from
convex analysis (see [10, Chapt. I] for details.) The polar (or conjugate) functional
to Qv is defined by

Qy(f)= sup [(u,f)—-Qv(w)]  feD(Q). (7.3)

ueCse ()
Notice that Qv is positively homogeneous of degree p, and consequently, Q73 is
positively homogeneous functional of degree p’, where p’ = p/(p—1). The (effective
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or natural) domain X* of Q}, is defined naturally by
X* = {f € D(Q): Qi (f) < o). (7.4)

The definition of Q3 (f) in (7.3) yields immediately the well-known Fenchel-Young
inequality

[(u, ) < Qv (u) + Qv (f), (7.5)
and equivalently, the Holder inequality
[ )] < @Qu)'” (0 Q7 ()" (7.6)
One can easily verify that X* is a linear subspace of D’(Q2) and
* 1/p’
171l == Qi (£ (7.7)

defines a norm on X*. In particular, || f||. = 0 implies f = 0, as a consequence of
(7.6) combined with the separation property of the duality between C§°(€2) and
D'(Q).
/
From (3.4) one immediately deduces that X* contains (WO1 P (Q,W)) and
that the corresponding embedding

1 ! *
(Wo’p(ﬂ; W)) X
is continuous and dense. The density follows from
/
C(Q) C (WOI’Z’(Q; W)) c X* cD(Q). (7.8)

Therefore, denoting by X** the (strong) dual space of X* with respect to the
duality (-, -), we observe that X** is continuously embedded into W1P(Q; W)
and that C5°(€2) is weak-star dense in X**. Tt is noteworthy that the separability
of X™* in the norm topology implies that the weak-star topology on any bounded
subset of X** is metrizable (Rudin [33, Theorem 3.16, p. 70]). Now consider the
bipolar (or second conjugate) functional to Qv defined by

v (u):= sup [(u, f) —Qv(f)]  weX™ (7.9)
fex-
From (7.5) it is evident that
0< Qv (u) <Qv(u) for every u € C5°(Q). (7.10)
Moreover, in analogy with the norm || - ||« on X* (see (7.7)), the dual norm || - ||.x

on X** is given by
lullx = (p Q7 (). (7.11)
The Fenchel-Young and Holder inequalities, (7.5) and (7.6), respectively, remain
valid with Q{*(u) in place of Qv. In particular, we have
[, )] < Nl (£l < @Quv @) |Ifll for f € X*, ue CRQ).  (7.12)
It follows [10, Ch. I, §4], that for all f € X*,

inf )[Qv(u)—<u7f>]= inf Qv (u) = (u, )] = —Qv(f). (7.13)

weCT (Q weC (Q)
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Definition 7.1. Given a distribution f € X*  we say that a function ug € V[/lif(Q)
is a generalized (or relazed) minimizer for the functional u — Qv (u) — (u, f) if it
has the following three properties:

(i) wo is a (true) minimizer for the functional
u— Qv (u) — (u, f): X*™ = R,
hence, uy € X**.
(ii) wo satisfies equation Q7,(u) = f in the sense of distributions on .
(iii) There exists a (minimizing) sequence {uy}72; C C3°(2) such that Qv (uy) —

(uk, f) — —Qy (f) and
Qi (ur) = F = Q(ux) — (-, f) = 0 strongly in W, 7 () (7.14)

as k — 00, together with uy — g strongly in VVlicp(Q), and uj, — uy weakly-
star in X** as k — oo.

We can now formulate the existence result.

Theorem 7.2 ([36, Theorem 4.3]). Let Q C R? be a domain, 1 < p < oo, and
V e L2 (Q). Assume that the nonnegative functional Qv is weakly coercive. Then,
for every f € X*, the functional u — Qv (u) — (u, f) is bounded from below on
Cg°(Q) and has a generalized minimizer ug in X** ( C WbP(Q)). In particular,
this minimizer verifies the equation Q% (u) = f.

8. Criticality theory

In this section we discuss positivity properties of the functional @ from [28, 30]
along the lines of criticality theory for second-order linear elliptic operators [22, 23].
We note that Theorem 8.6 and Example 8.7 are new results.

Proposition 8.1. Let V; € L2 (). If Vo = Vi and Qv, > 0, then Qv, is subcritical
(weakly coercive).

Proposition 8.2. Let Q) C Qy be domains in R? such that Qa2 \ Q1 # 0. Let Qv be
defined on C§°(Q2).

1. If Qv > 0 on C§°(2), then Qv is subcritical in Q.

2. If Qv is critical in Q1, then Qv is nonpositive in 2s.

Proposition 8.3. Let V, V4 € L2.(Q), Vo # Vi. Fort € R we denote

loc
Qe(u) :==tQv; (u) + (1 = £)Qv; (u), (8.1)
and suppose that Qv, > 0 on C§°(Q) fori=0,1.
Then Q¢ > 0 on C§°(Q2) for allt € [0,1]. Moreover, Q; is subcritical in Q for
allt € (0,1).

Proposition 8.4. Let Qv be a subcritical functional in Q. Consider Vo € L (Q)
such that Vo # 0 and supp Vo € Q. Then there exist T4 > 0 and —o0o < 7 < 0
such that Qv v, is subcritical in § fort € (t—,74), and Qv 4+ v, is critical in €.
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Proposition 8.5. Assume that Qv admits a ground state v in Q. Consider Vy €
L>(Q) such that supp Vi € Q. Then there exists 0 < 74 < 00 such that Qv 1y, 18
subcritical in Q fort € (0,74) if and only if

/ Volv|P dz > 0. (8.2)
Q

In Propositions 8.4 and 8.5 we assumed that the perturbation V) has a com-
pact support. In the following we consider a wider class of perturbations. Assume
that @ is subcritical in 2 and d > p. It follows from Theorem 3.4 that there exists
a continuous weight function W such that the following Hardy-Sobolev-Maz’ya
inequality is satisfied

Q(u) > (/Q W () |u(z) [P dm)p/p* Yu € C§° (), (8.3)

where p* = pd/(d — p) is the critical Sobolev exponent.

The following theorem shows that for a certain class of potentials V the above
Hardy-Sobolev-Maz’ya inequality is preserved with the same weight function W.
This theorem extends the analogous result for p = 2 proved in [30, Theorem 2.9].
We may say that such V are small perturbations of the functional Q in .

Theorem 8.6. Let @ be the functional (1.2) with d > p and suppose that

Q(u) > (/QW|u|p* dx>p/p* u € C5e(Q), (8.4)

where W is some positive continuous function (see Theorem 3.4, and in particular

(3.6)). Let
Ve L, (Q) N LYP(Q w—4/P7), (8.5)

Consider the one-parameter family of functionals Qx defined by
Qr(w)=Qu)+A [ Tlurde  ue G (o),
where A € R, and let
S:={NeR| Qx>0 onCF()}.
(i) If \ € S and Qx is subcritical in Q, then there exists C > 0 such that

Qx(u) > C (/Q Wul?” dm)p/p* u e Ce(Q). (8.6)

(i) If X € S and Qx admits a ground state v, then for every i € C3°(Q) such
that fﬂ Yo dx # 0 there exist C, Cy > 0 such that the following Hardy-Sobolev-
Maz’ya-Poincaré type inequality holds

/Qz/md:z:

P . p/p”
Qx(u) +C4 >C (/ Wlul? d:z:) u € Cg° (). (8.7)
Q
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(iii) The set S is a closed interval with a nonempty interior which is bounded if
and only if V' changes its sign on a set of a positive measure in ). Moreover,

X € dS if and only if Q is critical in Q.

Proof. (i)-(ii) Assume first that Q) is subcritical in €, and (8.6) does not hold,
then there exists a sequence {ux} C C§°(Q) of nonnegative functions such that
Qx(ug) — 0, and Jo Wlug|P” dz = 1. In light of (3.4) (with another weight function
W) it follows that that wu, — 0 in VV1 P(Q).

If Q) has a ground state v, and (8.7) does not hold, then there exists
a sequence {up} C Cg°(Q) of nonnegative functions such that Qy(uy) — 0,
Jo Yurdz — 0, but [, W|ug|P" dz = 1. It follows from (3.2) (with another weight
function W) that ugy — 0 in W,.P(Q).

Consequently, for any K € €2 we have

lim / |V |ug|P dz = 0. (8.8)
k—o0 K

On the other hand, (8.5) and Holder inequality imply that for any € > 0
there exists K. € () such that

p/d p/p”
/ Vg P dar| < / V|4 P —/P" 4 (/W|uk|17*dm> <e (89)
OQ\K. O\K Q

Therefore, [, |V|Juy[P dz — 0. Since

Q(ux) < Ox(ur) + A /) Ve ? d, (8.10)

it follows that Q(uj) — 0. Hence, (8.4) implies that [, W|ug|P” dz — 0, but this
contradicts the assumption [, Wlug|P” dz = 1. Consequently, (8.6) (resp. (8.7))
holds true.

(iii) It follows from Proposition 8.3 that S is an interval, and that A € int S
implies that Qy is subcritical in Q. The claim on the boundedness of S is trivial
and left to the reader.

On the other hand, suppose that for some A € R the functional Q5 is subcrit-
ical. By part (i), Qy satisfies (8.6) with weight W. Therefore, (8.9) (with K. = )

implies that
~ . p/p” ~
Or(u) > C (/ Wl dx) >0 /V|u|pdm
Q Q

Therefore, A € intS. Consequently, A € S implies that Qy is critical in Q. In
particular, 0 € int S. O

weCE(Q).  (8.11)




Positive Solutions of p-Laplacian Equations 261

Example 8.7. Let 2 < p < d, and let Q C R? be a bounded convex domain with a
smooth boundary. Consider the Hardy functional

_ » _p—lp/ |ulP
Qu) : /Q|Vu| dz ’ ) a0 da.

By [11], the functional @ satisfies the following Hardy-Sobolev-Maz’ya type

inequality
X p/p”
Q) 20(/ fuf? dx) . (8.12)
Q

Let V € L{S.(Q) N LYP(Q) be a positive function. By [19], there exists a constant
A« > 0 such that

Qx () == Qu) - A/Q Vil dz

is nonnegative for all A < A,. Now, Theorem 8.6 implies that the functional @, (u)
is critical in . Moreover, for A < A, the following inequality holds

3 p/p”
Or(u) > Oy (/Q lulP dx) we Q)

for some C > 0.
Furthermore, for every nonzero nonnegative 1 € C§°(Q2) the following in-

equality holds
P X p/p”
Qx, (u) +C4 / wpdz| >C (/ |ul? da:) u e C§°(Q)
Q Q

for some C,C7 > 0.

9. The linear case (p = 2)

Some of the results in the preceding sections have stronger counterparts in the
linear case (for a recent review on the theory of positive solutions of second-
order linear elliptic PDEs; see [25] and the references therein). In particular, there
are several properties that are true for the linear case but are generally false or
unknown in the general case. This refers in particular to SCP whose scope of
validity when p # 2 is not completely understood, and to the convexity of the
functional @, which is known to be generally false for p > 2 (see references at the
beginning of Section 7). On the other hand, as in [24, 27], we can actually consider
in the linear symmetric case the following somewhat more general functional than
Qv of the form (1.2).

Let A : Q — R% be a measurable symmetric matrix-valued function such
that for every compact set K € € there exists px > 1 so that

ptly < A(w) < pxly Vo € K, (9.1)
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where I is the d-dimensional identity matrix, and the matrix inequality A < B
means that B — A is a nonnegative matrix on R% Let V € L] (€2) be a real
potential, where ¢ > d/2. We consider the quadratic form

aqyu] = % / (AVu - Vu+ Vul?) dz (9.2)
Q

on C§°(Q) associated with the Schrodinger equation
Pu:=(-V-(AV)+V)u=0 in Q. (9.3)

We say that as,y is nonnegative on C§°(Q), if as y[u] > 0 for all u € C§°(Q).

Let v be a positive solution of the equation Pu = 0 in Q. Then by [27,
Lemma 2.4] we have the following analog of (2.3). For any nonnegative w € C§°(§2)
we have

1
ayvvw] = 5/ v?AVw - Vw dz. (9.4)
Q

Moreover, it follows from [27, 28] that all the results mentioned in this paper
concerning the functional () are also valid for the form a4 v .

9.1. Liouville-type theorem

In the linear case we have the following stronger Liouville-type statement (cf.
Theorem 5.1 for p # 2).

Theorem 9.1 ([24]). Let Q be a domain in R, d > 1. Consider two strictly elliptic
Schrédinger operators with real coefficients defined on €2 of the form

P :=-V-(4V)+V, =01, (9.5)

where V; € L1, (Q) for somep > d/2, and Aj : Q — R? are measurable symmetric

loc
matrices satisfying (9.1).

Assume that the following assumptions hold true.

(i) The operator Py admits a ground state ¢ in €.
(i) Py > 0 on C5°(2), and there exists a real function ¢ € HL () such that
vy #£0, and Pyyp <0 in Q.
(iil) The following matriz inequality holds

()2 (x)Ag(z) < C*(2) A (2) a.e. in £, (9.6)

where C' > 0 is a positive constant.

Then the operator Py is critical in Q, and v is the corresponding ground state. In
particular, ¥ is (up to a multiplicative constant) the unique positive supersolution
of the equation Pyu = 0 in €.
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9.2. The space DZQV

When p = 2 and the quadratic form aa v defined by (9.2) is nonnegative, a, v
induces a scalar product on C§°(2). One can regard as the natural domain of the
functional

a£7v(u) =agyul — /Q uf dx

a linear space in which the functional af;y has a minimizer for all f such that

af;y is bounded from below. The functional ai’v is bounded from below if and
only if [, uf dz is a continuous functional with respect to the norm (a,y [u])'/2.
The minimum for such f is not attained on C§°(Q2) due to the strong maximum
principle, but any minimizing sequence for af;y is a Cauchy sequence. Thus, the
natural domain of a4y is the completion of C§°(Q) in the norm (aa v [u])'/2.
In the subcritical case, due to (3.4) (which is valid also for subcritical operators
of the form (9.3)), this completion is continuously imbedded into W2(Q; W) for
some positive continuous function W. By analogy with the classical space D2,
we denote the completion space with respect to the above norm in the subcritical
case by D}fv(ﬂ) (see [27]).

If, hox,zvever7 a,,v has a ground state v, the span of v becomes obviously
the zero element of the completion space with respect to the norm (aa v [u])'/2.
Recalling the definition of D1:2(R9) for d = 1,2, where the ground state of as o[u] =

Jga IVu?dz is 1, and in light of (3.2), we define in the critical case the norm

o\ 1/2
) , (9.7)

where 1 is any C§°(€2)-function satisfying fQ Yvdx # 0. Hence, also in the critical
case the completion of C§° () with respect to the norm defined by (9.7) (which
we also denote by Di{?v(ﬂ)) is continuously imbedded into the function space

Yudr
Q

lu]| = (aA,v[U] +

W12(Q; W), with an appropriate weight function W.

Ezample 9.2. Let Q = R =R x (R™\ {0}), 1 <m < d, and denote points in
by (z,y) € R™ x (R™\ {0}). Let

1 —2\° [ u?
afu] = —/ |Vu|* do dy — m_2 / u_2 dz dy u € C° (). (9.8)
2/ 2 a lyl

The functional (9.8) is nonnegative due to the Hardy inequality and the constant
(mT*Q)2 is the maximal constant for which this is true. Furthermore, if m < d, the
functional (9.8) is weakly coercive, while for m = d it has a generalized ground
state v(y) = |y|—™)/2,

It follows that completion of C§°(2) in the norm induced by (9.8) for m < d
defines a natural domain for the functional (9.8). It should be noted, however, that
on the complete space the integrals in the expression (9.8) might be infinite. A

more explicit characterization of the natural domain in this case can be obtained
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by noting that v(z,y) = |y|?~™/2 is a positive solution of the corresponding
equation. Thus, for the functional (9.8) the positive Lagrangian identity (2.1)
gives

1 —m m—
alu = 5 [ WP IVl 0 ey, (99)

It follows that the completion space can be characterized as a space of measurable
functions with measurable weak derivatives for which the integral in (9.9) is finite.

An analogous definition of the natural domain for the functional Qv could be
given for general p whenever the functional Qv is convex. We should point out that
while this is in general false, one may require the convexity of another functional
Q, bounded by Qv from above and from below. In particular, one can look at
the functionals (2.5) or (2.6). The following statement from [30]) characterizes a
convexity property of Q given by the right-hand side of (2.6).

Proposition 9.3. Let p > 2, and let v € CL (Q) be a fized positive function. Then
the functional

Q(u) = / [ 19 @7) P 4 2 o222 2 (2P da
Q

is conver on {u € C§°(),u > 0}.

9.3. Positive solutions of minimal growth

We characterize now positive solutions of minimal growth in a neighborhood of
infinity of  in terms of a modified null sequence of the form a4 v (cf. Section 6).

Theorem 9.4 ([29, Theorem 6.1]). Suppose that aa v is nonnegative on C§°(£2).
Let Q1 € Q be an open set, and let uw € C(Q\ Q1) be a positive solution of the
equation Pu =0 in Q\ Q.

Then u € MQ,STl if and only if for every smooth open set Qo satisfying
Q1 € Qs € Q, and an open set B € (Q\Qy) there exists a sequence {uy} C C§e (),
ug > 0, such that for all k € N, fB lug|?dx =1, and

lim u? AVuy, - Vuy doe = 0. (9.10)
k—oo O\,

Consider now the following Phragmén—Lindel6f-type principle that holds in
unbounded or nonsmooth domains, and for irregular potential V', provided the
subsolution satisfies a certain decay property (of variational type) in terms of the
Lagrangian L (cf. [1, 15, 18, 31] and Section 6).

Theorem 9.5 (Comparison Principle [29]). Assume that P is a nonnegative Schro-
dinger operator of the form (9.3). Fiz smooth open sets Q1 € Qo € Q. Let u,v €
WEP(Q\ Q1) NC(Q\ Q) be, respectively, a positive subsolution and a supersolution

loc

of the equation Pw =0 in \Qil such that u < v on 0Q5.
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Assume further that Pu € L{S.(Q\ Q1), and that there exist an open set

loc

B € (2\ Q2) and a sequence {u} C C°(Q), ux > 0, such that

/ luglPde=1 Vk>1, and lim u? AV (uy, /u) - V(ug/u) dz = 0.
B k—oo Jorg,
(9.11)

Then u < v on Q\ Qs.

Remark 9.6. In Theorem 9.5 we assumed that the subsolution v is strictly positive.
It would be useful to prove the above comparison principle under the assumption
that v > 0 (cf. [15]).
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in Polyhedral Domains

Jirgen Rossmann

Dedicated to Viadimir Maz’ya on the occasion of his 70th birthday

Abstract. The paper deals with a boundary value problem for the stationary
Stokes and Navier-Stokes systems, where different boundary conditions (in
particular, Dirichlet, Neumann, slip conditions) are prescribed on the faces of
a polyhedral domain. Various regularity results in weighted and nonweighted
Sobolev and Holder spaces are given here. Furthermore, the paper contains a
maximum modulus estimate for the velocity.
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1. Introduction

It was a great pleasure and honor for me to give a plenary talk at the conference
in Rome on the occasion of the 70th birthday of Vladimir Maz’ya. I became ac-
quainted with V. Maz’ya a quarter of a century ago. In 1983, when I was Ph.D.
student, I spent 8 months in Leningrad, where V. Maz’ya was my tutor. This was
the beginning of a long-standing and productive cooperation, and I'm very thank-
ful for this. In this survey article, I present some results which were obtained in the
common works [23]-[27] with V. Maz’ya on mixed boundary value problems for
the stationary Stokes and Navier-Stokes systems in a three-dimensional domain G
of polyhedral type.

In the last decades, many mathematical papers appeared which treat ellip-
tic boundary value problems in domains with piecewise smooth boundaries, for
references see the books by Grisvard [8], Dauge [1], Nazarov and Plamenevskii
[30], Kozlov, Maz’ya and Rossmann [14]. I refer here only to papers dealing with
boundary value problems for the Stokes and Navier-Stokes systems. Boundary
value problems for these systems in two-dimensional polygonal domains were stud-
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ied, e.g., by Kondrat’ev [12], Kellogg and Osborn [10] (Dirichlet problem), Kalex
[9], Orlt and Séndig [33] (mixed boundary value problems). The Dirichlet prob-
lem for the Stokes and Navier-Stokes systems in three-dimensional domains of
polyhedral type was handled in papers by Maz’ya and Plamenevskii [21], Dauge
[2], Nicaise [31]. Solonnikov [36, 37], Maz’ya, Plamenevskii and Stupelis [22] dealt
with a mixed boundary value problem for the Stokes system in a domain with
nonintersecting edges, where the velocity or its normal component are prescribed
on the boundary. Existence and regularity results for solutions of general elliptic
boundary value problems in domains with edges and vertices are closely related
to the spectral properties of certain operator pencils. For the Stokes system, these
operator pencils were investigated by Maz’ya and Plamenevskii [20], Dauge [2],
Kozlov, Maz’ya and Schwab [17], Kozlov, Maz’ya and Rossmann [15] (see also the
book [16]). Furthermore, there exists a rich theory dealing with boundary value
problems in Lipschitz graph boundaries which is based on refined methods of har-
monic analysis (see the survey monograph by KENIG [11]). The Dirichlet problem
for the Stokes system in such domains, was studied by Fabes, Kenig and Verchota
[6] who proved the existence of solutions for Ls boundary data. Shen [34, 35] ob-
tained an analogous result for L, data, 2 < p < oo. Regularity results for data
from Sobolev and Besov spaces were established in papers by Deuring and von
Wahl [3], Mitrea and Taylor [29], Dindos and Mitrea [4], Mitrea and Monniaux
[28]. Ebmeyer and Frehse [5] dealt with two special mixed boundary value problem
for the Navier-Stokes system in Lipschitz domains.

In the present paper, we consider a boundary value problem for the Stokes
and Navier-Stokes systems, where components of the velocity and/or the friction
are prescribed on the faces of a polyhedral domain G. To be more precise, one of
the following boundary conditions is given on each face I';:

i
(i) u

(ii) u, = h —p 4 2ve, p(u) = ¢,

(iil) up =h, 2vep (u) =9,

(iv) —pn+ 2V€n(u) = ¢.

Here, u,, = u - n denotes the normal and u, = u — u,n the tangential component
of the velocity u, £(u) is the matrix with the elements

gij(u) = (gul+a%)7

x; Oz
en(u) denotes the vector e(u) n, ey, (u) is the normal component and e, () the
tangential component of &, (u). This boundary value problem is of importance for
the study of steady state flows of incompressible viscous Newtonian fluids. For
example, the Dirichlet condition u = 0 is prescribed on solid walls. A no-friction
condition (Neumann condition) —pn + 2ve, (u) = 0 may be useful on an artificial
boundary such as the exit of a canal or a free surface. The Neumann condition
appears also in the theory of hydrodynamic potentials. Condition (ii) is often used
for in/out-stream surfaces, while the slip condition for uncovered fluid surfaces has
the form (iii).
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We are interested in regularity assertions for the variational solution
(u,p) € WH2(G) x La(G)

in weighted and nonweighted Sobolev and Hélder spaces. Here W'$(G) denotes
the Sobolev space of all functions (or vector functions) for which the derivatives
up to order [ are integrable with the power s, 1 < s < oco. As is well known, the
local regularity result (u,p) € W x W!=1# is valid outside an arbitrarily small
neighborhood of the edges and vertices if the data are sufficiently smooth. The
same result holds for the Holder space C*?. Since solutions of elliptic boundary
value problems in general have singularities near singular boundary points, the
result cannot be globally true in G without any restrictions on [ and s. In fact, the
smoothness of the solutions depends on the eigenvalues of certain operator pencils
introduced below.

The Dirichlet problem and particular mixed boundary value problems for
the Stokes system can be handled in weighted Sobolev and Hoélder spaces with
homogeneous norms (for the Dirichlet problem see [21], the mixed boundary value
problem with the boundary conditions (i) and (iii) is studied in [22]). The more
general boundary value problem considered in the present paper requires the use
of weighted spaces with nonhomogeneous norms. This makes the study of the
boundary value problem more difficult. On the other hand, in some cases (e.g.,
the Dirichlet problem in a convex polyhedral domain), one gets sharper regularity
results when dealing with weighted spaces with inhomogeneous norms.

2. Mixed boundary value problems for the Stokes system

In what follows, let G be a domain of polyhedral type in R3. This means that

e the boundary G consists of smooth (of class C°°) open two-dimensional

manifolds I'; (the faces of G), j =1,..., N, smooth curves M}, (the edges),
d)

k=1,...,m, and vertices 2V, ... z(®,
o for every { € My, there exist a neighborhood Ue and a diffeomorphism (a C*°
mapping) k¢ which maps G NUe onto D¢ N By, where Dy is a dihedron of the
form {z = (z1,22,23) € R3: 0 <71 < o0, —0/2 < p < 0/2, 3 € R}, and
By is the unit ball (r, ¢ denote the polar coordinates in the (z1, z3)-plane),
e for every vertex z(/) there exist a neighborhood U; and a diffeomorphism &;
mapping G NU; onto K; N By, where K; is a polyhedral cone with vertex at
the origin.
The set M, U---U M,, of the singular boundary points is denoted by S.
Let Iy, I, 12, I3 be pairwise disjoint sets such that

LhuhLUul,Ul;={1,2,...,N}.
We consider the boundary value problem
—vAu+Vp=f, —-V-u=g ingG, (1)
Siju=h;, Nju,p)=¢; onl;, j=1,...,N, (2)
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where (2) is one of the boundary conditions (i)—(iv), i.e., Sju = u if j € Iy,

Siu=ur, Nj(u,p) =—p+2ve,n(u) if j € I1,
Siu = up, Nj(u,p) =2ve, (u) if j € Iy,

and N;(u,p) = —pn + 2ve,(u) if j € I5. The condition N;(u,p) = ¢; disappears
for j € Iy, while the condition Sju = h; is absent for j € I3. For every index
j=1,...,N, we define the number d; € {0,1,2,3} by the equality

dj =k if j € I.

Let V be the subspace of all vector functions u = (u1,ua,u3) € WH2(G) satisfying
the boundary condition Sjulr;, = 0 for j = 1,..., N. By a variational solution of
the boundary value problem (1), (2), we mean a vector function (u, p) € Wh2(G) x
Lo(G) satisfying

b(u,v)—/pV-vdx:F(v) for all v €V, (3)
g
—V.-u=g inG, Sju=h; only, j=1,...,N, (4)
where
uv—QV/Zs” u) g ;(v) de (5)
7,7=1
and

F(v)/g(f+Vg)~vd:z:+Z/F.¢j-vdz. (6)

(In the case j € I, when ¢; is a scalar function, one has to replace ¢;-v by ¢;n-v.)
It is shown in [25, Theorem 5.1] that there exists a solution (u, p) € W12(G)x La(G)
of the problem (3), (4) for arbitrary FF € V*, g € La(G) and h; € W/22(Ty)
provided g and h; satisfy certain compatibility conditions and

F(v)=0 forallve Ly,

where Ly denotes the set of all v € V such that ¢; ;(v) = 0 for 4,j = 1,2, 3. Here
u is unique up to elements from Ly and p is unique up to constants (unique if the
boundary conditions (i) or (iii) are prescribed on at least one of the faces I';).

Operator pencils generated by the boundary value problem

The smoothness of the solutions of the boundary value problem (1), (2) in a
neighborhood of a singular boundary point (edge point or vertex) depends on the
eigenvalues of certain operator pencils.

1) Let £ be a point on the edge My, and let I'y, ,T';_ be the faces of G adjacent
to §. Furthermore, let D¢ be the dihedron which is bounded by the half-planes
I';, tangent to I'y, at § and the edge M = FZJr NI'% . The angle between the
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half-planes I';  is denoted by 6¢. By 7, ¢, we denote the polar coordinates in the
plane perpendicular to M¢ such that

Iy, ={zeR®: r>0, p==26/2}.
Then the operator A¢(\) is defined by the equality
r2=2(—Au+ Vp)

=AYy
AN W@ PE) = g po |
+ Hlo==20¢

TliANki (uap)|cp:i0§/2

where u(z) = r\U(y), p(z) = ™ 1P(p), A € C. The operator A¢()\) depends
quadratically on the parameter A and realizes a continuous mapping

W22(I¢) x Wh3 (1) — Lo(Ig) x WH2(Ie) x C* x C?

for every A € C, where I denotes the interval (—0¢/2,460¢/2). The spectrum
of the pencil A¢(\) consists of eigenvalues with finite geometric and algebraic
multiplicities. These eigenvalues are zeros of certain transcendental functions (see
[33] and [23]). For example, for the Dirichlet and Neumann problems, the spectrum
of A¢(M) consists of the solutions of the equation

sin(Adg) (A% sin® 0 — sin®(A\f¢)) = 0,
A # 0 for the Dirichlet problem.

Note that A = 1 is always an eigenvalue of the pencil A¢(N) if di, + dj_
is even. It is the eigenvalue with smallest positive real part if 0 < 7/my, where
my = 1if dp, +di_ € {0,6} and my, = 2 if dj, + dj_ € {2,4}. In this case, we
denote by u(€) the greatest real number such that the strip

0 <ReX < u(f) (7)

contains only the eigenvalue A = 1 of the pencil A¢(\). In all other cases, let u(§)
be the greatest real number such that the strip (7) is free of eigenvalues of the
pencil A£()N). Furthermore, we put py, = 5ir11\£1 w(€).

€My

2) Let () be a vertex of G, and let I; be the set of all indices k such that 2(9) € T,.
By our assumptions, there exist a neighborhood U of 2(/) and a diffeomorphism &
mapping G NU onto K; N By and I'y NU onto I'}, N By for k € I;, where

Ki=Ax: z/|z] € Q;}

is a polyhedral cone with vertex at the origin and I') = {z : z/|z| € &} are the
faces of this cone. Here ); is a domain of polygonal type on the unit sphere with
the sides ;. Without loss of generality, we may assume that the Jacobian matrix
#'(x) is equal to the identity matrix I at the point (/). We introduce spherical
coordinates p = |z|, w = z/|z| in K; and define

Vo, ={ueW"?(Q;): Spu=0ony, k€ I;}.
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Then the bilinear form a;(-,-; A) is defined on the space Vo, x L2(£2;) as

aj((;‘),(g); A) = / (zyzgm 204(V) = PV-V = (V-U)Q) da,

K 1,j=1
1<\ac\<2
where U = pru(w), V = p~' " o(w), P = p*p(w), Q = p~2 *q(w), u,v € Vo,
D, q € La(£2;), and A € C. This bilinear form generates the linear and continuous
operator

Aj(A) = Vo, x La(Q)) — Vg, x La(8Y)
by

/QQlj()\)( ; ) . ( Z )dw:aj(( 1; ),( Z );)\), u,v € Vo, p,q € La(82;).

The operator ;(\) depends quadratically on the complex parameter A. The spec-
trum of the pencil 2;()) consists of isolated points, eigenvalues with finite geo-
metric and algebraic multiplicities. Information on the eigenvalues is given in the
papers [2, 13, 17, 21] (see also the book [16]).

Regularity assertions in weighted Sobolev spaces

We denote the distance of x from the edge My by 7 (z), the distance from the
vertex 2\9) by p;(x), and the distance from S by r(x). Let X; denote the set of the
indices k such that () is an end point of the edge Mj,. Furthermore, let Uy, ..., Uy
be domains in R? such that

UyU---UU; DG and U;NMp=0 ifk¢X;.
If | is a nonnegative integer, p is a real number, p > 1, and 8 = (f1,..., B4),
d = (61,...,0m,) are tuples of real numbers, 6 > —2/p for k = 1,...,m, then the

weighted Sobolev space W},’f;(g) is defined as the closure of the set C5°(G) with
respect to the norm

lullysr gy = (Z / I A | | (Tk)p ; |8°‘u|pdgc) e

i=lgfy, lol<l kex;

Obviously, the space W},’f;(g) does not depend on the choice of the domains ¢/;. The
trace space for Wé’f; (G) on the face I'; is denoted by W;,:sl/ PP(T;). Furthermore,

let Hs 5,6 be the subspace of all vector functions u € Wé?(g) such that S;u =0
onT; for j =1,...,N. The following theorem was proved in [25].

Theorem 1. Let (u,p) € WH2(G) x La(G) be a solution of the problem (3), (4),
where F' € Hy 5 5, 9 € ng(g) and h; € Wg;l/s’s(l“j). Suppose that the
closed strip between the lines ReA = —1/2 and ReA = 1— 3 —3/s does not contain
eigenvalues of the pencils A;(N), j = 1,...,d, and that the components of § satisfy
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the condition max(0,1 — ug) < 0 +2/s <1 fork=1,...,m. Then u € Wﬁl,g(g)
and p € Wg'3(G).

For the proof of this theorem, the authors in [25] employed point estimates
for the Green’s matrix of mixed boundary value problems for the Stokes system in
a polyhedral cone which were obtained in [23]. The analogous higher-order regu-
larity result in weighted Sobolev spaces holds only under additional compatibility
conditions on the traces of the functions g, h; and ¢; on the edges of the domain
G. A detailed description of these conditions is also given in [25].

Theorem 2. Let (u,p) € WH2(G) x La(G) be a variational solution of the boundary

value problem (1), (2) with the right-hand sides f € W[”,}Q’s(g), g € W},}l’s(g),

hj € Wé:sl/s’s(l"j), and ¢; € Wé:slfl/s(lﬂj), I > 2. Suppose that the closed strip
between the lines ReA = —1/2 and Re A =1 — 8; — 3/s does not contain eigen-
values of the pencils A;(N), j =1,...,d, and that the components of & satisfy the
inequalities

max(0,1 — pg) < 9 +2/s <1
fork=1,...,m. If moreover g, h; and ¢; satisfy certain compatibility conditions
on the edges My, then u € Wéfs(g) and p € Wé:sl’s(g).

Analogous results hold in weighted Holder spaces (see [24]). Theorems 1 and
2 allow to obtain regularity results for the variational solutions in nonweighted
Sobolev spaces if the conditions of these theorems are satisfied for 3 = 0 and
d = 0. For this, one can use the equality Wé:g(g) =Whs(G) for 1 < 3/s. If 1 > 3/s
and [ —3/s is not integer, then an arbitrary W*-function is a sum of a polynomial
and a Wé:g—function in a neighborhood of a vertex.

The maximum principle
As is known, the solution of the boundary value problem

—Au+Vp=0, V-u=0in G, ulogg=nh (8)
in a domain G C R? with smooth boundary satisfies the estimate

ullzg) < cllhllLeog (9)

with a constant ¢ independent of h. This inequality was first established by Odquist
[32]. A proof of this inequality can be found, e.g., in the book by Ladyzhenskaya
[18]. Maz’ya and Plamenevskil [21] proved the estimate (9) for solutions of the
boundary value problem (8) in three-dimensional domains of polyhedral type. The
proof is based on point estimates of Green’s matrix. Using estimates of Green’s
matrix, one can also show that the solution of the problem (8) in a domain of
polyhedral type satisfies the inequality

3
sup () (3 [0n,u(@)] + [p(@)]) < cllhlz.co0-

Jj=1

where d(x) denotes the distance of x to the boundary of the domain (see [27]).
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3. The boundary value problem for the Navier-Stokes system
We consider the nonlinear problem

—vAu+ (u-V)u+Vp=f, —-V:-u=g ing, (10)
Siju=h;, Njup)=¢; onl';, j=1,...,N. (11)

Using a fixed point argument, it can be easily shown that variational solutions
in WH2(G) x Ly(G) always exist if the data f, g, hj, ¢; are sufficiently small and
satisfy certain compatibility conditions (see [26]). In the case when the boundary
conditions (ii) and (iv) disappear, such solutions exist for arbitrary f (see the
books by Ladyzhenskaya [18], Temam [39], Girault and Raviart [7]).

Regularity assertions for variational solutions

In [26] it is shown that the assertion of Theorem 1 is also true for the variational
solution of the boundary value problem (10), (11) if s > 6/5, while the assertion
of Theorem 2 holds for | = 2 if in addition the components of 3 satisfy the
inequality 3; + 3/s < 5/2. Using the relations between the spaces Wéf)(g) and
Wh5(G) and estimates for the eigenvalues of the pencils Aj(\) and 2;(\), one
can establish a number of regularity results in nonweighted Sobolev and Hoélder
spaces for particular problems. In the examples below, we assume for the sake of
simplicity that the data g, hj, ¢; are zero.

1) Let (u,p) € WH2(G) be a variational solution of the Dirichlet problem
—vAu+(u-V)u+Vp=f —-V-u=0ing, ulr,;=0,j5=1,...,N.
Then the following assertions hold.

o If fe W™15(G), 2 < s <3, then (u,p) € WH¥(G) x Ls(G). If the polyhedron
G is convex, then this assertion is true for all s > 2.

o If feWL2G)NLs(G), 1 <s<4/3 then (u,p) € W25(G) x WE3(G). If G
is convex, then this result is valid for 1 < s < 2. If, moreover, the angles at
the edges are less than %7‘(, then the result holds even for 1 < s < 3.

o If G is convex, f € C~19(G), and o is sufficiently small, then (u,p) €
Co(G) x 0% (G).

Note that the conditions on s are sharp. For special domains, it is possible to obtain
precise regularity results. Let for example G = (0,2)3\[0, 1]? be the difference set
of two cubes. Then

(u,p) € WH5(G) x Ly(G)  if f € W15(G), s < 4.3905 .. .,
(u,p) € W25(G) x W5(G) if f e Ls(G), s<1.3740....

2) We consider a variational solution (u,p) € W2(G) x La(G) of the Neumann
problem

—Au+(u-Vi)u+Vp=f, —Vu=0ing,
—pn+2ve,(u)=0onTly, j=1,...,N.
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Suppose that G is a Lipschitz graph polyhedron. Then the following assertions are
valid.

o If fe (W' (G)*, s’ =s/(s—1),2 < s <3, then (u,p) € WH5(G) x Ly(G).

o If fe (WH(G))* NLs(G), 1 <s<4/3, then (u,p) € W25(G) x WhHs(G). If
all edge angles are less than 3 arccos% ~ 1.2587m, then this result is true for
1<s<3/2

3) Finally, we consider the mized boundary value problem

—Au+(u-V)u+Vp=f, —Vu=0ing,
ulp, =0for j=1,...,N—1, u, =0, epr(u) =00nIy.

We suppose that the polyhedron G is convex and that the angle between I'y and
the adjoining faces is less than 7/2. Then the following assertions hold for every
variational solution (u,p) € WH2(G) x La(G).

o If fe W12(G;8)NLs(G), 1 <5<2, then (u,p) € W25(G) x WH3(G).
o If f € W12(G;8) N C~19(G) and o is sufficiently small, then (u,p) €
Ch7(G) x C*7(G).

Here W~15(G; S) is defined as the dual space of {v € W15 (G) : S;vlr, = 0},
where s’ = s/(s — 1).

Existence of solutions in W1%(G) x Ls(G)
In the above given results, we assumed that a variational solution (u,p) € W2(G) x
L2(G) is given. Now we are interested in the question of the existence of solutions

in Ly Sobolev spaces, where s may be less than 2. We give here a particular result
which follows from [26, Theorem 5.2].

Theorem 3. Let G be a polyhedron. We assume that one of the boundary conditions
(1)—(iil) ¢s given on every face I';, that the Dirichlet condition is given on at least
one of the adjoining faces of every edge My, and that 0, < 37/2 if the boundary
conditions (ii) or (iii) are given on one of the adjoining faces of My. Furthermore,
we suppose that 3/2 < s < 3 and that the norm of F € W~15(G; S) is sufficiently
small. Then the problem

3
b(u,v)+/g;uj§—;~vdz/gpv~vdxF(v)
for allv e Wl’s/(g), S;jv=0 onTy,
—-V-u=0 igG, Sju=0 only, j=1,...,N,
has a solution (u,p) € WH5(G) x Ls(G).

Here, 6;, denotes the angle at the edge M. For the Dirichlet problem, the
assertion of Theorem 3 is valid without conditions on the angles 6.
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A maximum modulus estimate for the velocity
For domains with smooth boundaries, it was proved by Solonnikov [38] that the
solution of the problem

—vAu+ (u-V)u+Vp=0, —V-u=0inG, ulsgg=nhn (12)

satisfies the estimate

lullzeio) < e (hl.o0) (13)

with a certain unspecified function ¢. An estimate of the form (13) can be also
deduced from the results in Maremonti’s and Russo’s paper [19]. For domains
of polyhedral type, it was shown in [21], that the solution u of (12) with finite
Dirichlet integral is continuous in G if h is continuous on 9G. However, the last
paper does not contain estimates for the maximum modulus of u. The following
theorem was proved in [27].

Theorem 4. Let (u,p) be a solution of the problem (12), where G is a domain of
polyhedral type in R3. Then u satisfies the estimate (13) with a function c of the
form

c(t) = cot eV,

Here ¢y and c1 are positive constants independent of v.
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1. Introduction

Last decade there was a strong increase of interest to studies of various operators
and function spaces in the “variable setting”, when parameters defining the op-
erator or the space (which usually are constant), may vary from point to point.
A number of mathematical problems leading, for instance, to Lebesgue spaces
LP() with variable exponent, or Sobolev spaces W™P() arise in applications to
PDE, variational problems and continuum mechanics (in particular, in the theory
of the so-called electrorheological fluids), see [76]; see also a recent paper [9] on
applications in the problems of image restoration. These applications stipulated
a significant interest to the spaces LP() in the last decade. The study of clas-
sical operators of harmonic analysis (maximal, singular operators and potential
type operators) in the generalized Lebesgue spaces LPO) with variable exponent,
weighted or non-weighted, undertaken last decade, continues to attract a strong
interest of researchers, influenced in particular by possible applications. We refer
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in particular to the surveying articles [22], [51], [82]. A progress in the study of
these spaces raised a natural interest to other spaces whose parameters may be
variable, for instance, Morrey spaces or Holder (Lipschitz) spaces. The develop-
ment of Harmonic Analysis and Operator Theory in the spaces LP() led also to
an interest to variability of parameters defining an operator.

The area which is now called variable exponent analysis, last decade became
a rather branched field with many interesting results obtained in Harmonic Anal-
ysis, Approximation Theory, Operator Theory, Pseudo-Differential Operators. We
present a survey of a certain selection of results on estimation of the classical
operators of harmonic analysis, mainly obtained after surveys [22], [51], [82] had
appeared, and present some new results on such estimations, mainly in variable
Morrey and Holder spaces. The survey is far from being complete and reflects a
part of results obtained last several years. For earlier results in the topic related
to Lebesgue and Sobolev spaces LP(), W™P() of variable order we refer to the
above-mentioned surveys.

We start with typical examples of operators of variable order and spaces with
variable exponents.

1.1. Typical examples of operators with variable orders

1°. The Riesz fractional integration operator of functions on R” may be considered
in the case of variable order:

1a<->f(x):/M a(z) > 0. (1.1)
R

FEPTRIC

(We omit the usual normalizing constant ( 33 in the case where « is constant, it
is for the validity of the semigroup property I*1P = [°%8)) In general, a(z) may
be allowed to approach singular value a(x) = 0 at some points, and then we have
to study mapping properties of I*() in these or other function spaces, taking into
account the degeneracy of the order a(x).

20. Hypersingular integrals. In the case of constant a, the operator (left)-inverse to
the Riesz potential operator is the fractional power (—A)?2 and it may be realized
as a hypersingular integral, see [81]. The corresponding variable order construction
(written for the case 0 < a(x) < 1) is

1)~ I —y)
= [

30, One-dimensional Riemann-Liouville fractional integration:

190 f(2) / F)(@ —9)* @ dy, alz) >0,

as well as the correspondmg fractional differentiation. Such operators have appli-
cations in Physics, see, for instance, [50].
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4%, Fractional operators over quasimetric measure spaces. More generally, frac-
tional operators of variable order may be considered on arbitrary domains in R,
surfaces, manifolds, fractal sets, and in general, in the setting of quasimetric mea-
sure spaces (X,d,u) with a quasimetric d and positive Borel measure p. It is
known, see, for instance, [25], [51], [52], that they are defined in different forms,
not equivalent in general,

32C) £(p) — [d(ﬂ%y)]a(z)
3o f () )[7MB(I’d(I7y))f(y)du(y)7

) duly) 2
@ - y)aply
W)= /g WB(z, d(z, )o@’
and
) = [ G, (1.3

where a(z) > 0 and N should be thought as a kind of dimension of X. However, in
general, X may have no “dimension”, but may have the so-called lower and upper
dimensions, which in their turn may depend on the point x. In the case where the
measure satisfies the growth condition uB(x,7) < CrY with some N > 0, this
exponent N (not necessarily an integer), may be used to define 1¢0) f(z).

59, Fractional maximal function. Another example of an operator of variable order
is the fractional maximal function

MO f = supr—®) / fly)dy
r>0 ly—z|<r
and its corresponding version for an arbitrary quasimetric measure space.

6°.  Fractional powers of operators of variable order. In general, one may also
consider fractional powers A®®) of this or other operator A; however, different
definitions of such powers, which coincide in the case o = const, now may lead do
quite different objects. We do not touch this topic here.

1.2. Typical examples of spaces with variable exponents

1. Generalized Lebesgue spaces LPC)(QY) with variable exponent (see [85], [62]
and surveys [22], [51], [82]) defined by the condition

/ (@) P® da < oc.
Q

2. More generally, Musielak-Orlicz spaces L*C)(Q) with the Young function also
varying from point to point (see [68], [21]):

/ D[z, f(x)] dz < .
Q
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Variable exponent Morrey spaces LPC)A0)(Q) ([3], [53], [54]) defined by

sup r @) / |f ()PP dy < oo. (1.4)
zeQ, r>0
B(z,r)NQ

. Hélder spaces H)(Q) of variable order ([47], [48], [74]), defined by the

condition
sup |f(z +h) — f(z)| < Ct*®) 2 € Q.
|h|<t

More generally, generalized Holder spaces with variable characteristic w(h) =
w(z, h) depending on z ([88]):

sup |f(z + h) = f(z)] < Cw(a, 1),

|h|<t

that is, the spaces of continuous functions with a given dominant of their
continuity modulus, which may vary from point to point.

Notation

(X, d, p) is a measure space with quasimetric d and a non-negative measure ;
B(.’L’,T) = BX(l‘,T) - {y € X: d(l‘,y) < T‘}7
Ple)= 90, 1<pa) <oo, s+ g =1

p- =p_(X) = inf p(z), p© = p"(X) = sup p(z);
rxeX zEX

p- = inf p/(z) = ()t = jggp’(x) =55

P(X), see (2.2)—(2.3);

a.l. = almost increasing <= u(z) < Cu(y) for z < y,C > 0.

R" is the n-dimensional Euclidean space;

() is a non-empty open set in R™ or §2;

dg denotes the diameter of €);

XE 1s a characteristic function of a measurable set £ C R";

|E| is the Lebesgue measure of E;

by ¢ and C' we denote various absolute positive constants, which may have
different values even in the same line.

2. Some basics for variable exponent Lebesgue spaces

In the sequel (X,d, u) is a homogeneous type space, i.e., a measure space with
a quasimetric d and a non-negative measure p satisfying the doubling condition;
we refer to [11], [25], [42], for the basic notions of function spaces on quasimetric
measure spaces. The space (X, d, p) is assumed to satisfy the conditions:

1) all the balls B(x,r) are measurable,

2) the space C(X) of uniformly continuous functions on X is dense in L*(p).

The doubling condition means that pB(x,2r) < CuB(x,r).
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By LP()(X, ), where o(x) > 0, we denote the weighted Banach space of
measurable functions f : X — C such that

p(z)

% du(z) <13 < oo.

HNWWXQIHMMmmfA>05/’
X

(2.1)

We write LPO) (X, 1) = LP)(X) and I fllrerx) = [ fllp() in the case o(z) = 1.
The generalized Lebesgue spaces LP()(X) with variable exponent on quasi-
metric measure spaces have been considered in [31], [35], [44], [45], [46], [49], [66],
the Euclidean case being studied in [26], [29], [62], [85], see also references therein.

By P(X) we denote the set of bounded measurable functions p(z) defined on
X which satisfy the condition

l<p_<pl@)<pt<oo, z€X (2.2)
and by WL(X) we denote the set of functions p(x) such that

A 1
d(w,y)

3. On some recent results on boundedness of classical operators
in spaces LP1)(€, o)

The boundedness of various classical operators in LP()(Q), © C R™, in the non-
weighted case was proved in [12] by the extrapolation method. An extension to the
case of weighted estimates, including the setting of quasimetric measure spaces,
was given in [58], [57]. In relation to the extrapolation method, we refer to [75],
[15], [16], [17].

We touch the cases not covered in [12], [58], [57] for the following operators

1) Conwolution operators

Af@) = [ k) - )y (31)
R
with rather “nice” kernels for which the local log-condition is not needed,
2) Hardy-Littlewood maximal operator

M () = sup ——

up ot [ Wldut). wex 52)

B(z,r)

where X in general is a quasimetric measure space, being either an open set
in R™ or a Carleson curve on the complex plane in this section; we pay a
special attention to this special case of metric measure spaces with constant
dimension — Carleson curves — because of important application in operator
theory;
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3) the Cauchy singular integral operator

L [ f(r)
Srf(t) = — dv(1) (3.3)
y F/ T—1

along a Carleson curve I' on complex plane, where v is the arc-length measure;
4) potential type operators.

3.1. On convolution operators

We single out a result on convolution operators, obtained without local log-con-
dition. As is known, the Young theorem in its natural form is not valid in the
case of variable exponent, whatsoever smooth exponent p(x) is. As observed by L.
Diening, the Young theorem is valid under the log-condition on p(x) if the kernel
is dominated by a radial integrable non-increasing function. However, a natural
expectation was that the Young theorem may be valid in the case of rather “nice”
kernels without the local log-condition, which was proved in [23], see Theorem 3.1.
Let Poo(R™) be the set of measurable bounded functions on R™ such that
1<p_<p(z)<py<oo, zecR" there exists p(cc) = wlingop(a:) and

'A n
|p(l‘) —p(oo)| < m, x € R". (34)

Theorem 3.1. Let |k(y)| < C(1+]y|)~*,y € R™ for some A > n (1 _ p# + 1 ) )

(o) " a(o0)
Then the operator (3.1) is bounded from LPC)(R™) to LIC)(R™) under the only as-
sumption that p,q € Peo(R™) and g(co) > p(c0).

3.2. On the maximal operator
Let

M () = sup ——

wp s [ Wl dnty 35)

B(z,r)

be the Hardy-Littlewood maximal operator. In the case of constant p € (1,00)
the boundedness of the maximal operator on bounded quasimetric measure spaces
is well known, due to A.P. Calderén [8] and R. Macias and C. Segovia [65], for
weights in the Muckenhoupt class A, = A,(X). For variable exponents, the non-
weighted boundedness of the maximal operator was first proved in the Euclidean
case in [18], [19], for bounded domains or for R with p(z) = const outside some
large ball. For further results in non-weighted case see [13], [14], [21], [63], [69],
[70]. Extensions to the case of quasimetric measure spaces were considered in [45]
and [49].

Let, by definition, A,.)(X) := Muckenhoupt class be the class of weights for
which the maximal operator is bounded in the space LP() (X, o). By Zp(.)(X) we
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denote the class of weights, which satisfy the “Muckenhoupt-like looking” condition

p_—1
1

1 du(y)
sup N / o\y p(y)dﬂ Y YRy / T < 00,
cexr>0 | uB(z,7) o)l ) pB(z,r) lo( )|pf31
B(z,r) B(z,r) oy

(3.6)
where p_ = inf,cx p(z). The class gp(‘)(X) coincides with A,)(X) in the case
where p is constant. The next theorem ([61] in the case X is a Carleson curve
and [60], [59] in the general case) states that gp(‘)(X) C Apy(X) under natural
conditions.

Theorem 3.2. Let X be a bounded doubling measure quasimetric space. Under
conditions (2.2), (2.3) and (3.6), M is bounded in LP)(X, o).

In the case of power weights or radial type weights, the boundedness of the
maximal operator was obtained under conditions weaker than derived from (3.6).
We refer for details to [58], [57], but mention that for a radial weight w(|z—al), a €
Q, with w in the so-called Bary-Stechkin type class, the condition on the weight,
in the Euclidean case, reduces to

SR m(w) < M(w) <

) (3.7)
in terms of the Matuszewska-Orlicz indices m(w) and M (w) of the function w(r);
see a version of (3.7) for quasimetric measure spaces in [58], [57]. The sufficiency
of the above condition in terms of the numbers m(w) and M (w) seems to be
a new result even in the case of constant p. In relation with (3.7), note that in
applications, the verification of the Muckenhoupt condition for a concrete weight
may be an uneasy task, even in the case of constant p. Therefore, it is always of

importance to have easier sufficient conditions for weight functions, as, for instance,
in (3.7).

3.3. On the Cauchy singular operator

We specially dwell on the case of the Cauchy singular operator along Carleson
curves because of of its importance in application to singular integral equations.

Theorem 3.3 ([55]). Let T' be a simple Carleson curve of finite or infinite length,
let pe P(T)YNWL(T) and the following condition at infinity

< —

Ao 1 1
_ < 1
plt) — ()| < -1<5

1 r 7

i+l

for|t| > L, |7| > L with some L > 0, in the case T is infinite. Then the operator St

is bounded in the space LPC) (T, o) with weight o(t) = (14|t|)? T] |t—tx|%, tp €T,
k=1

In

o[
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if and only if

1 1 1 i 1
< O < —, k=1,...,m, and ———<pB+ O < ——,
p(ts) 7T P t) p(>0) ; " (o)

(3.8)
the latter condition appearing in the case I' is infinite.

An extension of Theorem 3.3 to the case of radial type oscillating weights
from the Zygmund-Bary-Stechkin class <I>§ may be found in [56]. The following is
an extension of the Guy David theorem to the case of variable exponent p(z).

Theorem 3.4. Let T be a finite rectifiable curve and p : T — [1,00) a continu-
ous function. If the operator St is bounded in Lp(')(F), then the curve I' has the
property

I'nB(t
WCO BT

b 11
r>0
for every e > 0. If p(t) satisfies the log-condition (2.3), then (3.9) holds with e = 0,

i.e., ' is a Carleson curve.

(3.9)

3.4. On potential operators

For non-weighted results on potentials and Sobolev embeddings we refer to [12],
[20], [24], [27], [28], [34], [67], [80].

a) Weighted p(-) — ¢(-)-boundedness. The known generalization of Sobolev theo-
rem by Stein-Weiss for the case of power weights was extended in [83], [84] to the
variable exponent setting as follows.

Theorem 3.5. Let p € P(R")NWL(R"), sup p(z) < £, o(x) = || (14 |z|)7>=""°

TER™
and

1 T
0o < S5 lemil < 50 ny€RL ) =p () 310

In —+
lz—yl
Then operator (1.1) with a(x) = a = const is bounded from LPO)(R™, o) to

LIO(R™, 0), if

D << — "< <= (3.11)
a——=<P< 5=, = —— < Yoo < 57— :
p(0) p'(0) p(o0) p'(o0)
We refer to [78] for a generalization of Theorem 3.5 to the case of more general

radial type weights. In connection with estimation of operators over unbounded
domains, we refer also to a certain general approach suggested in [40].

b) Characterization of the range of potential operators. The inversion of the Riesz
potentials with densities in LP()(R") by means of hypersingular integrals

m / M dy, (3.12)
ly|>e

dp () 20 jy[+e

D*f =
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known also as Riesz fractional derivatives of order «, was obtained in [2] (we refer
to [81] for the case of constant p and hypersingular integrals in general). This gave
a possibility to obtain in [6] a characterization of the range I*[LP(")(R")] in terms
of convergence of D®f in LP()(R™) as follows.

Theorem 3.6. Let p € WL(R"), 1 < p_(R") < p™(R") < 2 and f a locally

mtegmble function. Then f € Ia[Lp( (R™)], if and only if f € LIC)(R™) with
q() ﬁ — 2 and D*f € LPU) (treated in the sense of convergence in LP()).

717

A study of the range I*[LP()(Q)] for domains Q C R” is an open question;
in the form given in Theorem 3.6 it is open even in the case of constant p, one of
the reasons being in the absence of the corresponding apparatus of hypersingular
integrals adjusted to domains in R™; some their analogue reflecting the influence
of the boundary was recently suggested in [72] for the case 0 < a < 1. In the one-
dimensional case for = (a,b), —co0 < a < b < oo, when the range of the potential
coincides with that of the Riemann-Liouville fractional integral operators (in the
case 1 < p™ < 1), the characterization for variable p(z) was obtained in [73],
where for —oo < a < b < oo there was also shown its coincidence with the space
of restrictions of Bessel potentials.

The result of Theorem 3.6 was used in [6] to obtain a characterization of the
Bessel potential space

BYLPORM ={f: f=B", @cl’U®R")}, a>0,
where B%p = F~1(1 + [£[>)~*/2F . It runs as follows.
Theorem 3.7. Under the conditions of Theorem 3.6
BLPOR™)] = LPOR™Y) (IMLPOR™)] = {f € POR") : D*f € LPO(R")}
(3.13)

and B[LPO(R™)] = W™PC)(R™) for any integer m € N, where W™PC)(R™) is
the Sobolev space with the variable exponent p(x).

Statement (3.13) has the following generalization, see [73], Theorem 4.10.

Theorem 3.8. Let Y = Y(R™) be a Banach function space, satisfying the assump-
tions
i) Cg° is dense in Y;
ii) the mazimal operator M is bounded in Y ;
iii) I*f(x) converges absolutely for almost all x for every f € Y and
(1 +[z) "I f(z) € L'(R™).
Then
Y):Yﬂ]a(Y):{er:Daf:%Dgfey}. (3.14)
™)
From Theorem 3.8 there follows, in particular, the characterization of the

ranges of potential operators over weighted Lebesgue spaces with variable exponent
obtained by means of results of Subsection 3.2 for the maximal operator.
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Certain results related to imbedding of the range of the Riesz potential op-
erator into Holder spaces (of variable order) in the case p(x) > n were obtained in
[7]. The results proved in [7] run as follows. In Theorem 3.9 we use the notation
M, :={r € Q:p(x)>n}and H*")(Q) in Theorem 3.15 is the Holder-type space
with a finite seminorm [f]a(.).0 = SUP; 41 nen,0<|n|<1 |h|=®)|f(x) — f(x + h)|.

Theorem 3.9. Let Q) be a bounded open set with Lipschitz boundary, let p €
WL(Q),p+(Q) < oo and let the set T, o be non-empty. If f € WHP()(Q), then

1f(@) = FWI < Cla,9) IV Flllpey.0 |z =y~ momrzm (3.15)

for all x,y € II,, o such that |z —y| < 1, where C(z,y) = with ¢ > 0

not depending on f,x and y.

mnlp (@) s 7

Theorem 3.10. Let Q be a bounded open set with Lipschitz boundary, p € WL(Q)
and p4(Q) < co. If ingp(x) > n, then WhPO)(Q) — H'7503 (Q).
re

Theorem 3.10 is an improved version of the result earlier obtained in [27], [30].
The papers [32], [33] are also relevant to the topic. We refer also to [43] where the
capacity approach was used to get embeddings into the space of continuous func-
tions or into L>=(€). In [7] there were also obtained WP()(Q) — LI()-estimates
of hypersingular integrals (fractional differentiation operators)

DO f(z) = /Q J@) = J) dy, z €. (3.16)

o = g

We dwell briefly also on extensions to the case of Hajlasz-Sobolev spaces on
quasimetric measure spaces. In [4], by means of the estimate

F(@) = FW)I < Clus, B) [dl,y)° @M [ (@) + dlw,y) DM f(y)]
where Mi(.)f(x) = sup #BEX;IT) fB(z " |f(y) = fB(z,r)| duu(y), generalizing an esti-

mate from [41], there was given an extension of (3.15) with n replaced by the
exponent from the growth condition and V f replaced by the generalized gradient
of f. This led to the following result for the Hajlasz-Sobolev space M'P()(X).

Theorem 3.11. Let the set X be bounded and the measure p be doubling. If p(-) is
log-Hélder continuous and p— > N, then M0 (X) — H'"30 (X).

We refer also to [5] with regards to Sobolev-type estimations with variable
p(+) of potentials 3%C) and I*C) on metric measure spaces.
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4. Maximal and potential operators in variable exponent
Morrey spaces

In this section we present results obtained for maximal and potential operators in
variable exponent Morrey spaces.

Ia()f(m) _ /;Z f(y) dy

o =yl

of variable order a(x). We prove the boundedness of the maximal operator in Mor-
rey spaces under the log-condition on p(-). For potential operators, under the same
log-condition and the assumptions inf,co a(z) > 0, sup,cq (M) + a(2)p(z)] < n,
we present a Sobolev type LP()A() — [4()AC)_theorem. In the case of con-
stant a, we also give a result on the boundedness theorem in the limiting case
p(x) = %(I), when the potential operator I acts from LP()A() into BMO.

Let p(-) and A(-) be measurable functions on Q C R™ with values in [0, n]. We

define the variable Morrey space LP()A()(Q) by condition (1.4). Equipped with

the norm
p(y)
inf{n >0: sup P M@ / <M> dy < 1}
z€eQR, r>0 n

B(z,r)NQ

171

_ A=)
= sup Hr () fxé(z.r)
zeQ, r>0 ’

()’
this is a Banach space. In the case where || < oo and A(+) is log-continuous, this

AC)
norm is equivalent to SUPeq, r>0 Hr_m f XB(z,r) ( y There holds the embedding
nA) o nep(z)

LI (Q) s LPOAO(Q), when S ON > R

In the sequel we suppose that 0 < A(z) < Ap <n, =z € Q. For constant
exponents p(z) = p and A(z) = A the following two theorems were proved in [10],
[1], respectively.

Theorem 4.1. Let §2 be bounded and p € P(Q)NW L(Q). Then the mazimal operator
M is bounded in the space LP)A0)(Q).

Theorem 4.2. Let Q2 be bounded, p € P(Q) N WL(Q) and o € WL(R). Under
the conditions inéa(m) >0, supyeq M)+ a(z)p(z)] < n, the operator I1°0) is
rEe

bounded from LPO)AC)(Q) to LIOA0)(Q)

3

11 o)
where 76y = 2@y ~ noA@)

n—\(x)
a(z) ?
in [71], Theorem 5.4, for constant exponents.
Theorem 4.3. Let 0 < a < n, A(x) >0, supyeqA(z) <n—a, A€ WL(Q) and let
p(z) = %(I) Then the operator I* is bounded from LP()A)(Q) to BMO(Q).
Theorem 4.3 is derived — via the pointwise estimate M*(I* f)(x) < ¢ M® f(x),
([1], Proposition 3.3) — from the following statement.

For the limiting case p(z) = we have the following statement, proved
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Theorem 4.4. Let 2 be bounded, p € P(Q)NWL(Q) and inf a(z) > 0. In the case

€N
p(z) = %(w), the fractional mazximal operator
. 1
MO f ) =sup e[|y
r>0 |B(gg7r)|1*T

B(z,r)
is bounded from LPO)AC)(Q) to L°(Q).

5. Fractional integrals and hypersingular integrals in variable order
Holder spaces on homogeneous spaces

The results we present here are new, they were obtained in [77]. For a version of
such results when X is a sphere S"~! in R", we refer to [79]. We consider the
mapping properties of potential type operators in Hélder spaces H") of variable
order, which in case of domains {2 in R" are defined by the condition sup;,|, |f(x+

h)— f(x)] < Ct*®) € Q. Tt is done in the general setting of quasimetric measure
spaces (X, d, u) which satisfy the growth condition

pB(z,r) < KrN as r—0, K >0, (5.1)

where N > 0 need not be an integer, for the potentials of form (1.3), where we
admit variable exponent a(x), 0 < a(z) < 1, and £ is an open bounded set in a
quasimetric measure space X. We will also study the corresponding hypersingular
operators

« . f(y) — f(l’)
(D%f)(z) = lim / Wd#(y% r €, (5.2)
yEQio(z,y)>e

within the frameworks of the Holder spaces H*()(Q) with a variable exponent. In
the case of constant a such a study in the general setting of quasimetric measure
spaces (X, g, u) with growth condition, is known, see [36], [37], [38], [39].

The estimate we present here reveal the mapping properties of the operators
I and D® in dependence of local values of a(x) and A(z). Note that estimations
with variable A(z) and a(z) were known in the special case X = S"~! for spherical
potential operators and related hypersingular integrals, and even in a more general
setting of generalized Holder spaces defined by a given (variable) dominant w(z, h)
of continuity modulus, see, for instance, [86], [87], [89].

The estimates we present here are related to a general quasimetric measure
spaces and admit the situation when a(z) may be degenerate on Q (on a set of
measure zero). We denote

Iy, ={z € Q:a(x) =0}

and suppose that u(IT,) = 0.
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To obtain results stating that the range of the potential operator over this
or that Holder space is imbedded into a better space of a similar nature, we
prove Zygmund type estimates for the continuity modulus. In the case we study,
these estimates are local, depending on points x. By means of such Zygmund type
estimates of such a kind, we prove theorems on the mapping properties I¢() :
H O(Q) — HAO+2()(Q), and similar results for the operator D), 0 < af(z) < 1.

Let (X,d, i) be a homogeneous quasimetric measure space. As shown in [64],
it admits an equivalent quasimetric d; for which there exists an exponent 6 € (0, 1]
such that the property

di(,2) = di(y, 2)| < Md{(,y) {da (2, 2) + di(y, 2)} " (5.3)

holds. When d is a metric, then d automatically satisfies (5.3) with § = 1 and
M = 1. For brevity, we will say that the quasimetric d is regular of order 6 € (0, 1],
if it satisfies property (5.3).

In the sequel we suppose that all the balls B(z,r) = {y € X : d(z,y) < r}
are measurable and uS(z,7) = 0 for all the spheres S(x,r) = {y € X : d(x,y) =
ry, ze€X r>0.

For fixed x € ) we consider the local continuity modulus

w(f,z,h) = sup |f(x)— f(2)] (5.4)
G

of a function f at the point x. Everywhere below we assume that |h| < 1. The
function w(f,x, h) is non-decreasing in h and tends to zero as h — +0 for any
continuous function on  and fixed z.

Lemma 5.1. For all z,y € § such that d(z,y) < h, the inequality

1
cwlfah) S w(f.y.h) < Cw(z,y, h) (5.5)
holds, where C' = [2k] + 2 and k is the constant from the triangle inequality. If
a(x) € WL(Q), then
% hal@) < pat) < opa@ (5.6)

for all x,y such that d(x,y) < h, where C' > 1 depends on the function a, but does
not depend on x,y and h.

For a function A(x) defined on §2 we suppose that

A_ = inf A(z) >0 and Ap :=sup \(z) < L.
z€X zeX
Definition 5.2. By H*()(Q) we denote the space of functions f € C(Q) such that
w(f,z,h) < ChN®) where C > 0 does not depend on x,y € Q. Equipped with the

norm (f h)
w xr

fllero@ = IIf +sup sup — e
[fleo@ = 1 lew weQhe(0n) M@

this is a Banach space.
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In Holder norm estimations of functions I*f, the case f = const plays an
important role, in the case where

(o) = 1)) = [ =5 (5.7

Q

is well defined. Observe that in the Euclidean case = X = R, this integral
although not well directly defined, may be treated as a constant in the case a(z) =
a = const in the sense that the cancellation property

1 1 B v
N

holds. For constant «, the function J,(x) is also constant in the case Q@ = X =
SN¥=1 which fails when o = () and the cancellation property of the type

1 1
/ [|z—x|N—a<w> - |z—y|N-a<y>} dulz) =0,
Q

no more holds even for = RY or Q = SN¥~1; see, for instance, [36] on the
importance of the cancellation property I%(1) = const for the validity of mapping
properties of potentials within Hélder spaces on quasimetric measure spaces. When
we consider Holder type spaces H*()(Q) which contain constants, the condition

Ja(1) € HXOT20)(Q)
is necessary for the mapping I* : H*)(Q) — H*O)+2()(Q) to hold.
Remark 5.3. Let insf2 a(x) >0 and x,y ¢ II,. Then
zTE

min(a(z), ay

~ ~ ‘Oé(ﬂ?) — O[(y)| a(x)— a(z)—
ua) = 9] < Co D | | a7 =t ot

(5.8)
and

|(2)Ta(2) = a(y)Ta(y)] (5.9)

< Cla(z) - aly)| + min(a(m»a(y))\ / [, )N — d(y, 2)°@ ] du(z)
Q

where C' > 0 does not depend on z,y € 2.

Remark 5.4. The meaning of estimates (5.8)—(5.9) is in the fact that the second
term on the right-hand sides may be subject to the cancellation property: at the
least it disappears when Q@ = X = RN or Q = X =SV-1.

The estimate (5.10) provided by the following theorem clearly shows the
worsening of the behaviour of the local continuity modulus w(I®f,z, h) when x
approaches the points where «(z) vanishes. We also give a weighted estimate
exactly with the weight a(z).
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We use the notation

an(z) = ([nin a(y).

Theorem 5.5. Let 2 be a bounded open set in X, let « € WL(Q) and 0 <
ir€1£2 alz) < supa(z) < min(1,N). Then for all the points x € Q\Il, such that
T zeQ

ap(z) #0,0< h < %, the following Zygmund type estimate is valid

C
an ()

d
ol w(f,x, t)dt
W@ (f, h)+ch0/t§+9fa&) (5.10)

h

wI*f,x,h) <

d

t

1 Cla,a, h) / t{jf’gz + Cw (a2, W) f @)
h

where the constant C' > 0 does not depend on f,x and h.
Also, for all the points x € Q\II,, the weighted estimate holds

d
t)dt
w(al®f,z,h) < Ch*@w(f, z, h) +ch0/% (5.11)
h
d ol p
,x,t)dt ~
+ Cw(ayx, h) / o) + Cw(aTa, z, h) || fllc@),
h

5.1. Zygmund type estimates of hypersingular integrals

Theorem 5.6. Let o € WL(Q) and 0 < insf2 a(z) < magz(a(x) <1.If f € C(O),
zTE rE

then for all v,y € Q with d(z,y) < h such that a(x) # 0 and aly) # 0, the

following estimate is valid

Hlln

h
(D% f)(@) — (D P < o [ ) s
0

2

0,1—-6 W(f7l‘7t)dt

+C/[w(a,$,h)+ht }W’
h

where C' > 0 does not depend on x,y and h.

5.2. Theorems on mapping properties

Recall that for the potential operator 1*(") we allow the variable order a(z) to be
degenerate on a set II, (of measure zero). We consider the weighted space

HXO+0(Qa) = {f : al2)f(x) € HXTD(Q).
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Theorem 5.7. Let a(z) >0, maxa(z) <min(d,N), «a(x) € Lip(Q?), and

zEQ
sup[A(z) + a(z)] < 6. (5.13)
zEQ
If
aJ, € HNO+al), (5.14)

then the operator I*C) is bounded from the space H’\(‘)(Q) into the weighted space
HNO+e0(Q,q).

A “non-degeneracy” version of Theorem 5.7 obtained from (5.10), runs as
follows.

Theorem 5.8. Let

0< migzl alz) < max alz) <min(d, N) and « € Lip(Q). (5.15)
e rE
Under conditions (5.13) and the condition 3, € H*)+t20) the operator 1) is
bounded from the space H)(Q) into the space H*)+T()(Q).

The corresponding mapping theorem for the hypersingular operator runs as
follows.

Theorem 5.9. Under conditions (5.14), (5.15), the operator D*C) is bounded from
the space HN)(Q) into the space HN)=0)(Q), if
0 < inf {A(z) — a(z)}, supA(z) <1.
z€Q €N
Added in proofs. After the paper was submitted, the problem of Muckenhoupt
weights for variable exponent Lebesgue spaces, touched in Subsection 3.2, in the
Euclidean setting was solved by P. Hasto and L. Diening, “Muckenhoupt weights
in variable exponent spaces”, preprint available at
http://www.helsinki.fi/~pharjule/varsob/publications.shtml
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1. Introduction

I consider, in this survey, a two-dimensional elastic membrane which has been
reinforced with the inclusion of a lower-dimensional elastic strip. The strip is thin,
but its conductivity is large. I study the asymptotic behavior of such a composite
medium, when the thickness of the strip vanishes and the conductivity of the strip
becomes infinite, the product of thickness and conductivity remaining bounded. A
peculiar feature of the model is that the strips develop, in the limit, infinite length
and fractal geometry.

Singular homogenization problems of this kind go back to the work of Pham
Huy and Sanchez Palencia [31], Cannon and Meyer [4] in the 1970’s and of At-
touch [1] in the 1980’s. These authors consider a 3-dimensional domain with the
inclusion of a flat, or smooth, 2-dimensional elastic layer. More general examples of
asymptotic singular limits have been studied by U. Mosco, [24], in the framework
of Dirichlet forms and variational convergence.

In this survey, the inclusion can be a fractal von Koch curve, a mixture of von
Koch curves, and also a Sierpinski curve. Both the von Koch and the Sierpinski
curve have infinite length. They have, however, different Hausdorff dimensions,
moreover, the spectral dimension of the von Koch string is 1, while the Sierpinski
membrane has a spectral dimension intermediate between 1 and 2. As we shall
see, the asymptotic behavior of the composite medium — consisting of the initial
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membrane with the inclusion of the fractal membrane — is deeply affected by these
dimensional parameters.

The fractal model considered in this paper is inspired by the problems first
considered in [19] on so-called second-order transmission problems with infinitely
conductive fractal layers. The problems studied in [19] display a peculiar feature.
They consist in two equations, both of second order, which are coupled by a second-
order transmission equation on the layer. Taken together with the boundary and
transmission conditions, the two equations describe the variational equilibrium of
the composite medium, as it results from the interaction of the full-dimensional
Euclidean dynamics with the lower-dimensional fractal dynamics of the layer.

The approach of this survey provides additional physical motivation to the
problems considered in [19] and in [20] that can be obtained as the limit — in the
homogenization sense — of the equilibrium equations of fully-dimensional mem-
branes reinforced by the inclusion of suitable thin strips. The singular fractal (or
pre-fractal) membrane occurs only in the limit, as the asymptotic effect of the
physical characteristics of the strips.

Before describing the results in more detail, we note that Dirichlet forms with
singular energy measures have been studied by Tomisaki, Tkeda-Watanabe and
Fukushima ([32], [18] and [6]). These authors also describe the singular Markov
processes associated with these forms. More recently, Markov processes associated
with Dirichlet forms with singular fractal energies have been studied by Lindstrgm,
Jonsson and Kumagai (see [22], [11] and [15]). However, these studies do not
address the homogenization problem consisting in getting the singular forms as
the limit of non-singular full-dimensional energies.

Our model consists in a polygonal domain €2 of the plane, in which we insert
a fractal set. We see three examples: the von Koch curve K, a mixture of Koch
curves K€ and the Sierpiriski gasket G. The fractal is constructed by iteration of
N contractive similarities and K™, Kff), G" denote the pre-fractal curve obtained
after n-iterations of the contractive similarities generating the von Koch curve K,
the mixture of Koch curves K and the Sierpiniski gasket G respectively. Then
each side of polygonal curve (K", K. 7(15), G™) is replaced by a thin hexagonal poly-
gon with two opposite vertices at the end points of that side and the remaining four
vertices at the vertices of a thin rectangle parallel to the side and with transversal
size € (see the red polygonal strips in Figure 2, Figure 3, Figure 5 and Figure 6).
In this way we obtain a polygonal strip surrounding the pre-fractal curve, which
will be denoted by X7. The elastic characteristics of the strip X7 are incorporated
in the definition of a weight function w? supported on X7. The function w] is
singular at the intersections of two successive sides of the pre-fractal curve. An-
alytically, the weight w! belongs to the Muckenhoupt class A, with respect to
the two-dimensional Lebesgue measure on R2. The full-dimensional dynamics is
described — for fixed n and € — by the singular elliptic operator

Alu = —div(alVu) (1.1)
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where the coefficient al is taken to be equal to 1 on 2 — X7 and equal to op,w?
on X7, the scalar coefficients o, > 0 being chosen appropriately. The sequence of
operators A” converges to a self-adjoint operator A in L2(f2). The limit operator
A turns out to be the generator in L?(Q) of the energy form E obtained as the
M-limit of the energy forms EI of the operators A7, as n — +oo. The form F is
the sum of an energy term supported on €2 and a singular energy term supported
on the fractal set:

Elu] = /Q Vul?dady + E[u] (1.2)

where u| denotes the trace of uw on the fractal set.

The bilinear form £(-, ) associated with the energy € is a (regular) Dirichlet
form with (dense) domain Dy[€] in the space L?(-, 1), where u is the normalized
invariant measure in the fractal. Fractal Dirichlet forms of this kind were first
constructed by Kusuoka and Fukushima-Shima, ([17], [8]) who extended early
probabilistic constructions of Barlow-Perkins, Lindstrgm, Goldstein and Kusuoka
([3],[21],[9] and [16]) as well as finite-difference analytic definitions of Kigami ([13]).
The full limit form (1.2) is itself a (regular) Dirichlet form in the space L?(Q), with
domain

Do[E] = {u: u e Hy(Q),u| € Do[€]}. (1.3)

The M-convergence of the energy forms EI' can be characterized in terms
of convergence of the resolvent operators, semigroups and spectral families associ-
ated with the forms allowing developments and applications (see Theorem 2.4.1,
Corollaries 2.6.1 and 2.7.1 of [24]). However in this survey, I will not deal with
these consequences of Theorems 2.2, 3.1 and 4.1.

We conclude this introduction by briefly describing the structure of the paper.
Section 2 concerns the von Koch curve (see Theorem 2.2), Section 3 concerns
mixtures of Koch curves (see Theorem 3.1) and Section 4 concerns the Sierpiriski
gasket (see Theorem 4.1).

2. The von Koch curve

Let Q be a bounded Lipschitz domain in R? say the “rectangle” [0,1] x [—1,1].

Let a € (2,4] and ¥ = arcsin/a — < € [0, 3).

We consider the 4 contractive similarities {11, 2, 13,14} in R?

z 1 4sin?d z+a—1
— € “9+_+ ) 11[}4(2) =
« 2 o «

(z € C).
For each integer n > 0 we consider arbitrary n-tuples of indices iln =
(i1,12,...,in) € {1,2,3,4}™. We define

¢l|n :d)h 01/%'2 O"'Od)l}w (21)
and for any O(C R?) we set O™ = ¢;,,(0).
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The von Koch curve K can be constructed as the closure (in R?) of the set
(of points) V> where:

—+oo
Vo={4,B}, v'={JV" and v==]V" (2:2)
iln =0
and
A=(0,0) B=(1,0). (2.3)

The von Koch curve K is a d-set (in the sense of [12]) with respect to the Hausdorff
measure H% d = In4/Ina. Moreover, an energy form &£[u] is also defined on K,
which is the limit of an increasing sequence of quadratic forms constructed by
finite difference schemes, namely

{ Eu] = limy, 4 o £ [u]
EMu] = p™ 3y, (u(Wiin(A) — u(yn(B)))*

where p = 4. The associated bilinear form £(-,-) is a regular Dirichlet form on
L?(K,H?%), with a domain D[] dense in L?(K,H?). The functions u € D[] turn
out to be continuous functions on K, which are indeed Holder continuous with
exponent § = d/2. The subspace of D[£] of all functions v € D[£], that vanish
at the end-points A and B of K, will be denoted by Dy[€]. In the following, we
consider the form £ always on its domain Dy[€]. For definitions and more details
on these properties, we refer to [7], [16] and [19].

In particular we are dealing with the polygonal curve K™ that is the “pre-
fractal” curve at the n-generation approximating the generalized Koch curve K:

(2.4)

K" = UKg‘” (2.5)
where K| is the segment of end-points A = (0,0) and B = (1,0) that can be
considered as the initial curve, i.e., at the 0-step of the iteration procedure.

Let me note that the geometrical aspect of pre-fractal Koch curve depends

on the contraction factor « € (2,4] as we see in Figure 1 where we have chosen
the contraction factor a = 3, @ = 2,2 and o = 3, 8 respectively.

m r[ I—l
H H o™ N

FIGURE 1. Pre-fractal Koch curves with different contraction factors

For every 0 < e < ¢¢ < 5, where ¢; = 2tan %, 6 = min{r — 29, 9}, we define
the e-neighborhood of K, denoted by Y., to be the “open” polygonal domain
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whose vertices are the points A, Py, Py, B, P3, Py where

g £ E £ g 13 13 13
Pp=(Z2), p=(1-25), b= (1-5,-5), P= (2 -5).
1 (C1’2>7 2 ( 6172>’ 3 ( Cl’ 2)) 4 (Cl’ 2)

We then divide 3. into three parts: the rectangle R. of vertices P, P», P53, Py and
the two triangles 7; ., j = 1,2 of vertices A, P, P, and P, B, P3, (respectively in
the order). For every n and e, as above, we define the e-neighborhood, X7, of K™
to be the (open) polygonal domain

o=z and BI" = by, (e). (2.6)
iln

Note that X" is a topological neighborhood of K™\ V™.

FIGURE 2. Geometry of the layer

In the domain €, for given n and e, we now define a weight w? as follows:
let P belong to the boundary 9(X.)!" of 54" denote by P+ the “orthogonal”

projection of P on K| éln and by |P — P*| the (Euclidean) distance between P and
Pt (in R?). If (x,y) belongs to the segment of end points P and P+ we set, in
our current notation,

2+4-c? . i .
qppr i (my) € 7", =12

Je?

(2.7)

wl(z,y) = :
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FIGURE 3. “Iterated” layers

Moreover we set:

wl(z,y) =1 if (w,y) & %2 (2.8)
Associated with the weight w? are the Sobolev spaces

HY (Q;wl) = {u € L*(Q): [ |VulPwldzdy < Jroo} (2.9)

Q
and H}(Q;w?), the latter being the completion of C§°(2) in the norm:

3
ull g1 (Qur) = {/s |u|2dmdy+/2|Vu|2wgdxdy}
) ¢

and the “weighted” energy functionals F* in L?(Q)

w1 Joal(@y)|VulPdedy  if  we Hy(Qw;,)
F'lul _{ oo if  weL2Q)\ HiQuws) (310
where the unbounded conductivity coefficient is
n onw? (z,y) if  (xy)€eXt
a_(x,y) = € . 5 2.11
ren={ ] A (211)

In order to state the results, we also need to recall the notion of M-conver-
gence of functionals, introduced in [23], see also [24].

Definition 2.1. A family of functional F. M-converges to a functional F in L?(£2) if
(a) For every v. converging weakly to u in L?(Q)
limF.[v] > Flu], as &—0. (2.12)
(b) For every u € L?() there exists u? converging strongly in L?({2) such that
ImF.[uf] < Flu], as &—0. (2.13)
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We can now state the first convergence result, with notation as given above:

Theorem 2.2. Let N =4, a € Q, p = 4. For every n € N, let ¢, = (p/N)"wn,,
where wy, < ¢1/2 is an arbitrary sequence such that w, — 0 as n — +o0, and let
on = (p/a)"™. Then the sequence of functionals " defined in (2.10) M -converges,
as n — +oo, to the functional F in L*(Y) where F is the extended value energy
functional in L*(Q)

Flu] :{ Jo |VuPdrdy + Eulk]  if  u€ DolE]
oo if  we L*(Q)\ Dy[E],

where Do[E] = {H;(Q2),ulx € Dol€]}-
Here u|k denotes the trace of u on the fractal set K.

For the proof of Theorem 2.2, comments and details I refer to [28] and also
to [5].

3. Koch mixtures

The mathematical theory of fractal bodies has been based mainly on self-similarity.
Strict self-similarity, however, is a too stringent property to be realistic in physical
applications. This has led to the investigation of more general models which can
be seen as deterministic or random “mixtures” of self similar fractals.

Environment dependent fractals are generated by families of Euclidean sim-
ilarities operating in random way that mimics the influence of the environment.
The limit mixture and all relevant analytic estimates depend on the asymptotic
frequency of the occurrence of each family. Harmonic functions on certain random
scale-irregular fractals exhibit an interesting analytic behavior; they are contin-
uous functions, however uniform Harnack inequalities on decreasing balls do not
hold for them: in order to be global energy minimizers, they are forced by the
complicated fine geometry of the body to develop locally very sharp oscillations
at every point (see [2] and [27]).

In this section I discuss the case of a deterministic mixture of two Koch curves
(see [33], [27] and [26] for mixtures of Sierpinski gaskets).

Consider the families of the contractive similarities defined in previous Section 2

@y _ 2 @ _ % i L

i (2) o Yy (2) o € + P
(@, \_ % —p 1  isind (@, Zta—1
)= e L I ey J2Fe ]

and fix two different values of the contraction factor 2 < a1 < as < 4. The two
families of the relative contractive similarities in R? are denoted by

q,<1>:{ SICINCS 511)}’ w):{wgz)’ @ 512)}. (3.1)
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Let £ be the sequence { = (£1,62,&3,...),& € {1,2}. The mixture of two Koch

curves K(€) can be constructed as the closure (in R?) of the set (of points) &)

+oo
K© — Vo(oé) - U Vn(é)’
n=1

where:
4
Vi =r =48}, VO =l (v©).
i=1

The set T' = {4, B} is defined in previous Section 2 (see (2.3)). For every given

¢, the sequence of sets V(g) > 0, is monotone increasing, as a consequence of
both the inclusions

rc |J »m=vm, rc {J »2@=v®m).
€3)

Moreover each set V,,~’ is a discrete graph, two nelghboring points p ~, ¢q in Vn(g)
being any pair (p,q) belonging to the same set ¢z|n( ) where

UEN0) =y ooy (0) (3.2)
for some finite sequence iln = (i1,...,%n),%1,...,0n € {1,2,3,4} and any set
O C R2%

On the set K€ an energy form £ [u] is defined as limit of an increasing sequence

of quadratic forms constructed by finite difference schemes

E® ) = lim EW ] (3.3)

n—»oo

ESl=p"/2 > Y (uf 0)?, (3.4)

peVE) a~np

where

and p = 4. The set K, as well as, the energy form E©[u] depend on the specific
sequence &, which guided their construction. We now consider this dependence.

Let hg-g) (n) denote the frequency of the occurrence of the family j in the finite
sequence &|n, n > 1:

n Z (6=} =12

The term h§€)(n) gives the frequency by which each the map U1 occurs, up to

the step n, in our construction of the graph Vn(g) and, eventually as n — +oo, the
frequency by which each the map U\ occurs in the construction of the set K.
Suppose that there exists an asymptotic frequency of occurrence, p; such

that:
hgg)(n) — p;j, n— 400, (3.5)
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where 0 < p; <1, p; +p2 =1 and the rate of the convergence is given by
cx
M) = pil < S, j=1,2, (n 2 1), (3.6)

Set
lg4

d=d® = .
prlgar +palgas

(3.7)

The bilinear form associated with the energy £, defined in (3.3), is a regu-
lar Dirichlet form on L?(K©) H?) with (dense) domain D[] (see [25], [26] and
also [7]).

It can be proved (see [26]) that the set K(€) is a d-set (in the sense of [12]) with
respect to the Hausdorff measure H? where d is as in (3.7).

Moreover any function v in the domain D[£] of the energy form is Holder contin-
uous with Holder exponent

lg2

§=060 = a9 /2=
prlgar +p2lgas

(3.8)

and the Harnack inequality for positive “harmonic” functions holds (see [33] The-
orem 0.4, [27] and also [26]). The subspace of D[£] of all functions u € D[€], that
vanish at the end-points A and B of K, will be denoted by Do[£]. The space
Dy[€] turns out to be an Hilbert space with respect to the “intrinsic” norm

[l potey = E©@u] 2.
In the following, we consider the form £ always on its domain Dy[£].

Let © denote the polygonal domain with vertices A, B, C, D:
C=1(1/2,1/2-tan6y) and D = (1/2,—1/2-tan 6;), where 6; is the rotation angle
in the similarities of the family (") (see Section 1). Note that as 2 < a; < ap < 4
then the amplitudes of the two angles #; and 6y corresponding to the two (fixed)
values of the contraction factors a; and s satisfy the relation 0 < 62 < 61 < 7/2.

Let Ky be the segment of end-points A and B. For every 0 < e < ¢ < ¢1/2,
where ¢; = 2tan(8*/4) and §* = min{r — 26;, 6, }, the “c-neighborhood” of Ky,
denoted X, is the polygon whose vertices are the points A, Py, P>, B, P3, Py, where

g € g € £ S IS £
Pp=(22), p=(1-2%), p,=(1-2,-%), p,=(5, %),
1 (0172)7 2 < 61’2)7 3 < Cl’ 2>7 4 <Cl7 2)

We then subdivide Y. as the union of the rectangle R. and the two triangles
The, b = 1,2. Here, R, is the rectangle with vertices Pi, P, Ps, Ps; 71, is the
triangle with vertices A, P, Py and T3 . is the triangle with vertices Py, B, P5 (see
Figure 2).

For every integer n, let Kﬁg) be the polygonal curve

4
19 = g =g = = Ju (19))

iln iln =1
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for every n and e as above, we define the “c-neighborhood”, 27(5)5, of Kff) to be

the (open) set
—| |n®
2515725 - U iln,e’
iln
where fo) .= ¢z\n( )

Note that Egﬁz . is a topological neighborhood of Kff) \ Vn(g)
In the domain €2, taken together with the embedded layer 255)8 for given n
and €, we now define a weight, wﬁfé as follows. Let P = ({,n) — for some i|n —

belong to the set 2(2,5 then (¢,n) = ¢(§)(x y) with (z,y) € X, then we set

i iln

wiEl(¢m) = ()"0 () (3.9)
where
€ i <r<l-— i
le(w) =3 2G37 1- £ <2<l (3.10)
vy O<z<g,
and
o =oft - aob?. (3.11)
Moreover, we set
wne(Cm) =1 if (¢m) ¢ B (3.12)

Associated with the weight wfﬂ, are the Sobolev spaces

H (s wlf)) = {u € L*(): / |Vu*wEldCdn < +oo} (3.13)
Q
and H}(Q; wfﬁ), the latter being the completion of C5°(£2) in the norm

||u||H1(Q;w£5)E) = {/ |u|2dCdn+/ |VU|2 © dCdn} )

and the “weighted” energy functionals in L?(£2)

F(g)([ ] fQ a’g)e |VU|2dCd77 if we HO (Q 7(15)5) (314)
e +00 it we L2(Q)\ Hi(Qw'))
where the unbounded conductivity coefficient is
(&) : 3]
Op Wy R if s € Zn,
affl(¢,m) = (Gm) I {Gm) € T (3.15)
1 lf (Ca 77) ¢ EH,E

with o, some given positive constant.
From now on we shall suppose that the contraction factors are “rational”,
i.e., al,az € Q.
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The result is the following with notation as given above:
Theorem 3.1. Lete = £(n) be an arbitrary sequence such that e(n) — 0 asn — +oo
and let o, = (L) for every n, where p = 4 and o* is defined in (3.11). Then
the sequence of functionals ng(n), defined in (3.14), M -converges to the following
functional F as n — +o00:

Flu] = Jo [Vul?dCdn + Eluy, ] if  we DolE]
+oeo if  uwe L*Q)\ DolE]
where Do[E] = {v € Hy(Q) : Ve € Dyl€]}. Here Y, e denotes the trace of v

on K©,

For the proof of Theorem 3.1, comments and details I refer to [30].

4. Sierpinski gasket

Let © be the triangle with vertices D, E, F: D = (1/2,—+/3/2), E = (3/2,1/3/2)
and F = (—1/2,/3/2). Consider the triangle with vertices in the middle-points
A, B, C of the sides of Q:

A=(0,0), B=(1,0), C=(1/2,V3/2).

In this triangle the Sierpinski curve can be constructed by iteration of the 3 con-
tractive similarities 91, 19,13 in R2:

bi(x) =3, wale) =

1 z 1 3
T =g byt

DN | ™

where z = x + iy.

F c E

D

FIGURE 4. Geometry of the domain

For each integer n > 0, consider arbitrary n-tuples of indices iln = (i1, i2,
-y in) € {1,2,3}" and define v;),, = 1, 01y, 0+ - -0t and, for every set O(C R?),

oin = 1/}i|n(0)~
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Let Vo = {A, B, C}. For every integer n > 0 we put
ve=Jv",

where Vgln = Y;jn(Vo), and then
“+o0
ve = Jvr.
n=1

The fractal set G is obtained by taking the closure G = V™ of the set V°° in R2.
The set 0G = {A, B,C} is the (intrinsic) boundary of G. The fractal set G has
Hausdorff dimension d =1n3/1n2 (see Hutchinson [10]).

An energy form £[u] is also defined on G, which is the limit of an increasing
sequence of quadratic forms constructed by finite difference schemes. Namely,

Eu] = limy, 4 o EM[u]

EMulya] = p" Xip A (u@in (A)) = ulyn(B)))*+ (4.1)
(w(@in(A)) = u(@in(C))? + (u(iin () = ulyn(B)))?},
where p = 5/3.

The associated bilinear form £(-,) is a regular Dirichlet form on L?*(G, H%),
with a domain D[£] dense in L?(G, H?). The functions u € D[] turn out to be
continuous functions on G, which are indeed Holder continuous with exponent § =
In(5/3)/In4. For the Holder estimates we refer to Kozlov [14] (see also [25], where
Kozlov’s result is interpreted as an intrinsic Morrey’s imbedding). The subspace of
D[€] of all functions u € D[£], that vanish on 9G, that is, at the points A, B and
C of G will be denoted by Dy[€]. In the following, we consider the form £ always
on its domain Dy[€&].

By K;, 1 =0,1,2 we denote the segments with end-points A and B, B and
C, C and A, respectively. We now consider Ky. For every 0 < & < ¢1/2, where
c1 = 2tan(n/12), we define the “e-neighborhood” of Ky, denoted g ¢, to be the
polygon whose vertices are the points A, P, P>, B, P35, Py, where

g € g € £ S IS £
Pr=(22), p=(1-22), p,=(1-2,-%), pP,=(5, %),
1 (0172)7 2 < 61’2)7 3 < Cl’ 2>7 4 <Cl7 2)

We then subdivide ¥y . as the union of the rectangle Ry . and the two triangles
To.jes J = 1,2. Here, Ry is the rectangle with vertices Pi, P, Ps, Ps; 7o 1,¢ is the
triangle with vertices A, Py, Py and 7y is the triangle with vertices P», B, Ps.
Similarly, for | = 1,2, we construct the “e-neighborhood” ;. of K, as before,
and we decompose X ., in the union of the rectangle R;. and the two triangles
Tije,j= 1,2

We define the set

Go= |J K

1=0,1,2



Irregular Conductive Layers 315

D

FIGURE 5. Geometry of the layers

FIGURE 6. “Iterated” layers

and the “e-neighborhood”

Zs: U El,s

1=0,1,2
of Gy. For every n, we consider the (ramified) polygonal curve

¢ =Jay"
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where G’éln = Y;jn(Go). Moreover, for every n and ¢ as above, we consider the
“e-neighborhood”
o=z

of G", where 1" = Yijn(Xe), see Figure 6. Note that X7 is a topological (open)
neighborhood of G™ \ V™.

In the domain €2, taken together with the embedded layer X7, for given n
and & we define the weight, w? as follows. Let P — for some ! and i|n — belong to

the boundary 82;!: of E;': Let P+ be the orthogonal projection of P on Kf‘n. If
(z,3) belongs to the segment with end-points P and P+, we set

(o)

2+c] : iln -
wl(z,y) = { 4\P7Pl‘i-| if (z,9) Gﬂ,jf and j =1,2 (4.2)
2\P—1PL| it (&) eR”

where |P — P*| is the (Euclidean) distance between P and P+ in R2, Tli]‘."8 =
Vit (T j), RYT = 41 (Ryc). Then, we set

n [ opw?(&,m) it (§n) Xt
wg (@) = { 1 it (6 en\zn, (4.3)

where 0, > 0 are constants that will be specified later. We note that, for fixed n
and e, the weight w? belongs to the Muckenhoupt class A,.

For given n and ¢, the weighted Sobolev spaces H'(;w™) and Hg (£;w?)
are defined as in previous Section 2 (see (2.9)). We now consider the (quadratic)
functional F™ in the Hilbert space L?(2) with extended real values

Jo a2 (z.y)|Vul*dzdy if  we Hj(Qus)

F2u] = { oo it we LAHQ)\ Hy(Qws) 4

and the quadratic functional F' defined in the Hilbert space L?(Q) with extended
real values:

| Jo IVuPPdady + E[ulg] if  we Dy[E]
Plul = { o0 it weI2(Q)\ DolE] (4.5)
where Do[E] = {u: u € H}(Q), ulg € Do[€]}.
Let me note, incidentally, that the associated bilinear form
E(u,v) = / VuVudzdy + E(ulg,vlg) (4.6)
Q

with domain Dy[F] is a regular Dirichlet form in L?(Q), in particular the domain
Dy[€] is dense in L?(Q), see, e.g., [11].

We can now state the convergence result for the Sierpinski gasket, with no-
tation as given above:
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Theorem 4.1. Let N =3, a =2, p=>5/3. Let €5, = (p/N)"wy,, where w, < ¢1/2 s
an arbitrary sequence such that w, — 0 as n — 400, and let o, = (p/a)™. Then
the sequence of functionals ' defined in (4.4) M-converges to the functional F'
in L*(Q) defined in (4.5), as n — +o0.

For the proof of Theorem 4.1, comments and details I refer to [29].
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On the Double Layer Potential
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Abstract. Neumann’s classical integral equation with the double layer poten-
tial operator is considered on different spaces of boundary charges, such as
continuous data, L2(F) and energy trace spaces. Corresponding known results
for different classes of boundaries are collected and discussed in view of their
consequences for collocation or Galerkin boundary element methods.
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1. Introduction

The use of boundary potentials for solving elliptic boundary value problems has
a long history going back to Green and Gauss, and results in the reduction of
the problem to boundary integral equations. This program (see [26]) originated a
vast development of mathematics; Vladimir Maz’ya gives a comprehensive survey
in [38]. Employing the double layer potential, Dirichlet’s problem for the Lapla-
cian leads to Carl Neumann’s celebrated integral equation of the second kind which
can be solved explicitly with Neumann’s successive iteration. Although the integral
equations of the first kind are closer related to variational principles [25, 50], the
equations of the second kind are mostly preferred, not only in theory but also for
their numerical solution [2]. During the 60s of the last century, the panel method
based on boundary element collocation for Neumann’s equation was used by Hess
and Smith [23] in aircraft industry. At about the same time, Vladimir Maz’ya and
Josef Kral with their colleagues accomplished the significant extension of Radon’s
theory from two to three dimensions [5, 6, 7, 28, 29, 30, 31]. For some time the
numerical boundary element method suffered since their system matrices are fully
populated; then Rokhlin [69] with his multipole approximation started the devel-
opment of modern efficient and fast methods with boundary integral equations
[58, 68, 70]. But reliability and accuracy of these simulation techniques rely on



320 W.L. Wendland

rigorous mathematical analysis. In this paper I collect properties of the double
layer potential with a particular view on its relations to collocation and Galerkin
boundary element methods for pointing out some still existing gaps between rig-
orous, known results and the needs for numerical analysis. For panel methods, i.e.,
collocation methods with continuous boundary data on general polyhedrons, and
for classical Galerkin methods with L? data on Lipschitz boundaries stability and
convergence is still not proved rigorously, and for the realization of Neumann’s
method on Lipschitz boundaries in energy spaces due to Costabel [10] and [72] we
need to use Galerkin—Petrov methods with different trial and test functions.

2. The Laplacian

Carl Friedrich Gauss proposed in [17] for the solution of the Dirichlet problem
Au=0nQCR", n=2or3;ulr=¢ on I' =00

where the boundary values ¢ are given7 the use of the double layer potential

Y) = efr pdQy(y) = Wp(z) (2.1)

u(x)

Ny

for x € Q) where

—Injz—y for n = 2,
Bay) =Y e
|z — vyl for n =3

is the fundamental solution of the Laplacian and

a0.(y) = ") gy (22)
ly — =
denotes the solid angle measure with do the surface measure on I'. By n(y) we
denote the exterior unit normal vector on I'. If we assume that the sectorial limits
of the double layer potential u(x) in (2.1) for z — xy € T exist (perhaps only
almost everywhere) then one obtains for the yet unknown charge density p € X(I)
the boundary integral equation

p=Lu+q:= (%I—&—K)M—Hp onT, (2.3)

where X(I") denotes an appropriate space of charges. In the classical work by Carl
Friedrich Gauss [17] and then by Carl Neumann [55, 56, 57] is X(I') = C°(T) the
Banach space of continuous functions on I'. The linear operator L in (2.3) is given
by

Lu(z) = dp(z) + Kp(z) = - 2" F{‘{ } (uy) — u(x))du(y) (2.4)

and

Kp(@) = =25 [ pdQ, + (20, - L) withQ, = [ o, (25)
I\ {z} M{z}
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is the double layer boundary integral operator. Note that it contains a contribution
of the Dirac functional due to corners and edges of I'.

As the second fundamental problem we consider the Neumann problem where
for u with Au = 0 in €2, the Neumann data are given:

Opulr = Vu - ndo|p = d¥ (= 1do) onT satisfying [d¥ =0. (2.6)
r

Already Gauss used positive measures as charges for the simple layer poten-
tial, and Plemelj [59, p. 52] introduced the notion of boundary flux for the given
normal derivative defined by

(0, ¥) = [vd¥ = [vIu (2.7)
r r
for all continuous test functions v; which motivated Radon to develop the theory
of signed measures based on functions of bounded variation characterizing the
bounded linear functionals on X = C%(T) [61, 62, 63]. The solution of the Neumann
problem (2.6) is now based on the simple layer potential

u(@) = | Eey)dP (= [ E@yoly)doy)) (2.8)
yel yel’
where the Radon measure P is to be determined from the boundary integral equa-
tion

p— (%IfK*)P+\I/ onT for P e X :={PeXx* with FfdP:O}. (2.9)

If K in (2.4) is considered as a continuous linear operator on the Banach
space X = C%(T) equipped with the supremum norm, then K* in (2.9) is the
adjoint to K defined on X*(I') = BV/(T'), the linear space of Radon measures P
equipped with the norm [ |dP| of total variation.

r

However, the potential theory and boundary integral equations can also be
considered for other function spaces on I' such as X = LP(T') or X = H(I),
the Sobolev—Slobodetskij trace spaces on I' and their dual spaces X*. Hence, it is
natural to ask:

1. Which are reasonable assumptions on I' = 9Q?

2. Which function space X on I is a suitable choice?
Can Fredholm theory be applied to the boundary integral equations (2.3)
and (2.9) and what can be said about the corresponding spectra?
Does Neumann’s series for the integral equations converge and provide an
efficient solution method?

3. Can the discretization of these equations lead to effective and simple numer-
ical solution algorithms for solving the fundamental Dirichlet or Neumann
problems?

In fact, all these three topics are closely related to each other. It was Radon in [63]
who introduced the concept of the Fredholm radius of a linear continuous operator
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A : X — X in the Banach space X with norm ||v||,. Let us consider the equation
Av = Av + f in the Banach space X (2.10)

with given f € X and A € C a parameter. Then the essential norm of A is defined as
|Allp ess == iréf |A—C|,, where C ranges

over all completely continuous operators on X . (2.11)
Then the classical Fredholm theory holds for (2.10) if
Al > [|A]lpess = (Fredholm radius) . (2.12)
If A =1 then for the convergence of the Neumann series
V™ = Av™ + f m e Ny (2.13)
in X, a sufficient condition is that the spectral radius defined as
rp(A) = lim (JJA™| )™ satisfies 7, (A) < 1. (2.14)

3. The two-dimensional case

Let Q C R? with boundary I' be a simple, closed Jordon curve which at least is
rectifiable.

3.1. Continuous boundary data

For strictly convex , Neumann showed in his work [55, 56, 57] the following
theorem. (See also [35] by Kral and Netuka.)

Theorem 3.1. Let Q be convex and not one of the exceptional domains in [35]; X =
C°(T") equipped with the supremum norm and define the oscillation of v € C°(T)
by

osc(v) := sup |v(z) —v(y)|. (3.1)
z,yel’

Then L is a contraction with respect to the oscillation:

2m

0sc (L Ik |dQI|) <6< 3%, o0s¢(Kp) < doscp and osc(Lp) < (% + 5) 0SC .

M\ {z}
(3.2)
If we replace the supremum norm on C°(T') by the equivalent norm [27],
lv|l := osc(u) + Gsup |u(z)] with0 < <1-6, (3.3)
then
IL||lp <g<1 where¢g=(1+8+0)/2+08) <1, (3.4)

and (2.13) with A = L converges in C°(T).

If  is bounded by a simple, closed Lyapunov curve I' € O, 0 < a < 1
which is not necessarily convex, then the following results are due to Poincaré [60],
Plemelj [59] and Radon [62].
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Theorem 3.2. LetI' € C*,0 < a < 1,% = C%T') with [jv||, = sup,er |u()].
Then the Fredholm radius is infinite,
[K[gess =0

The spectrum of the Neumann operator —2K is a real, countable point spec-
trum {A¢}, £ € No; Ao = 1 4s a simple eigenvalue and |X¢| < 1 for £ € N. Moreover,
the spectral radius of L satisfies

ro(L) = lim (|L"|)"/" =g <1. (35)

Hence, (2.10) with A = L converges in C°(T).

Since the equation (2.9) holds in X*, the dual space to C°(T'), Theorem
3.2 also applies to K* and L* in X* = BV(I'), the space of Radon measures
on I', correspondingly. On the other hand, for I' € C*®, K* is also completely
continuous on C°(I") and the classical Fredholm theorems hold for (2.3) and (2.9)
where P = ods with ¢ € C°(T).

Radon in [62] reduced the requirement for I" significantly when defining the
curves of bounded rotation, i.e., I' has the parametrization

2(s) = a(s0) + [ (cosd(t), sind(t) dt

where 9(s) is a function of bounded variation, [ |dJ| < oc. For these curves, the

r
angular jump (t) := 9(t + 0) — 9(t — 0) is well defined, and Radon proved:

Theorem 3.3. If ' is a curve of bounded rotation then the Gauss and Green for-
mulae are valid; the double layer operator satisfies

[ K[| ess = sup 5’% ) (3.6)

and KV = VK* on X*(T') where V is the simple layer operator given by (2.8)
with x € I' and @ denotes the supremum norm. Hence, if

5 , (3.7)

the Fredholm theorems are applicable for (2.3) and (2.9), and for these A, the
spectrum of —2K has the same properties as in Theorem 3.2.

Moreover, under condition (3.7), there holds ||L||,ess < 1 and, in addition,
(3.5) remains valid.

Now (2.9) must be considered in X* = (C°(I'))" = BV(I') since K* is on
C°(T") not bounded anymore due to Netuka [52].

The final result on the additional requirements on a rectifiable boundary I"
for Fredholm’s theorems to hold for (2.3) in C°(I') and (2.9) in (C° (F))* is due to
Kral in [32]: The condition

lim supz [ [dQ.(y)] < 3 (3.8)
Y el T o<la—yl|<r

sup

< % and |\l >sup‘%

is necessary and sufficient for an admissible boundary I' C R2.
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Because of (3.6) resp. (3.8) and (2.11), the operator 2K can be written as

2K = Q + C where |Q|l, <1 and C is completely continuous . (3.9)
Hence, (I — Q) is invertible and (2.3), i.e.,
p—=(Q+Clu=2p (3.10)

is equivalent to

p=I-Q) 'Cu+2(I-Q) o, (3.11)
a Fredholm integral equation of the second kind. Since (3.11) has this particular
structure, corresponding boundary element approximations with piecewise linear
continuous splines pp € Sy on a quasi regular family of grids where i denotes
the maximal meshwidth, and point collocation at the grid points converges to u
in C°(T) if h tends to zero [4]. Also piecewise constant approximation and point
collocation at the element midpoints converges (see the arguments in [27] for the
two-dimensional case). Moreover, Neumann’s iteration (2.10) converges also if A
is replaced by the approximating operators L;, defined by point collocation on Sy,
provided h is small enough.

3.2. Square integrable boundary data

The boundary integral equation (2.3) on the space X = L2(T') for a Lipschitz

boundary I' was analyzed by Verchota [73] who showed that K : L*(T') — L*(T)

is continuous and (31 — K) is invertible. Hence, now in (2.8) we can use o € L*(T),

the adjoint operator K* is continuous as well and it can be shown that (374 K*) is

invertible on LE(T') = X§ = {0 € L*(T) with [ odo = 0}. For Lipschitz I', however,
r

it is not known whether the essential norm of 2K in L?(T") is less than one.

If T is a convex Lipschitz curve, then Fabes, Sand and Keun Seo proved in
[16] that the spectral radius satisfies (3.5) (with p = L?(T")). Hence, in this case
(2.10) with L = A converges in L?(T).

If T is a Lyapunov curve I' € C%* 0 < o < 1, then the kernel in (2.2) is
weakly singular as |z — y|*~! and then K as well as K* are compact operators in
L?(T") (see [47, Theorem 7.3.2]). Moreover, then the spectra in L?(I") and in C°(T)
are identical. Hence, Theorem 3.2 remains valid in X = L2(T"). For approximations
with S, € L?(T') and h — 0, Galerkin’s method will be asymptotically stable and
converges quasi-optimally in L2(T) (see, e.g., [24]).

When T is piecewise Lyapunov and has finitely many corners on I'; then

Shelepov proved in [71] that [|[K||12ess = %sin sup ’%’ Hence, Theorem 3.3 re-

mains valid with ‘%‘ replaced by % sin ‘ 7 ‘ If in this case I" has no cusps nor peaks
and if sinsup | 2| < 1 then (2.3) is equivalent to (3.11) but now in X = L?(T"). Con-
sequently, also in this case the boundary element Galerkin methods are asymptot-
ically stable and convergent in L?(T") for h — 0. Also Neumann’s iteration (2.13)
converges in L2(T") not only for A = L but also for the Galerkin approximations
A = Ly,. (For the proof of this statement use, e.g., arguments as in [4].)
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For I' piecewise smooth having a finite number of corner points, the singular-
ities of the solution at the corners must be incorporated into the space X and its
adjoint. This approach was developed by Grachev and Maz’ya in [19, 20, 21]. If T
has inward or outward peaks this was extended by Maz’ya and Solov’ev in a series
of papers (see [42, 43, 44] and the works cited therein), Maz’ya and Poborchii [41]
and by Duduchava and Silbermann [12].

If T is a Lipschitz boundary then due to Verchota [73] the operators %I<¥)K
and 1I(F)K* are Fredholm and invertible on L?(T') (or L2)(T')). However, for
proving stability and convergence of Galerkin’s method, the additional structure
as in (3.9) and (3.11) is not yet known. Hence, in this case stability and quasi
optimal convergence can only be proved for the least squares method, applied to
(2.3) and (2.9), respectively.

4. The three-dimensional case

In the three-dimensional case let © C R? be a bounded domain with boundary
I' = 09 whose regularity properties will be specified later on; but at least €2 is a
Borel set with finite perimeter (see [38, p. 184]). Then d€2,(y) becomes a Borel
measure and we assume that its total variation is uniformly bounded,

sup [ [dQ(y)| < 0. (4.1)
z€R3\T' yerI’

4.1. Continuous boundary data

For a convex domain © (but not one of the exceptional domains in [35]) Neumann
in [55, 56, 57] showed for C°(I") = X and the oscillation (3.1) the decisive inequality

osc (ﬁ Ik dQZ> <6< 3. (4.2)

M\{z}
With the norm (3.3) on C°(T'), also in the three-dimensional case, the operator
L becomes a contraction satisfying (3.4). Hence, Neumann’s classical iteration

(2.13) with A = L converges in C°(T). Netuka showed in [54] that in this case the
essential norm of K satisfies

| K| ess = lim sup ﬁ Ik dQ,(y) where ||u|, = sup,cr [u(z)].  (4.3)
0—0 ger 0<|z—y|<d

For a not necessarily convex domain § with I' a Lyapunov surface in C™®,
0 < a < 1, the kernel n(y)-(y—x) / |z—y|? of the solid angle (2.2) is weakly singular
[47, Theorem 7.3.2] and K as well as K* are completely continuous operators
on C%T). Moreover, Theorem 3.2 remains valid due to the relation between the
eigenvalues \¢ and the Dirichlet integrals D, , D, of simple layer potentials (2.8)
in Q and R3 \ €, respectively, with charges g, which are eigensolutions of —2K*,

X =(Df —Dy)/(Df +Dy). (4.4)
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Because of (3.5), Neumann’s iteration (2.13) converges in C°(T"). Moreover, the
approximate solutions of (2.3) with piecewise linear or piecewise constant bound-
ary elements u;, € S, and point collocation converge in C°(I') with meshwidth
h — 0 (see [2, 3, 27, 74]).

Radon’s famous work on measures with bounded variation [61, 63] was de-
veloped in combination with his analysis of the logarithmic potential [62], but for
three-dimensional potential theory only from the 60’s on, Radon’s approach was
extended by Burago, Maz’ya, Sapozhnikova [5, 6], Burago, Maz’ya [7] and by Kral
[28, 29, 30, 31]; also Netuka [53]. For a boundary satisfying (4.1) they proved for
the Banach space X(I') = C°(T") with the supremum norm:

Theorem 4.1. Condition (4.1) is necessary and sufficient for the double layer po-
tential (2.1) with p € CO(T') to have limit values ¢ € C°(T) on T from Q and limit
values ¢ + 2Ky from R3\ Q. The boundary integral operator becomes a bounded
linear mapping: K : C°(T) = X — X. For the double layer boundary integral
operator and the supremum norm g one has

[K[lpess = lim sup = [ [dQq(y)]. (4.5)
6=0 gzer 0<|z—y|<d

Now let the essential norm (4.5) satisfy
1K lpess < 3- (4.6)

In this case, we again have that the relation (3.9) and equation (2.3) is equivalent
to (3.10) and (3.11). Moreover, for |A| > 2||K||, ess , the spectrum of —2K is a
real, countable point spectrum {\;}, ¢ € Ny; A\g = 1 is a simple eigenvalue and
for A\ and ¢ € N relation (4.4) is satisfied. As a consequence, for the spectral
radius of L there holds (3.5), and (2.10) with A = L converges in C°(T'), in this
three-dimensional case as well.

If for ' the assumption (4.6) is satisfied then boundary element collocation
with piecewise constant elements Sy, and appropriate collocation points, both on a
family of quasi-regular triangulations of I', is asymptotically stable and converges
quasi-optimally for h tending to zero (see [3, 27, 64, 65, 66, 74]).

There are already many surfaces I' satisfying condition (4.6) such as some
piecewise Lyapunov surfaces with a finite number of corners and edges including
those already investigated by Carleman [8], and C''-surfaces whose normal vector’s

1
modulus of continuity w satisfies [ 07 w(p)do < oo (see Maz'ya [38, §2] and
0

further examples in [5, 6, 7]). However, at non-convex corner points x € I" as for
general polyhedral domains, the property (4.6) can be violated. (z € T is called a
convex corner point if the cone Cyp := {w = %in})(z — )t where z€ Q, [z — 2/ <6

and 0 < t € R} or its complement R?\ C, is convex.) But the Fredholm theorems
might still be valid since due to Gohberg and Marcus [18] there holds:
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Lemma 4.1.1. Let A : X — X be a bounded linear operator and X a given Banach
space. Then

Fess(A) = T (A" gess) ™ = if [ 4] goss (4.7)
= inf{r > 0 where for A € C with |A\| > r the operator (A — AI) is Fredholm}

and where @ traces the family of all equivalent norms on X.

For X = C°(I"), p in (4.7) denotes all the norms which induce the topology
of uniform convergence of functions on I'. Hence, in order to extend the family of
domains for which the asymptotic stability and convergence of boundary element
collocation can be proved, we try to find equivalent norms for which we obtain
a smaller essential norm than in (4.5). Motivated by the example in [36] let us
consider the class of weighted supremum norms associated with the family of
weight functions w € L*(T') satisfying 0 < ¢~ < w(z) < 1 and equip C°(T") for
given w with the norm

lelle, = sup|u(z)/wiz)] (4.8)
For Baire functions w, Kral and Medkové showed in [33, 34] the following.

Theorem 4.2. The essential norm of L with respect to the weighted supremum
norm (4.8) satisfies

IKllegess = lim {supt [ %840, (y)]}. (4.9)
0=01 Lael 7 gjzly|<s

Hence, if we find a weight function such that

”‘L”C?U ess < % (410)

is satisfied then we have (3.9), and (2.3) is equivalent to (3.10) and (3.11); there
holds (3.5), and (2.10) with A = L converges uniformly. Therefore, one is inter-
ested in finding weight functions w(z) such that (4.10) holds. For the particular
class of so-called rectangular domains which are even not Lipschitz, Kral and
co-authors constructed such weight functions [1, 36]. In the case of polyhedral do-
mains, Hansen presented in [22] a procedure providing piecewise sectorially con-
stant weight functions w(z) near corner points guaranteeing (4.10) for a much
larger class of polyhedrons than those satisfying (4.6) (which, in fact, is (4.10)
with w = 1). Note that the conditions in (4.6) and (4.10) are local and that edge
points are convex corner points where (4.10) holds if sharp edges are excluded.
Hence, Hansen’s result only is needed at nonconvex corner points violating (4.6).

If Q is a polyhedron belonging to Hansen’s class, then the spectrum of L on
X = C°%T) in the Fredholm region is contained in the spectrum of L on L?(T');
the latter was analyzed via Mellin techniques by Rathsfeld in [64, 66] who showed
for the spectral radius of L:

reor) (L) < rr2y(L) =g < 1. (4.11)
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Kral’s and Hansen’s weight function w(x) is piecewise constant on a particular tri-
angulation I'y, of the polyhedral boundary I'. The family of quasi-regular boundary
element triangulations I'j, for the panel method is called compatible with w(x) if
every I'y, is a refinement of I',,. Then for the panel method with piecewise constant
compatible trial functions and collocation, asymptotic stability and quasi-optimal
convergence was shown in [37, 75]. Rathsfeld’s convergence analysis of the panel
method in [64, 66] was based on (4.6) but if [64, (0.3)] is replaced by (4.10) then
for the compatible panel method the inequality [64, (2.18)] in his proof still holds
and asymptotic stability and convergence are valid. He also developed a quadra-
ture method [65] and a two-grid Nystom method on graded meshes in [67] under
assumption (4.6) which probably can be extended to Hansen’s case (4.10).

Medkova showed in [45, 46] that the essential norms of K are invariant under
a certain class of diffeomorphisms applied (locally) to I' which implies that (4.10)
also holds for this class of domains obtained from the polyhedrons under these
mappings.

Although Neumann’s method with the boundary integral equations (2.3) for
continuous boundary data and its adjoint (2.9) for Borel measures on I are solvable
and the corresponding panel collocation methods provide a useful tool for their
practical solution on a rather large family of domains, it is still not clear, whether
Hansen’s procedure always provides a weight function with (4.10) for any arbitrary
polyhedral domain. Hence, the stability and convergence of the collocation method
for piecewise smooth I' is in part still open.

4.2. Square integrable boundary data

As in Section 3.2, for X = L?(I") = X* on a Lipschitz surface I, the operators K
and K* are continuous and %I (FK and %I (F)K™ are Fredholm and invertible on
L*(T) (or L3(I)) and also on the Sobolev spaces H*(I')( or H§(T')) as was proved
by Dahlberg [11] and Verchota [73](see also [48]). As in the two-dimensional case,
(3.5) is valid for a convex Lipschitz surface I' C R3 [16]. For a Lyapunov boundary
' € O with 0 < a < 1, the kernel in (2.2) is weakly singular as |z — y|*~2
and K as well as K* are compact linear mappings L?(T") (see [47, Theorem 7.3.2]).
Moreover, we also have (4.4) for the spectrum implying (3.5) also without convexity
of Q. For a C*-boundary T, the operators K and K* are still compact on L?(T")
due to Dahlberg [11] and Fabes, Jodeit and Riviere [15]. For a Lipschitz boundary
with sufficiently small Lipschitz character, due to the result by I. Mitrea [49], the
operator 2K can be written as in (3.9) with p the L?(T")-norm; (2.3) corresponds
to (3.10) and (3.11). If © is polyhedral belonging to Hansen’s class, then the
spectral radius of L satisfies (4.11) [64, 65]. In all these cases, the boundary element
Galerkin methods are asymptotically stable and convergent in L?(T) for decreasing
h (see [14, 70]). Moreover, Neumann'’s series (2.13) with A = L converges in L?(T).

If I has isolated conical points or edges, the Fredholm radius of K in weighted
Hélder—Sobolev spaces was given by Grachev and Maz’ya in [20, 21].

Based on the singular behavior of the solution u(x) at corners and edges
of piecewise smooth domains as analyzed by Maz’ya and Plamenevskii [39, 40],
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Elschner developed in [13, 14] a spline Galerkin method for polyhedral domains
where the boundary element mesh is graded according to the singularities, and
obtained stability and quasi-optimal error estimates.

For a general Lipschitz boundary I', however, stability and convergence of
Galerkin’s method in L?(T') is not yet known. However, the solvability of (2.3)
and (2.9) in L?(T') guarantees stability and quasi-optimal convergence of least
squares boundary element approximations.

4.3. Data in boundary energy spaces

As was seen in (4.4), there is a close relationship between the spectrum of K and
the energy of associated potentials. Hence, it seems to be quite natural to use
on I' boundary energy spaces instead of C°(T") or L?(T"). Costabel in [10] reveals
that the energy of potentials played a fundamental role already in the works of
Gauss and Poincaré who developed in [60] the basic ideas for proving convergence
of Neumann’s method for a much larger class of elliptic boundary value problems
than for the Laplacian. Costabel also presents in [10] a proof alternative to the
one in [72] and shows that also 2K is a contractive operator in a boundary energy
space. To be brief, here let us consider just the Laplacian although this approach
is as well valid for all selfadjoint strongly elliptic second-order systems in Lipschitz
domains. To this end, we need the boundary integral operator K of the double
layer (2.1), of K*, the adjoint to K, the simple layer potentials (2.8) and the
boundary flux of the double layer potential; namely

VQ(I) = f E(:Z}, y)@(y)do(y) ’ D.u(x) = —0Oha f (8nyE(a:,y))u(y)do(y)
yel\{z} yel\{z}

for almost every x € I' which are nontangential limits from  and from R3 \ €.
They define continuous linear mappings (see [9])

V:H 3I)—H*(), K:H?T)— H?(I),
K*:H *)—H *T),D: H*(I) — H 3(I).
(In fact, they all can be extended to a larger class of Sobolev spaces on the Lipschitz

boundary I'.) Since the Green identities are valid, Calderon’s projector implies the
operator identities

VD = 3I-K?, DV = 1I-K*
KV = VK*, DK = K'D.

Moreover, the operators Vand D satisfy coerciveness inequalities, i.e., there exist
strictly positive constants ¢y and c¢p, such that

eviol> 1 < (Vo, 0)r,r) = J | grad Vol?dz + [ |grad Vo|?dz, o € H_%(I‘)
H7z(I) Q RAQ
epllul? < (D W) po(ry = [ grad WulPde 4+ [ | grad Wu|*dz
Q
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for
e Hp () = {pe HA () | [ pdo =0}
T

(see [9, 24, 51]).
Hence, V=! : H2(I') — H~2(T) is also well defined and continuous. The
boundary energy norms now are defined by

lelly = (Ve 0)2, 0y and llully—+ == (V" 0)Z, 1 (4.12)

and they are equivalent to ||g||H, and H“”H%(r)’ respectively.

3(r)
Then in [10] and [72] the following theorem was proved:

Theorem 4.3. With q = = Jr ,/ —cyep < 1 Neumann’s operators have the

following contraction propertzes.
1 1
NI Kl < gllallv— for all p € H (D) (u € HE (D)),
_1
(31K )ellv < gllollv for all o € H~*(T)(e € Hy *(I)),
12K pllv-1 < ¢'||plly-1 withq" <1 forall pe HZ(T).

As a consequence, Neumann’s series with A = L converge in the bound-
ary energy spaces. Moreover, asymptotic stability and convergence of boundary
Galerkin methods is valid for all the corresponding Dirichlet and Neumann prob-
lems [24]. For the realization of the scalar products in (4.12), however, one needs
a Galerkin—Petrov method with test and trial functions in different spaces.

References

[1] T.S. Angell, R.E. Kleinman and J. Kral: Layer potentials on boundaries with corners
and edges. Cas. Pést. Mat. 113 (1988) 387-402.

[2] K.A. Atkinson: The Numerical Solution of Integral Equations of the Second Kind.
Cambridge, Univ. Press 1997.

[3] K.A. Atkinson and D. Chien: Piecewise polynomial collocation for boundary integral
equations. SIAM J. Sci. Stat. Comp. 16 (1995) 651-681.

[4] G. Bruhn und W.L. Wendland: Uber die niherungsweise Lisung von linearen
Funktionalgleichungen. In: Funktionalanalysis, Approximationstheorie, Numerische
Mathematik (E. Collatz ed.) Birkhauser, Basel (1967) 136-164.

[5] Yu.D. Burago, V.G. Maz'ya and V.D. Sapozhnikova: On the double layer potential
for nonregular domains. Dokl. Akad. Nauk SSSR 147 (1962) 523-525; Sov. Math.
Dokl. 3 (1962) 1640-1642.

[6] Yu.D. Burago, V.G. Maz’ya and V.D. Sapozhnikova: On the theory of simple and
double layer potentials for domains with nonregular boundaries. Probl. Math. Anal-
ysis 1 (1966/1968) 1-30.



On the Double Layer Potential 331

[7] Yu.D. Burago and V.G. Maz’ya: Potential theory and function theory for irregular
regions. Zap. Nau¢n. Sem. LOMI 3 (1967) 1-152 (in Russian); Seminars in Mathe-
matics V.A. Steklov Math. Inst. Leningrad (1969) 1-68.

[8] T. Carleman: Uber das Neumann-Poincarésche Problem fir ein Gebiet mit Ecken.
Inaugural-Dissertation, Uppsala 1916.

[9] M. Costabel: Boundary integral operators on Lipschitz domains. Elementary results.
SIAM J. Math. Anal. 19 (1988) 613-626.

[10] M. Costabel: Some historical remarks on the positivity of boundary integral operators.
In: Boundary Element Analysis (M. Schanz, O. Steinbach eds.). Lect. Notes Appl.
Comp. Mechanics 29, Springer Berlin (2007) 1-28.

11] B.E.J. Dahlberg: On the Poisson integral for Lipschitz and C'-domains. Studia

g g
Math. 66 (1979) 13-24.

[12] R. Duduchava and B. Silbermann: Boundary value problems in domains with peaks.
Memoirs on Differential Equations and Mathematical Physics. 21 (2000) 1-121.

[13] J. Elschner: The double-layer potential operator over polyhedral domains I: Solvability
in weighted Sobolev spaces. Complex Variables Theory (1992).

[14] J. Elschner: The double-layer potential operator over polyhedral domains II: Spline
Galerkin methods. Math. Methods Appl. Sci. 15 (1992) 23-37.

[15] E.B. Fabes, M. Jodeit and N.M. Riviere: Potential techniques for boundary value
problems on C"'-domains. Acta Math. 141 (1978) 165-186.

[16] E.B. Fabes, M. Sand and J.K. Seo: The spectral radius of the classical layer potentials
on conver domains. In: Proc. IMA Conference Chicago 1990; Springer-Verlag, New
York. IMA Vol. Math. Appl. 42 (1992) 129-137.

[17] C.F. Gauss: Allgemeine Lehrsdtze in Beziehung auf die im verkehrten Verhalinis des
Quadrats der Entfernung wirkenden Anziehungs- und Abstofungs-Krafte. (1839).
Werke 5 (1867) 197—244.

[18] I. Gohberg and A Marcus: Some remarks on topologically equivalent norms. Izvestija
Mold. Fil. Akad. Nauk SSSR 10 (1960) 91-95 (in Russian).

[19] N.V. Grachev and V.G. Maz’ya: On the Fredholm radius of operators of the double
layer potential type on piecewise smooth boundaries. Vestn. Leningr. Univ., Math. 19
(1986) 20-25.

[20] N.V. Grachev and V.G. Maz’ya: Representations and estimates for inverse operators
on surfaces with conical points. Soobshch. Akad. Nauk Gruz. SSR 132 (1988) 21-24.

[21] N.V. Grachev and V.G. Maz’ya: On the Fredholm radius of integral operators of
potential theory. Probl. Mat. Analiza, Leningr. Univ. 11 (1990) 133-161.

[22] O. Hansen: On the essential norm of the double layer potential on polyhedral domains
and the stability of the collocation method. J. Integral Equations Appl. 13 (2001) 207—
235.

[23] H. Hess and AMO. Smith: Calculation of potential flow about arbitrary bodies. In:
Progress in Aeronautical Sciences (D. Kucheman ed.) 80 Pergamon Oxford (1966)
1-138.

[24] G.C. Hsiao and W.L. Wendland: Boundary element methods: foundation and error
analysis. In: Encyclopedia of Computational Mechanics (E. Stein et al. eds.) John
Wiley & Sons, Chichester, Vol. 1 (2004) 339-373.



332 W.L. Wendland

[25] G.C. Hsiao and W.L. Wendland: Boundary Integral Equations. Springer-Verlag
Berlin 2008.

[26] O.D. Kellogg: Foundations of Potential Theory. Springer-Verlag Berlin 1967.

[27] R. Kleinman and W.L. Wendland: On Neumann’s method for the exterior Neumann
problem for the Helmholtz equation. J. Math. Anal. Appl. 57 (1977) 170-202.

[28] J. Kral: On the double layer potential in the multidimensional space. (Dokl. Akad.
Nauk SSSR 159 (6) (1964) 1218-1220 in Russian) Sov. Math. Dokl. 5 (1965) 1677—
1680.

[29] J. Kral: The Fredholm radius of an operator in potential theory. Czech. Math. J. 15
(3-4) (1965) 454-473 and 565-588.

[30] J. Kral: The Fredholm method in potential theory. Trans. Amer. Math. Soc. 125
(1966) 511-547.

[31] J. Kral: Integral Operators in Potential Theory. Lecture Notes in Mathematics 823
Springer-Verlag Berlin 1980.

[32] J. Kral: Boundary regularity and normal derivatives of logarithmic potentials. Proc.
Royal Soc. Edinburgh 106A (1987) 241-258.

[33] J. Kral and D. Medkova: Essential norms of the integral operator corresponding to the
Neumann problem for the Laplace equation. In: Mathematical Aspects of Boundary
Element Methods (M. Bonnet et al. eds.) Chapman & Hall/CRC Res. Notes Math.
414 (2000) 215-226.

[34] J. Kral and D. Medkové: Essential norms of the Neumann operator of the arithmetic
mean. Mathematica Bohemica 126 (2001) 669-690.

[35] J. Kral and I. Netuka: Contractivity of C. Newmann’s operator in potential theory.
J. Math. Anal. Appl. 61 (1977) 607-619.

[36] J. Kral and W.L. Wendland: Some examples concerning applicability of the Fred-
holm—Radon method in potential theory. Aplikace matematiky 31 (1986) 293-303.

[37] J. Kral and W.L. Wendland: On the applicability of the Fredholm—Radon method
in potential theory and the panel method. In: Panel Methods in Fluid Mechanics
with Emphasis in Aerodynamics (J. Ballmann et al. eds.) Notes on Numerical Fluid
Mechanics Vieweg-Verlag 21 (1988) 120-136.

[38] V.G. Maz’ya: Boundary integral equations. In: Encyclopaedia of Mathematical Sci-
ences 27, Analysis IV (V.G. Maz’ya, S.M. Nikolski eds.) Springer-Verlag Berlin (1991)
127-222.

[39] V.G. Maz’ya and B.A. Plamenevskii: The first boundary value problem for the clas-

sical equations of mathematical physics in domains with piecewise smooth boundaries
(1), (II). Zeitschr. Anal. Anwend. 2 (1983) 335-359, 523-551.

[40] V.G. Maz’ya and B.A. Plamenevskii: Elliptic boundary value problems on manifolds
with singularities. In: Problemy Matem. Anal. vyp., Leningrad Univ. (1977) 85-142
(Russian).

[41] V.G. Maz’ya and S.V. Poborchii: On the solvability of the Neumann problem for
a planar domain with a peak. Vestnik St. Petersburg University, Mathematics 41
(2008) Allerton Press, Inc. 145-160.

[42] V.G. Maz’ya and A. Solov’ev: L,-theory of a boundary integral equation on a cuspidal
contour. Applicable Analysis 65 (1997) 289-305.



On the Double Layer Potential 333

[43] V.G. Maz’ya and A. Solov’ev: Ly-theory of boundary integral equations on a contour
with outward peak. Integral Equations and Operator Theory.

[44] V.G. Maz’ya, A. Solov’ev: Lp-theory of a boundary integral equation on a contour
with inward peak. Zeit. f. Analysis u. Anw.

[45] D. Medkova: On essential norm of the Neumann operator. Mathematica Bohemica
117 (1992) 393-408.

[46] D. Medkové: The boundary-value problems for Laplace equation and domains with
nonsmooth boundary. Arch. Mathematicum (BRNO) 34 (1998) 173-181.

[47] S.G. Mikhlin: Mathematical Physics, an Advanced Course. North Holland Pub.
Comp., Amsterdam 1970.

[48] M. Mitrea: Boundary value problems and Hardy spaces associated to the Helmholtz
equation in Lipschitz domains. J. Math. Anal. Appl. 202 (1996) 819-842.

[49] I. Mitrea: Spectral radius properties for layer potentials associated with the elasto-
statics and hydrostatics equations in nonsmooth domains. J. Fourier Analysis Appl.
5 (1999) 385-408.

[50] J.C. Nedelec: Acoustic and Electromagnetic Equations. Springer-Verlag Berlin 2001.

[51] J.C. Nedelec and J. Planchard: Une méthode variationelle d’éléments finis pour la
résolution numérique d’un probléme extérieur dans R* R.AIR.O 7 (1973) 105-129.

[52] 1. Netuka: Smooth surfaces with infinite cyclic variation. Cas. Péstovani Mat. 96
(1971) 86-101.

[63] I. Netuka: Double layer potentials and the Dirichlet problem. Czech. Math. J. 24 (99)
(1974) 59-73.

[54] I. Netuka: Fredholm radius of a potential theoretic operator for convex sets. Cas.
Péstovani Mat. 100 (1975) 374-383.

[65] C. Neumann: Zur Theorie des logarithmischen und des Newtonschen Potentials. Ber.
Verh. Math.-Phys. Classe Konigl. Sachs. Akad. Wiss. Leipzig 32 (1870) 49-56; 264—
321.

[56] C. Neumann: Untersuchungen {iber das Logarithmische und Newtonsche Potential.
B.G. Teubner, Leipzig 1877.

[57] C. Neumann: Uber die Methode des Arithmetischen Mittels. Hirzel, Leipzig 1887
(erste Abh.), 1888 (zweite Abh.).

[58] G. Of, O. Steinbach and W.L. Wendland: The fast multipole method for the sym-
metric boundary integral formulation. IMA J. Numer. Anal. 26 (2006) 272-296.

[59] J. Plemelj: Potentialtheoretische Untersuchungen. Teubner-Verlag, Leipzig 1911.

[60] H. Poincaré: La méthode de Neumann et le probléme de Dirichlet. Acta Math. 20
(1896) 59-142.

[61] J. Radon: Theorie und Anwendungen der absolut additiven Mengenfunktionen.
Sitzungsber. Akad. Wiss. Wien Math.-Nat. K1. Abt Ila 122 (1913) 1295.

[62] J. Radon: Uber die Randwertaufgaben beim logarithmischen Potential. Sitzber. Akad.
Wiss. Wien 128 (1919) 1123-1167.

[63] J. Radon: Uber lineare Funktionaltransformationen und Funktionalgleichungen.
Sitzber. Akad. Wiss. Wien 128 (1919) 1083-1121.



334 W.L. Wendland

[64] A. Rathsfeld: The invertibility of the double layer potential in the space of continuous
functions defined on a polyhedron. The panel method. Applicable Analysis 45 (1992)
1-4, 135-177.

[65] A. Rathsfeld: On quadrature methods for the double layer potential equation over the
boundary of a polyhedron. Numer. Math. 66 (1993) 67-95.

[66] A. Rathsfeld: The invertibility of the double layer potential in the space of continuous
functions defined on a polyhedron. The panel method. Erratum. Applicable Analysis
56 (1995) 109-115.

[67] A. Rathsfeld: Nystrém’s method and iterative solvers for the solution of the double-
layer potential equation over polyhedral boundaries. STAM J. Numer. Anal. 32 (1995)
924-951.

[68] S. Rjasanov and O. Steinbach: The Fast Solution of Boundary Integral Equations.
Springer Science New York 2007.

[69] V. Rokhlin: Rapid solutions of integral equations of classical potential theory. J.
Comp. Physics 60 (1985) 187-207.

[70] S. Sauter and Ch. Schwab: Randelementmethoden. B.G. Teubner Stuttgart 2004.

[71] V.Yu. Shelepov: On the indez of an integral operator of the potential type in the space
L,. Sov. Math., Dokl. 10/A, (1969) 754-757.

[72] O. Steinbach and W.L. Wendland: On C. Neumann’s method for second-order elliptic
systems in domains with non-smooth boundaries. J. Math. Anal. Appl. 262 (2001)
733-748.

[73] G. Verchota: Layer potentials and regularity for the Dirichlet problem for Laplace’s
equation in Lipschitz domains. J. Funct. Anal. 59 (1984) 572—611.

[74] W.L. Wendland: Zur Behandlung von Randwertaufgaben im Rs mit Hilfe von
Einfach- und Doppelschichtpotentialen. Numer. Math. 11 (1968) 380-404.

[75] W.L. Wendland: On the classical panel method in flow and heat problems. In: Nu-
merical Methods and Applications. Publ. House Bulgarian Acad. Sci., Sofia (1989)
573-582.

Prof. (em.) Dr. Dr. h.c. Wolfgang L. Wendland
Universitat Stuttgart

Inst. f. Angewandte Analysis u. Numerische Simulation
Pfaffenwaldring 57

D-70569 Stuttgart, Germany

e-mail: wendland@mathematik.uni-stuttgart.de



	Cover
	Editors/volume Information
	Title
	Copyright
	Contents
	Photo: Vladimir Maz’ya
	On the Occasion of the 70th Birthday of Vladimir Maz’ya
	References
	Books by Vladimir Maz’ya
	Books and articles in honor of Vladimir Maz’ya

	Boundary Trace for BV Functions

in Regions with Irregular Boundary
	Abstract
	1. Introduction
	Rectiﬁable sets
	Notations.

	2. One-sided densities
	3. Boundary trace
	4. An integral formula for norm of trace
	5. Summability of traces
	6. Extension of a function in BV (Ω) to Rⁿ by a constant
	7. Embedding theorems
	8. The Gauss-Green formula
	9. Average trace of BV (Ω) functions
	Acknowledgment
	References

	Dirac Equation as a Special Case

 of Cosserat Elasticity
	Abstract
	1. Introduction
	2. Notation and conventions
	3. The Dirac equation
	4. Our model
	5. Choosing a common language
	6. Special case with no dependence on x³
	7. Discussion
	References

	Hölder and Lipschitz Estimates for Viscosity Solutions of Some Degenerate Elliptic PDE’s
	Abstract
	1. Introduction
	2. Local and global Hölder estimates for subsolutions
	3. Lipschitz estimates
	4. The Dirichlet problem
	References

	Criteria for the Lp  -dissipativity of Partial Differential Operators
	Abstract
	1. Introduction
	2. A basic lemma and some consequences
	3. The main result
	4. The constant coefficients case
	5. Smooth coefficients
	6. The two-dimensional elasticity
	7. Systems of ordinary differential equations
	8. Systems of partial differential equations
	References

	Sharp Estimates for Nonlinear Potentials

and Applications
	Abstract
	1. Introduction
	2. Estimates for potentials
	3. Applications to PDE’s
	References

	Solvability Conditions for a Discrete Model 

of Schrödinger’s Equation
	Abstract
	1. Introduction
	2. Necessary conditions for the discrete model with positive data
	3. Sufficient conditions for the discrete model
	4. Summation by parts lemmas
	References

	An Algebra of Shift-invariant Singular Integral Operators with Slowly Oscillating Data and Its Application to Operators with a Carleman Shift
	Abstract
	1. Introduction
	2. Slowly oscillating data
	3. Mellin pseudodifferential operators
	4. Fredholm theory for the algebra Up
	5. Applications of Mellin pseudodifferential operators
	6. Banach algebra G of generalized singular integral operators.   Fredholmness and index
	7. Generalized singular integral operators with a Carleman shift
	References

	Frozen History: Reconstructing

theClimateofthePast
	Abstract
	1. Introduction
	2. The heat equation
	3. Nonuniqueness in the direct problem
	4. Uniqueness in the direct problem
	5. Nonuniqueness in the inverse problem
	6. Uniqueness in the inverse problem
	7. Exponential solutions
	8. Generalized trigonometric polynomials
	9. Finding the coefficients of a past temperature function
	10. Finding the coefficients of a memory function
	11. An isometry
	12. The direct problem
	13. The inverse problem
	14. Other norms for the space of past temperature functions
	15. Other norms for the space of memory functions
	16. What remains to be done?
	Acknowledgment
	References

	Multidimensional Harmonic Functions Analogues of Sharp Real-part Theorems in Complex Function Theory
	Abstract
	1. Introduction
	2. Pointwise estimates for the gradient of bounded or semibounded 

harmonic functions in multidimensional domains
	3. Sharp pointwise estimates for the gradient of harmonic

functions in the half-space with boundary data from Lp
	Acknowledgment
	References

	Cubature of Integral Operators 

by Approximate Quasi-interpolation
	Abstract
	1. Introduction
	2. Quasi-interpolation on uniform grids
	3. Quasi-interpolation on more general grids
	3.1. Quasi-interpolation with perturbed uniform grid
	3.2. Quasi-interpolation with scattered grids

	4. Application to the computation of integral operators
	References

	Pointwise Estimates for the Polyharmonic Green Function in General Domains
	Abstract
	1. Introduction
	2. Preliminaries
	3. Estimates for the Green function
	4. Applications: estimates on solutions of the Dirichlet problem
	References

	On Elliptic Operators in Nondivergence 

and in Double Divergence Form
	Abstract
	1. Introduction
	2. Discussion of the proofs
	References

	On the Well-posedness of the 

Dirichlet Problem in Certain Classes of 

Nontangentially Accessible Domains
	Abstract
	1. Introduction
	2. Analysis in uniformly rectiﬁable domains
	3. The harmonic measure
	4. The Green function
	5. Proofs of main results
	6. Appendix
	Acknowledgments
	References

	On Negative Spectrum of

Schrödinger Type Operators
	Abstract
	1. Introduction
	2. Small local dimension (α =0, 1)
	2.1 Operators on lattices and discrete groups
	2.2 Operators on quantum graphs

	3. Anderson model
	3.1 Discrete case
	3.2 Continuous case

	4. Continuous and discrete groups
	4.1 Free groups
	4.2 General remark on left invariant diffusions on Lie groups
	4.3 Heisenberg group
	4.4 Group Aff (  R¹) of affine transformations of the real line
	References


	ACL-homeomorphisms in the Plane
	Abstract
	1. Introduction
	2. Preliminaries
	3. Properties of ACL-homeomorphisms
	4. ACL-homeomorphisms and ﬁrst-order systems of PDE’s
	5. Mappings with integrable distortion
	References

	Crack Problems for Composite Structures
	Abstract
	1. Introduction
	2. Formulation of the problem and uniqueness result
	2.1. Geometrical description of the composite conﬁguration.
	2.2. Field equations in Ω(m)
	2.3. Field equations in Ω
	2.4. Formulation of the interface crack problem
	2.5. Green’s formulas and uniqueness theorem

	3. Existence and regularity results for Problem (ICP-A)
	3.1. Layer potentials
	3.2. Reduction to boundary equations
	3.3. Existence theorems and regularity of solutions

	Acknowledgment
	References

	On Positive Solutions of 

p-Laplacian-type Equations
	Abstract
	1. Introduction and preliminaries
	2. Positive Lagrangian representations
	3. Coercivity and ground state
	4. Ground states and minimal growth at inﬁnity
	5. Liouville theorems
	6. Variational principle for solutions of minimal growth and

 comparison principle
	7. Solvability of nonhomogeneous equation
	8. Criticality theory
	9. The linear case (p =2)
	9.1. Liouville-type theorem
	9.2. The space D1,2

 A,V
	9.3. Positive solutions of minimal growth

	References

	Mixed Boundary Value Problems 

for Stokes and Navier-Stokes Systems 

in Polyhedral Domains
	Abstract
	1. Introduction
	2. Mixed boundary value problems for the Stokes system
	Operator pencils generated by the boundary value proble
	Regularity assertions in weighted Sobolev spaces
	The maximum principle
	Regularity assertions for variational solutions
	Existence of solutions in W1,s (G )× Ls (G)
	A maximum modulus estimate for the velocity

	References

	On Some Classical Operators of Variable Order 

in Variable Exponent Spaces
	Abstract
	1. Introduction
	1.1. Typical examples of operators with variable orders
	1.2. Typical examples of spaces with variable exponents
	Notation


	2. Some basics for variable exponent Lebesgue spaces
	3. On some recent results on boundedness of classical operators

in spaces Lp(·)

(Ω,�)
	3.1. On convolution operators
	3.2. On the maximal operator
	3.3. On the Cauchy singular operator
	3.4. On potential operators

	4. Maximal and potential operators in variable exponent   Morrey spaces
	5. Fractional integrals and hypersingular integrals in variable order  Hölder spaces on homogeneous spaces
	5.1. Zygmund type estimates of hypersingular integrals
	5.2. Theorems on mapping properties

	Acknowledgments
	References

	Irregular Conductive Layers
	Abstract
	1. Introduction
	2. The von Koch curve
	3. Koch mixtures
	4. Sierpiński gasket
	References

	On the Double Layer Potential
	Abstract
	1. Introduction
	2. The Laplacian
	3. The two-dimensional case
	3.1. Continuous boundary data
	3.2. Square integrable boundary data

	4. The three-dimensional case
	4.1. Continuous boundary data
	4.2. Square integrable boundary data
	4.3. Data in boundary energy spaces

	References


